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(J"���Ýw§ùL²&Eþ´�é�§½Nvkýé��{�Ï¦&E"

�
�N´/n)�¥§·��
��Ø�O(�'�§��²¡þz��

þþ�±^Ä�þ
−→
i = (1, 0)Ú

−→
j = (0, 1)L«"l��²¡w§z��þÑ´�

��§�lX ¶w�§%Ð�´���"

5¿µ·��'58ÜØ¥��¥y�!&E��¥y�!þfåÆnö�

m�éX�&E�A�¿Ø´@oN´rº�

�!48Ø{ã

du8ÜØéuý�õêÆ)5ùLuqÛ§·�e¡ÏLïÄênÜ6,

	���O�ÅkXZj�ÃéX!Ø�©��©|–48Ø5ïÄ3êÆ¥X

Û?n&E§Ó��¦�[
)O�Å?n&E�Ä��n"

48Ørecursion theory§ênÜ6��©|��§ïÄO�´Ä�1ÚO

��E,§Ý���Æ�"ù«O��{q¡�{"16VR.(k�ME�)Û

AÛÒ´^�ê5)ûAÛ¯K��«;.��{"�êÆ¥k�
¯K�Ï

éØ�)û��{"20V30c�K.x���Ñ��z§JÑ
�{��«°

(½Â"�{§¢SþÒ´é��«�±O��&E§�±þz�&E§�±D

4�&E"
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0.1. ênÜ6{0

48Ø���O�5nØ£computability theory¤"48Øy3�IOÖÔ

Ò´Soare �Recursively Enumerable Sets and Degrees§�[So]"TÖÔJÝ�

�§�Ù¥ù)
<aïÄ!�EÃ¡¯Ô��{½�{§�J�´0
′′′−�{=

Ã¡�³�{§�,kÃ¡g�³§�ªk��üÑ¦·�U
Ã¡g%Cý´

». §�8ÜØaq§ïÄ�´Ã¡Vg§ù«�{w«
<a3JÏÃ¡&E

�æ��Ã¡�³�{!üÑ"JÝ�~�"du<ag��Û�5§0
′′′′−�{

î8ÿ�uy"

n!�O�5nØïÄ��

{ü�`§48ØÒ´ïÄ��¯K´ÄU^�{5)û"�48Ø¿Øï

Ä/XJ��¯KU^�{)û§@où��{´N��)�"048ØÄk½

Â
/ã(Å–XÎÒ$�NX0,�Xy²
/Ø�O�50��3–.þ�3

X�{ØU)û�¯K¶/Ø�O�0�L
XÎÒNX�Û�5§<a@£

.�Û�5"

48Ø�'%��¯K´Ä/�O�0§¿v�\ïÄ/�{��0"é�{

��´XÛ�)�ù�·K/==Ê33ã(Å?Ò0�gþ"�@
/Ø�

)û?Û¯K0/[�Ã{ÊÅ�kÌ�0�/ã(Å?Ò0�´����Ñ
§

Ð�´§���ÒØ�3–��Ø@�§� /́�{0"

,	§48Ø�Ä: /́ã(Å0§�ã(Å�Ä:%Ø== /́8Ü0))

¢Sþ8ÜÃ{Õá/$10§¤±ã(Å��Äu/,«Å�½>^0�/å

þ0âU$1(rã(Å��¤,«Åì)"

Ï�/`§48ØÌ�kùA�¯Kµ

1.�o´�O�5¼êºNo½Âº

2.�o´�{º�o´U1�º

3.XÛ�ä¼ê�O�J´§Ýº

¤±§k
¼ê´�±?è�§�±3O�Åþ$1�§Ù&E´�±D4

�"
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1�Ù �O�5¼ê

§1.1 �{ÚU1L§��*¹Â£�êÆ½Â¤

O�Å�Ì�õUÒ´U�§Ä�'%�Ò´UØU�§XÛ�"U�§Ò

L²U¼�&E§±,«�ª¼�&E"�Ò´¼�&E�L§"@o�o´�

{Qº�o´U1L§º

1. +,−,×,÷´�{ü��{ÚU1L§"�{��U1�{½U1L§§
´�����P�Vg§Ù{¤�@�±þ���F1��"

¥I�y¿�O��±Ç��{�7½´U1�§¦��{P¹35_â6

¥§�J�D
"y3�����5ÊÙ�â6§́ ¥I��1�ÜêÆ;Í§�

V¤Öuú��V�m"5ÊÙ�â6;5uù)�{§Ø5íny²"��

´kJÑA�Óa.�äN�¯K§,��Ñ(J§�ÑO�L§"Þ�~fµ

m²�$�35ÊÙ�â6́ ù�$��"

m�â�µ/�È�¢./��Ú�§���"Æ¤�§±�¦¤/���{

±Ø"Ø®§�{�½{.ÙEØ§ò{e.E�/�Ú�XÐ"±EÆ�¦�§

¤�B§±\½{§±Ø"±¤�Bl½{§EØ§eòXc"0

~1.1.1. n = 7569§¦
√
n"Ù�{Xeµ

1¤�òn©)�n = n1 + 100n2§=7569 = 69 + 75×100§K�ê²���©

)�s = s1 + 10s2§{ê�r = n− s2 2¤O�s2 = max{s ∈ Z|s2 ≤ 75} = 8§r2 =

n2 − s2
2 = 75− 64 = 11.

3¤2O�s1 = max{s ∈ Z|(20s2 + s)s ≤ 100r2 + n1} = 7§r1 = (100r2 +

n1)− (20s2 + s1)s1 = (11× 100 + 69)− (20× 8 + 7)× 7) = 1169− 1169 = 0.

4¤�s = s1 + 10s2 = 87, r = 0"=7659 = 872 + 0.

l5ÊÙ�â6�z�~f·��±wÑ§ù
´gÄ$1��{§§��

±Å�$1"Ïd·��±��(Øµ3�úþ§�{½U1�{§Ò´�«Å

�5K§½´�«gÄ$1��{§½´�«U�1,«êÆ$��§S"·�

3¥�ÆÆL�¤kêÆ$�Ù¢Ñ´U1$��§{¡U1�§~X¦1n�

�ê!¦ü���êx, y���úÏê!�ä´Äx|y · · ·3�I°�����Æ
Ô,p§k��.þ�@�O�Å"Ñ\��êi§§¬gÄ/ÑÑ,��ê

i"ù´�{�~	��A:§=�{�±^ç���ªL«"Ñ\��ÔN§
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1.2. O�Å�.–Ã.�;ÅURM CHAPTER 1. �O�5¼ê

X��êi§ÏLç�£X��>M§½�^�ÐÑ�dog¤, gÄ/�Ñ��Ñ

Ñ"

· · · , I2, I1, I0
ç�

· · · , J2, J1, J0

þ¡ù
¼ê3�úþÑ´�O��"·���@���¼ê¡��O�

¼ê§XJ�3�«�{U
O�T¼ê"�,¿�¤k¼êþ��O�¼ê"

~X§

g(n) =

{
1 e3π��êL«/ª¥TÐÑyëYn�5

0 ÄK
(1.1)

Ò´�úþØ�O�¼ê"·�Ø�U3¯k��g(n) = 0Ø�·�3�  �

wπ��êL«/ª¥·�TÐuy�3ëYn�5"·�Ø��é,�n§·�

¬Ø¬Ø�Ø��éÏe�"¤±l�úþwgØ�O�"¤±§�O��§7k

���{§7½3k¡ÚS�ÑÑÑ½�Y"

§1.2 O�Å�.–Ã.�;ÅURM

�ïÄ�{§Ø�U�3�úþïÄ§7L/ªz�Ñ½Â"ly3m©§·

�¬�>éõ«nØO�Å§ù
Ñ´·�ïÄ�{�Ä:!Ä�"ù!·�50

�Ã.�;Å"1963c§Shepherdson�Surgis �O
Ã.�;Å£the unlimited

register machine§{¡�URM¤"

§´��ü���f§dÃ¡õ��;ü��¤§P�R1,R2,R3 · · ·"z�
�;ü�3?¿���U���g,ê"z��;ü�Rn¥�êP�rn"z�Ã

.�;Åþk��§S"§�âÑ\�§SgÄ$1"§Sdk¡^�-|¤"

½Â1.2.1. �-«aµ

1.Z(n)¡�"�-§̂ 0O�rn.

2.S(n)¡��U�-§^rn + 1O�rn.

3.T (m,n)¡�D4�-§^rmO�rn.

4.J(m,n, q)¡���-!^�=£�-"XJrm = rn§K�11q^�-"

ÄK§?\e�^�-"

8



CHAPTER 1. �O�5¼ê 1.2. O�Å�.–Ã.�;ÅURM

½Â1.2.2. P = I1I2 · · · In§¡�§S"§S��-UìeI�gS�1§Ø
�-���-J(m,n, q)"������-J(m,n, q)�÷vrm = rn§K�11q^

�-§ÄK?\e�^·-"XJq > n§Kd�vk?Û�-�±�1§ÅìÊ

Å"d�§ò1���;ü�¥�SN��ÑÑ"

~1.2.3. P = I1 = S(1), I2 = S(1), I3 = Z(1), I4 = J(1, 1, 1)"XJR1¥r1 =

a§·�Ò¬w�e¡�$1(Jµ

R1 R2 R3 R4 · · · e�^�-
a 0 0 0 · · · I1

a+ 1 0 0 0 · · · I2

a+ 2 0 0 0 · · · I3

0 0 0 0 · · · I4

0 0 0 0 · · · I1

1 0 0 0 · · · I2

2 0 0 0 · · · I3

0 0 0 0 · · · I4

0 0 0 0 · · · I1

1 0 0 0 · · · I2

2 0 0 0 · · · I3

0 0 0 0 · · · I4

. . .


ùpÑy
��kÌ�§�d·�Ú\�
ÎÒ±L«�«O�G�"

½Â1.2.4. ÎÒ5½µP��§S§a1, a2, a3 · · ·�N¥��Ã¡S�"
(1). P (a1, a2, a3 · · · )L«§SPéÑ\a1, a2, a3 · · ·?1O�"
(2). P (a1, a2, a3 · · · ) ↓L«O�P (a1, a2, a3 · · · )�ªÊÅ"
(3). P (a1, a2, a3 · · · ) ↑L«O�P (a1, a2, a3 · · · )[ØÊÅ"

?�Ú§5½µXJa1, a2, · · · , an�N¥��k¡S�"
(1). P (a1, a2, a3 · · · , an)L«§SP (a1, a2, · · · , an, 0, 0, 0, · · · )"Ï~��§S

3m©$��§C�~x = (a1, a2, · · · , an)¥�ê´�g�3R1, R2, · · · , Rn¥�§

,�^§SPéÑ\a1, a2, a3 · · · , an?1$�"
(2). P (a1, a2, a3 · · · , an) ↓L«O�P (a1, a2, a3 · · · , an, 0, 0, 0, · · · ) ↓"

9



1.3. URM-�O�5¼ê CHAPTER 1. �O�5¼ê

(3). P (a1, a2, a3 · · · , an) ↑L«O�P (a1, a2, a3 · · · , an, 0, 0, 0, · · · ) ↑ [ØÊ
Å"

~1.2.5. §Sde¡��-|¤

I1 : J(1, 2, 6); I2 : S(2); I3 : S(3); I4 : J(1, 2, 6); I5 :

J(1, 1, 2); I6 : T (3, 1)

K$1(JXeµ

R1 R2 R3 R4 · · · e�^�-
7 0 0 0 · · · I1

7 0 0 0 · · · I2(r1 6= r2)

7 1 0 0 · · · I3

7 1 1 0 · · · I4

7 1 1 0 · · · I5(r1 6= r2)

7 1 1 0 · · · I2(r1 = r2)

7 2 1 0 · · · I3

7 2 2 0 · · · I4

7 2 2 0 · · · I5(r1 6= r2)

7 2 2 0 · · · I2(r1 = r2)

7 3 2 0 · · · I3

7 3 3 0 · · · I4

7 3 3 0 · · · I6(r1 = r2)

3 3 3 0 · · · I7(stop)


SK1.2.1µ3þ~¥§XJinitial configuration�9, 4, 2, 0, 2, · · ·§��Ñ§�

$1L§"

§1.3 URM-�O�5¼ê

½Â1.3.1. �f : Nn → N���Ü©¼ê"
(a) P (a1, a2, a3 · · · ) ↓Âñub§XJP (a1, a2, a3 · · · ) ↓�P (a1, a2, a3 · · · )ÊÅ

�§1���;ü�R1¥�êP�b"P�P (a1, a2, a3 · · · ) ↓ b;
(b) P URM-�O�f , XJ∀a1, a2, a3 · · · , an, bkP (a1, a2, a3 · · · , an) ↓

b��=�(a1, a2, a3 · · · , an) ∈ dom(f)�f(a1, a2, a3 · · · , an) = b"PPO��¼

ê�fP§K§��'X�

10



CHAPTER 1. �O�5¼ê 1.3. URM-�O�5¼ê

fP (x1, x2, · · · , xn) =

{
y eP (x1, x2, · · · , xn) ↓ y
↑ ÄK

(1.2)

(c) f�URM-�O�¼ê§XJ�3��§SP§§�±URM-�O�f"£ù

ã�áL²·�Ï~@��O��lÑ¼êÑ�±?¤��§S§½ö?¤��

?è3O�Å¥$1§��Ã¡¯Ô¼ê�&E�?è�&Eþ´�d�"¤

~1.3.2. ®�initial configuration�8, 3§§SP�

I1 : J(3, 2, 5); I2 : S(1); I3 : S(3); I4 : J(1, 1, 1)

¦fp(8, 3)

)µ 

R1 R2 R3 R4 · · · e�^�-
8 3 0 0 · · · I1

8 3 0 0 · · · I2

9 3 0 0 · · · I3

9 3 1 0 · · · I4

9 3 1 0 · · · I1

9 3 1 0 · · · I2

10 3 1 0 · · · I3

10 3 2 0 · · · I4

10 3 2 0 · · · I1

10 3 2 0 · · · I2

11 3 2 0 · · · I3

11 3 3 0 · · · I4

11 3 3 0 · · · I1

stop . . .


¤±fp(8, 3) = 11"·�uy§SPÙ¢O��´fp(x, y) = x+ y"·�ÏL

ry�1\�xþ§Ò���x + y"·�òx§y©O�;3R1, R2¥§òR3�¤�

�Pêì"

= (
R1 R2 R3 R4 R5 · · ·
x+ k y k 0 0 · · ·

)
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1.3. URM-�O�5¼ê CHAPTER 1. �O�5¼ê

�

~1.3.3.

x	 1 =

{
x− 1 e x > 0

0 e x = 0
(1.3)

·�òx�;3R1¥§òR2�¤��Pêì"=(
R1 R2 R3 R4 R5 · · ·
x k k + 1 0 0 · · ·

)
Ù§S�I1 : J(1, 4, 9); I2 : S(3); I3 : J(1, 3, 7); I4 : S(2);

I5 : S(3); I6 : J(1, 1, 3); I7 : T (2, 1)

~1.3.4.

f(x) =

{
1
3
x e x�3��ê

↑ ÄK
(1.4)

·�òx�;3R1¥§òR3�¤��Pêì"=(
R1 R2 R3 R4 R5 · · ·
x 3k k 0 0 · · ·

)
Ù§S�I1 : J(1, 2, 7); I2 : S(3); I3 : S(2); I4;S(2); I5 :

S(2); I6 : J(1, 1, 1); I7 : T (3, 1)

~1.3.5. f(x, y) = xy�§S�I1 : J(1, 4, 10), I2 : J(2, 5, 10), I3 : J(1, 4, 7),

I4 : S(3), I5 : S(4), I6 : J(1, 1, 3), I7 : S(5), I8 : Z(4), I9 : J(1, 1, 2), I10 :

T (3, 1)

SK1.3µ1.�O§Sy²e¡�¼ê´�O��"

1)

f(x) =

{
0 e x = 0

1 e x 6= 0
(1.5)

2) f(x)=5

3)

f(x, y) =

{
0 e x = y

1 e x 6= y
(1.6)

12



CHAPTER 1. �O�5¼ê 1.4. ��½¢c9¯K

4)

f(x, y) =

{
0 e x ≤ y

1 e x > y
(1.7)

5)

f(x) =

{
1
2
x e x´óê

↑ ÄK
(1.8)

6) f(x) = [2x
3

]

2. �P�~K2.1¥�§S§Kf
(2)
P ´�oº

3. �P���vk?Û�·-�§S"y²�3��êm¦��o

∀x[f
(1)
P (x) = m] �o∀x[f

(1)
P (x) = x+m].

§1.4 ��½¢c9¯K

3êÆ¥§���Ó�?ÖÒ´�ä��ê´Ääk�
5�"ù�±^¢

c5Lã"~X§�½ü�êx§y§�äx´y��ê"

ênÜ6�Ä��/ªXÚ"q¡��Ü6"���±£�ýb�·K§Ø

=�±©Û�{ü·K§��±©ÛÙ¥��N!þcÚ¢c"�NL«,��

ÔN½��§þcL«êþ§¢cL«�N��«á5"

~X^P (x)L«x´��<§KP (y)L«y´��<§Q(y)L«y´Ã¤ØU

�"ùpP!Q ´��¢c§x§y´�N§úª“∃x(P (x)→ Q(x))”L«�3��

�N§XJ§´<§K¦Ñ´Ã¤ØU�"úª“∀x(P (x) ∧ ¬Q(x))”L«éu?

Û�Nx§x´��<�xØ´Ã¤ØU�"

Ø
��¢c§��±k��§n�§$�õ�¢c"¯¢þ§êÆ¥�'

X§¼êÑ�±w¤¢c"~Xx ≤ y�±w¤��¢c§x + y = z�±w¤n

�¢c.

~Xe^Q(x)L«x´knê§Kúª∀x∀y(Q(x)∧Q(y)∧x < y → ∃z(Q(z)∧
x < z < y)) L«?¿ü�Ø���knê¥m�½�3,��knê"ù´k

nê�È�5"

�o´¢cº3�f·K¥§�±Õá�3��N£éf¥�Ì�!U�

�¤§¡��Nc£Individual¤"^±�y�N�5�½�N�m�'X=´

¢c£Predicate¤"üX�¢c½üX��NcÑÃ{�¤�����Ü6¹Â§

�kò§�(Üå5�âU�¤�����!Õá�Ü6äó"~Xµ“c´Ä

13



1.4. ��½¢c9¯K CHAPTER 1. �O�5¼ê

Ô”�é¥�”´ÄÔ”Ò´��¢c§“c”´�N"“3 �u2”¥“�u”´��

¢c"~X^P (3, 2)Ò�±L«“3 �u2”!“3 �u2”��"

ênÜ6¥����¯K"§Ly�Ï¦��§S½ö�{§U
é,a

¯K¥�?Û��3k¡Ú½S(½´Ääk,�A½�5�"XJé,a¯K

®²¼��{§Ò`²ùa¯K´��½�!�)�¶ÄK§Ò´Ø��½"l

�Â�¡�Ä§�½¯K´�(½�úª´Ä~ý§½=´ÄÊHk�§½ö�

Ä÷v¶3�{�¡§§´�(½,�úª´�y�§�´�Äy�"

3êÆXÚp§C.H.K�6�u1927cy²
g,ê��5SnØ��½¯

K´�)�"1929c§M. Ê|d��y²
g,ê�\{nØ��½¯K´�

)�"50c�Ð§A.©�dÄ)û
Ð�AÛnØ��½¯K"1970c§�éÆ

ö³.�.êGæ��Ûy²
D.F�ËA¤JÑ�23�Í¶êÆ¯K¥�110�

¯K´Ø�)�"F�ËA110�¯K´�Ïé���{§̂ §U(½�?��

�Xêõ�ª�§p(x1, ..., xn) = 0´Äk�ê)"(Jy²§ù���{´Ø�

3�"

U15Ú�15 lO�E,5�¡é�)��½¯K�ïÄy²§�
n

Ø�,�Kþ´��½�§�§��½§S£�{¤¤I�O�Úê��§±�

3¢�þ´Ø�1�"~X§Ò��½�g,ê�\{nØ5`§®²y²§é

uTnØ�z��½�{§Ñk�Ý�n��é§¦��âT�{�½d�é´

Ä�yI�O�2cnÚ£c�> 0�~ê¤"bX�n = 10§@"=¦¦^z¦$�

�·g�p�O�Å��½,�I�éõ·�V"����¯K´:´Ä�3

,
��½�nØ"�Ù�½�{´¯��,3¢�þ´�1�"éuù�¯

Kî8�U�Ñ�½�½Ä½�£�"

�M(x1, x2, · · · , xn)´��n�¢c"ÙA�¼ê§CM(x1, x2, · · · , xn)�

CM(x1, x2, · · · , xn) =

{
1 eM(x1, x2, · · · , xn)¤á

0 ÄK
(1.9)

½Â1.4.1. M(x1, x2, · · · , xn)��½,XJCM(x1, x2, · · · , xn)�O�¶

M(x1, x2, · · · , xn)Ø��½,XJCM(x1, x2, · · · , xn)Ø�O�"

~µ(1)“x 6= y”��½;ÙA�¼ê

f(x, y) =

{
1 ex 6= y

0 ÄK
(1.10)
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CHAPTER 1. �O�5¼ê 1.4. ��½¢c9¯K

(2) “x = 0”��½§ÙA�¼ê

g(x) =

{
1 ex = 0

0 ÄK
(1.11)

Ù§S�J(1, 2, 3); J(1, 1, 4), s(2);T (2, 1)

(3)“x´y��ê”��½"

SK1.4.1µy²e¡�¢c´��½�

1) “x < y”

2) “x 6= 3”

3) “x ´óê”
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1�Ù )¤�O�5¼ê

§2.1 )¤�O�5¼ê

XÛ^®��{ü��O�5¼ê)¤Ù§�O�5¼êº́ Ä¤k�O�

5¼êþ�d{ü��O�5¼ê)¤º

1. ��¼ê"??k½Â�¼ê���¼ê§ÄK���¼ê½Ü©¼ê"

�{ü!�Ä��¼êkn�§=

"¼ê§O(x) = 0,Ù�[�0¶

2ÂN¼ê½�K¼ê,Un
i (x1, x2, · · · , xn) = xi¶

�U¼ê§S(x) = x+ 1"

ùn�¼ê�Ü¡Ò����¼ê"��¼ê´�O�5¼ê"̄ ¢þ§ù

n�¼ê�§S©O�Z(1), S(1)ÚT (i, 1)"

2. XÛÜ¿§Sº�P , Q�ü�§S§XÛ?���#§S§§äkõUµ

k�P��Q"ù�9�
Eâ¯K"1��¯Kµ�P = I1, I2, · · · , Is. ·�
òPIOz§=òP¥�¤k��-J(m,n, q)¥q���q ≤ s+ 1"

1��¯KÒ´�ÄQ¥�¤k��-"Q¥���-J(m,n, q)�U�¦a

£��1Q¥�1q^�-§w,ùAT´EÜ§S¥�1s+ q^�-,ÏdLC

�J(m,n, s+ q).

ÏdP , QÜ¿§SATÏL±e��ªÜ¿µkòP , QIOz¶ò§�Ü

¿3�å§P�PQ§Ó�òQ¥�¤k��-=C�J(m,n, s+ q)"

3.XÛ?���§SQ¦�§�±N^f§SP"'�3ué��
�;ü

�§¦�3§SP$1�L§¥�;ü�´ØÉO�K��"Ï�Pk¡§��

3�����êu, ¦�u±���;ü�3P¥��QãL§lØ�§SP�

O�K�"Pu�ρ(P )"

·�PP [l1, l2, · · · , ln → l]�e¡�§Sµ

T (l1, 1)

T (l2, 2)
...

T (ln, n)
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CHAPTER 2. )¤�O�5¼ê 2.1. )¤�O�5¼ê

Z(n+ 1)

Z(n+ 2)
...

Z(ρ(P ))

P

T (1, l)

Ù¿ãXeµÏ~��§S3ff$��§C�~x = (x1, x2, · · · , xn)¥�ê

´�g�3�;ü�Rl1 , Rl2 , · · · , Rln¥�§duO�f§S3$�¥�U¬UC

cn��;ü�¥�êi§�·�Äk�ò~x = (x1, x2, · · · , xn) lÉ�o��;

ü�¥�Rl1 , Rl2 , · · · , Rln¥D4�

R1, R2, R3, · · · , Rn¥§2òRn+1, · · · , Rρ(P )�"¶�X^PO�f(x)¿ò(J�

3R1¥¶��òr1�3Rl¥¿ÊÅ"

4.O��O�½n

½n2.1.1. �f(y1, y2, · · · , yk), g1(~x), g2(~x) · · · , gk(~x)��O�¼ê§Ù¥

~x = (x1, x2, · · · , xn), Kh(~x) = f(g1(~x), g2(~x) · · · , gk(~x))�O�"

y²: �F,G1, G2, · · · , Gk©O�^uO�f, g1, g2, · · · , gk�äkIO/ª�§
S"y?�H^uO�h�g,§S"

-m = max{n, k, ρ(F ), ρ(G1), ρ(G2), · · · , ρ(Gk)}"�;~xuRm+1, · · · , Rm+n"

,	òRm+n+1, · · · , Rm+n+k^u�;g1(~x), g2(~x), · · · , gk(~x).

§SH�

T (1,m+ 1),
...

T (n,m+ n)

G1[m+ 1,m+ 2, · · · ,m+ n→ m+ n+ 1]
...

Gk[m+ 1,m+ 2, · · · ,m+ n→ m+ n+ k]

F [m+ n+ 1, · · · ,m+ n+ k → 1]

�

~2.1.2. y²µf(x, y) = (x+ y)2�O�"

17



2.1. )¤�O�5¼ê CHAPTER 2. )¤�O�5¼ê

y²µd~K1.3.2!1.3.5�\{x+ y!¦{xy�O�§�dO�½n�f(x, y) =

(x+ y)(x+ y)�O�" �

SK2.1µ

1. Ø�§S§y²e�¼ê�O�µ

1)m(x) = x(∀x)

2)mx

2.XJf(x, y)�O�§m´?�g,ê§y²h(x) = f(x,m)�O�"

3. �g(x)´����O�¼ê§y²¢cM(x, y) ≡ “g(x) = y′′��½"

e¡·�5½Â�©48¼ê

½Â2.1.3. ®�¼êf(x1, x2, · · · , xn), g(x1, x2, · · · , xn)§eª{
h(x1, x2, · · · , xn, 0) = f(x1, x2, · · · , xn)

h(x1, x2, · · · , xn, y + 1) = g(x1, x2, · · · , xn, y, h(x1, x2, · · · , xn, y))
(2.1)

½Â�¼êh¡�df, g�©48�"ù«�ª¡��©48�ª"�©48�

ªØ�¦f, g´�¼ê§��¦µ

(x1, x2, · · · , xn) ∈ domh⇔ (x1, x2, · · · , xn) ∈ dom(f)

(x1, x2, · · · , xn, y + 1) ∈ domh⇔ (x1, x2, · · · , xn) ∈ dom(f)

�(x1, x2, · · · , xn, y, h(x1, x2, · · · , xn, y)) ∈ dom(g)

~2.1.4. -f(x, y) = x+ y§Kf(x, y) = x+ y�½Â�{
f(x, 0) = x

f(x, y + 1) = f(x, y) + 1;
(2.2)

~2.1.5. -g(x, y) = xy§Kg(x, y) = xy�½Â�{
g(x, 0) = 0

g(x, y + 1) = g(x, y) + x;
(2.3)

5.48¼ê�O�½n

18



CHAPTER 2. )¤�O�5¼ê 2.1. )¤�O�5¼ê

½n2.1.6. �f(~x), g(~x, y, z) ��O�¼ê§Ù¥~x = (x1, x2, · · · , xn)"K

df , g)¤�48¼êh(~x, y)�O�"Ù¥{
h(~x, 0) = f(~x)

h(~x, y + 1) = g(~x, y, h(~x, y))
(2.4)

y²: �F,G©O�^uO�f, g�äkIO/ª�§S"y?�H^uO�h�

g,§S"-m = max(n + 2, k, ρ(F ), ρ(G)). ·��;~x, yuRm+1, · · · , Rm+n+1.

�¡�ü��;ü�^u�;kÚh(~x, k)§kåPê�^§k = 1, 2 · · · , y"-t =

m+ n"

§SH�T (1,m+ 1)
...

T (n+ 1,m+ n+ 1)

F [1, 2, · · · , n→ t+ 3]

Iq : J(t+ 2, t+ 1, p)

G[m+ 1,m+ 2, · · · ,m+ n, t+ 2, t+ 3→ t+ 3]

S(t+ 2)

J(1, 1, q)

Ip : T (t+ 3, 1)

�

48¼êA:´µ�k�gO��h(u, 0), h(u, 1), h(u, 2) · · · ,��§âUr
?Û��h(u, x) �Ñ�Ñ5"

~2.1.7. y²µx! + (x+ y)�O�"

y²:x!½ÂXeµ {
0! = 1

(x+ 1)! = x!(x+ 1);
(2.5)

�

½n2.1.8. e�¼ê´�O��"(1) x + y; (2) xy; (3) xy; (4) x 	 1; (5)

x	 y; (6) sg(x); (7) |x− y|; (8) x!;(9) min(x, y);(10) max(x, y);(11) rm(x, y) =

yØx�{ê(��Bå�§·�5½rm(0, y) = y); (12) qt(x, y) = yØx�û(�

�Bå�§·�5½qt(0, y) = y);(13)

19



2.1. )¤�O�5¼ê CHAPTER 2. )¤�O�5¼ê

div(x, y) =

{
1 XJx|y ¤á;

0 ÄK;
(2.6)

(��Bå�§·�5½0|0§�´0Ø�Øy if y 6= 0��"¤

y²:(4) {
0	 1 = 0

(x+ 1)	 1 = x;
(2.7)

(6) {
sg(0) = 0

sg(x+ 1) = 1;
(2.8)

(7)|x− y| = (x	 y) + (y 	 x)

(9) min(x, y) = x	 (x	 y)

(10)max(x, y) = x+ (y 	 x)

(11) ·��y²rm(x, y) = yØ±x��{ê�O�§·�k

rm(x, y + 1) =

{
rm(x, y) + 1 if rm(x, y) + 1 6= x;

0 if rm(x, y) + 1 = x;
(2.9)

ùÒ�Ñ
e¡�48½Âµ

{
rm(x, 0) = 0

rm(x, y + 1) = (rm(x, y) + 1)sg(|x− (rm(x, y) + 1)|)
(2.10)

1���ª�±�¤

rm(x, y + 1) = g(x, rm(x, y))

Ù¥g(x, z) = (z + 1)sg(|x− (z + 1)|)�g´�õg^O�$�O���O�
¼ê"

(12)·��y²qt(x, y) = yØ±x��û �O�§Ï�

qt(x, y + 1) =

{
qt(x, y) + 1 if rm(x, y) + 1 = x;

qt(x, y) if rm(x, y) + 1 6= x;
(2.11)
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CHAPTER 2. )¤�O�5¼ê 2.1. )¤�O�5¼ê

·�ke¡�48L�ª{
qt(x, 0) = 0

qt(x, y + 1) = qt(x, y) + sg(|x− (rm(x, y) + 1)|)
(2.12)

(13)·��y²

div(x, y) =

{
1 if x|y holds;

0 otherwise;
(2.13)

�O�§Ï�·�kdiv(x, y) = sg(rm(x, y))"

�

g�K1µ-π(x, y) = 2x × 3y§y²π��O��V�§�¼êπ1, π2÷v

π(π1(z), π2(z)) = z´�O��"

y²: F,G,H, I©O�^uO�qt, div!¦�!	$��äkIO/ª�§S"y
?�^uO�π1, π2�g,§S§=∀z§·�é�π1, π2¦�π(π1(z), π2(z)) = z"

-m = max(n+ 2, k, ρ(F ), ρ(G), ρ(H), ρ(I))"

�;z, k, 2, 2k, z
2k
, l, 3, 3l,

z

2k

3l
, 1 ©OuRm+1, · · · , Rm+10"Ù¥�ü��;ü

�^u�;kÚlåPê�^"§S�

s(m+ 10) 31m+ 10��;ü�¥�\1

T (1,m+ 1) 31m+ 1��;ü�¥�\z

s(m+ 3); s(m+ 3) 31m+ 3��;ü�¥�\2

s(m+ 7); s(m+ 7); s(m+ 7) 31m+ 7��;ü�¥�\3

Ip : s(m+ 2) 1m+ 2��;ü�O\1

H[m+ 3,m+ 2→ m+ 4] 31m+ 2��;ü�¥�\2k

G[m+ 4,m+ 1→ 1] O�´Ä2k|z
J(1,m+ 10, p)

I[m+ 2,m+ 10→ m+ 2] 1m+ 2��;ü�¥~1

H[m+ 3,m+ 2→ m+ 4] 31m+ 4��;ü�¥�\2k

F [m+ 4,m+ 1→ m+ 5] 31m+ 5��;ü�¥�\ z
2k

Iq : s(m+ 6)

H[m+ 7,m+ 6→ m+ 8]

G[m+ 8,m+ 5→ 1]

J(1,m+ 10, q)

I[m+ 6,m+ 10→ 2] 312��;ü�¥�\l
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2.1. )¤�O�5¼ê CHAPTER 2. )¤�O�5¼ê

T (m+ 4→ 1) 31m��;ü�¥�\k

�

g�K2µ-f(x)½ÂXeµ
f(0) = 1

f(1) = 2

f(x+ 2) = f(x) + f(x+ 1)

(2.14)

w�d�Fibonacci S�§�§´�O�"

y²:

-g(x) = 2f(x)3f(x+1)

w,g(0) = 2f(0)3f(1) = 2132 = 18 = π(π1(18), π2(18))

g(x+ 1) = 2f(x+1)3f(x+2) = 2π2(g(x))3π1(g(x))+π2(g(x))

(2.15)

�

½n2.1.9. �f1(x), · · · , fk(x)´�O�¼ê§M1(x), · · · ,Mk(x) ´��½§

�∀xM1(x), · · · ,Mk(x)TÐ��¤á§K

g(x) =


f1(x) if M1(x) holds;

f2(x) if M2(x) holds;
...

...

fn(x) if Mn(x) holds;

(2.16)

�O�"

½n2.1.10. �M(x), Q(x) ´��½§K“not M(x)”;“ M(x) and Q(x)”;

“ M(x) or Q(x)”��ä"

6.É4�f

·�Pµz < y(· · · )L«“����uy�z÷v· · · ”"·�½Â

g(~x, y) = µz < y(f(~x, z) = 0)

=

{
���z < y s.t.f(~x, z) = 0, XJù«z �3;

y ÄK
(2.17)

�fµz < y(· · · )¡�É4�4�z�f½É4�µ�f"
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CHAPTER 2. )¤�O�5¼ê 2.2. �©48¼ê

½n2.1.11. �f(~x, y) ���O�¼ê§Kg(~x, y) = µz < y(f(~x, z) = 0)�

´"

7.4�z�fµy(· · · )

µy(f(~x, y) = 0)

=

{
���y¦�f(~x, y) = 0�f(~x, z) ↓ é¤kz ≤ y XJù«y �3;

↑ ÄK

(2.18)

½n2.1.12. �f(~x, y) ���O�¼ê§Kg(~x) = µy(f(~x, y) = 0)�´"

�F�^uO�f�äkIO/ª�§S"y?�G^uO�g�g,§S"

-m = max(n+ 1, ρ(F )). ·��;~x, kuRm+1, · · · , Rm+n+1.§SG�

T (1,m+ 1)
...

T (n,m+ n)

Ip : F [m+ 1,m+ 2, · · · ,m+ n+ 1→ 1]

J(1,m+ n+ 2, q)

S(m+ n+ 1)

J(1, 1, p)

Iq : T (m+ n+ 1, 1)

�

~2.1.13. XJf(x)´ü���O�¼ê§Kf−1(y)�O�"

y²µf(x)´ü���§�f−1(y) = µx(f(x)	 y = 0)

�

§2.2 �©48¼ê

ùãSN·�5ù�©48¼êa§·�ò3�¡�ãÐ�?èÑ´�©4

8�"

½Â2.2.1. ¼êa�faP÷v±e^�µ

£1¤Ä�¼êáuP
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2.2. �©48¼ê CHAPTER 2. )¤�O�5¼ê

£2¤Pé�\Ú�©48$�µ4£=XJf(y1, y2, · · · , yk), g1(~x), g2(~x) · · · ,
gk(~x) ∈ P§Ù¥~x = (x1, x2, · · · , xn), Kh(~x) = f(g1(~x), g2(~x), · · · , gk(~x)) ∈ P ;X

Jf(~x), g(~x, y, z) ∈ P§K{
h(~x, 0) = f(~x)

h(~x, y + 1) = g(~x, y, h(~x, y))
(2.19)

áuP§K¡P��©48µ4a"

½Â2.2.2. ���©µ4aP0¡��©48¼êa"?��¼êf§XJf ∈
P0§K¡f��©48¼ê"

½Â2.2.3. k¡¼êS�f1, f1, · · · , fk÷ve�^�µéz�fi(1 ≤ i ≤ n)

£1¤½öfi´Ä�¼ê��¶

£2¤½ödTS� u§c¡��
¼ê§²�\½�©48��¶

£3¤f = fk

K¡f1, f1, · · · , fk�f����©48£ã"k¡�£ã��Ý"

½n2.2.4.£1¤¼êf´�©48�¿�^���3f��©48£ã"

£2¤¼êf´�©48�¿�^��fUlÄ�¼êÑu§²k¡g$^�

\!�©48�"

£3¤�©48¼êaP0´�ê�"

½n2.2.5. ½n2.1.8¥�¼êÑ´�©48�"

~2.2.6. [en]´�©48¼ê§Ù¥[en]L«e�g,ên¦È���"

y²:

e = 1 + 1 +
1

2!
+

1

3!
+ · · ·+ 1

n!
+ · · ·

=
1

n!
(n! +

n!

1!
+
n!

2!
+ · · ·+ n!

n!
) +

1

n!
(

1

n+ 1
+

1

(n+ 1)(n+ 2)
+ · · · )

=
1

n!
Sn +Rn

Ù¥sn = n! + n!
1!

+ n!
2!

+ · · ·+ n!
n!
§Rn = 1

n!
( 1
n+1

+ 1
(n+1)(n+2)

+ · · · )
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CHAPTER 2. )¤�O�5¼ê 2.2. �©48¼ê

¤±

sn+1 = (n+ 1)! +
(n+ 1)!

1!
+

(n+ 1)!

2!
+ · · ·+ (n+ 1)!

n!
+

(n+ 1)!

(n+ 1)!

= (n+ 1)sn + 1

¤±sn�^�©48½Âµ{
s0 = 0

sn+1 = (n+ 1)sn + 1
(2.20)

qÏ�

Rn =
1

n!
(

1

n+ 1
+

1

(n+ 1)(n+ 2)
+ · · · )

<
1

n!
(
1

2
+

1

2 · 2
+

1

2 · 2 · 2
· · · )

=
1

n!
(
1

2
+

1

22
+

1

23
· · · ) =

1

n!

¤±nRn < n · 1
n!

= 1
(n−1)!

l

en =
nsn
n!

+ nRn =
sn

(n− 1)!
+ nRn

nRn <
1

(n−1)!
§¤±

[en] = [
sn

(n− 1)!
+ nRn] = [

sn
(n− 1)!

]

Ïd {
[e · 0] = 0

[en] = [ sn
(n−1)!

]
(2.21)

�

½Â2.2.7. XJ¢cP (x1, x2, · · · , xn)�A�¼êCP (x1, x2, · · ·xn)´�©4

8�§K¡P´�©48�"
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2.2. �©48¼ê CHAPTER 2. )¤�O�5¼ê

·K2.2.8. e�¢c´�©48�µx = y, x < y, x ≤ y, x > y, x ≥ y

y²:(1)C=(x, y) = sg(|x− y|)
(2)C<(x, y) = sg((x+ 1)	 y)

(3)C≤(x, y) = max{C<(x, y), C=(x, y)}
(4)C>(x, y) = sg(C≤(x, y))

(5)C≥(x, y) = sg(C<(x, y))

�

½n2.2.9. e�¼ê´�©48�

1) D(x) = x�Ïê��ê

2)

Pr(x) =

{
1 XJx´�ê;

0 XJxØ´�ê
(2.22)

3) Px =1x��ê

y²:

(1)D(x) =
∑

y≤x div(y, x)

(2)

Pr(x) =

{
1 XJD(x) = 2

0 ÄK
(2.23)

(3) {
p0 = 0

px+1 = µz ≤ (Px! + 1)(z > px�p´�ê)
(2.24)

�

~2.2.10. -π(x, y) = 2x(2y + 1) 	 1´�©48¼ê"Ï�π1(n) = (n +

1)1, π2(n) = [
[ n+1

2π1(n)
]	1

2
]

~2.2.11. ®�

f(x) =


3, ex ≤ 3

x− 1, e3 < x < 8

x2, ex = 8

2, ex > 8

(2.25)

¦yf�©48"
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y²: f(x) = 3 · sg(4	 x) + (x− 1)sg(4	 x) · sg(x + 1	 8) + sg(|x− 8|) · x2 +

2 · sg(x+ 1	 8)

�

½n2.2.12. XJf0, f1, g´�©48¼ê§h½ÂXeµ


h(x1, · · · , xn, 0) = f0(x1, · · · , xn)

h(x1, · · · , xn, 1) = f1(x1, · · · , xn)

h(x1, · · · , xn, y + 1) = g(x1, · · · , xn, y, h(x1, · · · , xn, y − 1), h(x1, · · · , xn, y))

(2.26)

Kh´�©48�

y²:½Â9Ï¼ê

G(x1, x2, · · · , xn, y, z) = sg(|x− 1|)f1(x1, · · · , xn)

+sg(x	 1)g(x1, · · · , xn, y, (z)y, (z)y+1)

KG´48�"u´

{
h(x1, · · · , xn, 0) = f0(x1, · · · , xn)

h(x1, · · · , xn, y + 1) = G(x1, · · · , xn, y, h(x1, · · · , xn, y))
(2.27)

�

½n2.2.13.
h(0, y) = f1(y)

h(x+ 1, 0) = f2(x)

h(x+ 1, y + 1) = g(x, y, h(x+ 1, y), h(x, y + 1))

(2.28)

Ù¥f1, f2, g��¼ê§K¡hdf1, f2, g²�48½Â���"þª¡�

�48ª"XJf1, f2, g´�©48¼ê§Kh´�©48¼ê"

y²:½Â9Ï¼êψ�

{
ψ(0) = 2h(0,0) = 2f1(0)

ψ(z + 1) = 2h(0,z+1) · (
∏

1≤i≤z pi+1h(i, z + 1− i)) · pz+2h(z + 1, 0)
(2.29)
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2.2. �©48¼ê CHAPTER 2. )¤�O�5¼ê

´�ψ(z + 1) = 2f1(z+1) · (
∏

1≤i≤z pi+1g(i− 1, z − i, (z)i+1, (z)i)) · pz+2f2(z)

h(x, y) = (ψ(x+ y))x+1§�h´�©48¼ê"

�

8. The Ackermann function ψ(x, y)

�©48¼ê d��¼êÑu§²Lk�g�U���©48ª�Ñ�

¼ê���©48¼ê"du��¼ê´�¼ê��O�§��©48¼ê�´

�¼ê��O�"�©48¼ê¤�9���é2§3êØ¥¤¦^�êØ¼ê

�´�©48¼ê"C�ù%y²
��Ø´�©48��O���¼ê"

ψ(x, y)½ÂXeµ
ψ(0, y) = y + 1

ψ(x+ 1, 0) = ψ(x, 1)

ψ(x+ 1, y + 1) = ψ(x, ψ(x+ 1, y))

(2.30)

T¼ê´�O��§�§Ø�d48!É4!O�²��¼ê��§�U²

4�z��"£y²Ñ¤

SK2.2µ1.e�¼ê�O�

1)[
√
x]

2)LCM(x, y)=x, y���ú�ê

3) HCF (x, y)=x, y���ú�ê

4) f(x) = x��Ïf�ê8

2. e�¯K´��½�"

1)x´Üê

2)x´���ê��

3.�f(x)´���ü�O�¼ê§y²f−1�O�"

4.y²

f(x, y) =

{
x
y

XJy 6= 0�y|x;

↑ ÄK
(2.31)

�O�"

5.©O�Ñx · y, x!xy��©48£ã"

6.^�©48ªO�rm(3, 8), rm(4, 8), qt(7, 9), qt(4, 12), [
√

13]"

7.¦[e4]
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CHAPTER 2. )¤�O�5¼ê 2.2. �©48¼ê

8.®�

f(x) =


x+ 1, ex ≤ 7

x− 1, e7 < x ≤ 12

8− x, ex > 12

(2.32)

Á�Ñf(x)��©48L�ª"

9.^�48L�ª½Âx, y���úÏª"

10.y²�©48¼ê´�¼ê"

11.®�¼êf(x, y) = ((x+y)2+y2)+x§¦ü��©48¼êg, h¦�g(f(x, y)) =

x, h(f(x, y)) = y"

12.¦^É4�fy²e�¼êmax(x, y),min(x, y), f(x) = [x
2
], f(x) = [

√
x]Ñ

´�©48�"

13.-f(x)L«
√

2��?�ÐmL�ª¥1x k�êi§y²f(x)´�©4

8�"

14.rO�x+ y, x · y�§S�f§S§?�O�(x+ y) · z�§S"
15.®�f, g��¼ê§e�´�©48ªµ

{
h(0, x1, x2, · · · , xn) = f(x1, x2, · · · , xn)

h(z + 1, x1, x2, · · · , xn) = g(x1, x2, · · · , xn, z, h(z, x1, x2, · · · , xn))
(2.33)

ÁXy²�õ�3���¼êh(z, x1, x2, · · · , xn)÷vþã½Â�ª"

16.Ø^?�§S§y²g(x) = µy|x−2y|´�O��"g(x)�½Â�´�oº
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1nÙ Church ØK

20V30c�´O��.ïÄ��â»5?Ð�Ï,��5£1945c¤1�

�O�Å��)�
nØþ�O�"��1¶êÆ[Xx��£K.G.Det¤!£

Û(A.Church)!ã((A.M.Turing)!ÅdA£E.L.post¤�<3ïÄ¥ºYJÑ


�1O��.§X48¼ê!λü�!ã(Å!ÅdAXÚ�§¿¡ù
�.�

{´^�{�{)û¯K�4�§¿=µ�´U^�{�{)û�¯K§��½

U^ù
O��.)ûµ��ù
O��.)ûØ
�¯K§?Û�{�)ûØ


"¢Sþ§£Û½Â�λ¼ê£ü�¤§x���48¼ê§ã(�ã(Å�O�

¼ê�§§�3O�UåþÑ´�d�§�Ù¥±ã(Å�.���*"¤±“U

1�O��¼ê”�^ã(�O�¼ê´�£¯"ã(Å3nØþ�¿Â´y²


.þk
¯KØ�Ué��{£NP¯K¤§3d�c<�oú�µ?Û��

°(Lã�êÆ¯K§o�±ÏLk�Ú½5�½§´é�´�§́ k)�´v

k)"£�-��-ã(Ñ©OlØÓ��Ý�Ñ
£�§ù´Ø�U�§��x

���Ñ
3��v
r�/ªXÚ¥�½´Ø���§�«
^k�L§é

GÃ¡´kÛ�5�",	§ã�Å{'��EÚ$1Û¹
�;§S��©g

�§��/�«
y�Ï^>fêiO�Å�Ø%�SN"�´§ã(Å��O

�5�ïÄ��u3g,ê8"ù÷vØ
y�êÆO���¦§·�ATN�

U?ã(Å±ÿÐåõU§¿Xx��ê���ÑÙIO�.ºù�´Ü6Æ[

ÚO�ÅÆ[�&?�¯K"

�!£Û½Â�λ¼ê£ü�¤§x���48¼ê§ã(�ã(Å�O�¼

ê�§§�3O�UåþÑ´�d�"

�!ã(Å

=IêÆ[A.M.ã(u1936cJÑ��«Ä�gÄÅ§^5½Â�O�¼

êa"3êÆþ48¼êÚλ�½Â¼êþ�duã(Å½Â��O�¼ê"ã

(ÅUL«�{!§SÚÎÒ1�C�§Ï���>fO�Å�êÆ�.§�

�^����{�êÆ�.§3/ª�ónØ¥��^5ïÄá�(��ó£=

48�ê�ó¤"40c�±5§Nõ�Æ[�âã(��gJÑ
�X�Ä�g

ÄÅ§5ïÄ ²�äÚ�«p?��XÚ£Xg·A!gÆS!g|�!g�

��XÚ¤"éã(Å�ïÄ8¥3ü��¡µ1�§ïÄã(Å¤½Â��ó

a§T�óa¡�48�qÞ8Ü"1�§ïÄã(Å¤O��¼êa§T¼ê

a¡�Ü©48¼ê"��k�L§½�{�/ª�.§ã(Å�z�Ä�L§
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ÑAT´k¡�£ã�"Ùg§z�L§ATdlÑ�Ú½|¤§z�ÚÑU


Å�/¢y"ã(Åkõ«�.§X�(½.§õ�õÞ.�§§�3O�Uå

þ´�d�§�Ñ´ã(ÅÄ��.�C«"e¡·�:0�ã(Å�Ä��

."ã(Å´^Åì5�[<�^�)?1êÆ$��L§"

�Üã(Å´��k¡C�§§3�^V�Ã�����þ?1ö�"��

�y©���������f£½cell¤§z��f�o´�x�o¹��ÎÒ§

§5guTã(Å�i1Ls0, s1, s2, · · · , sn£k�i1L¤. BL«�x§¿P§

�s0.

ã(Åþk�Ö�Þ§TÖ�Þ�±3��þ�m£Ä§§�±�m£Ä§

§UÖÑ�c¤���fþ�ÎÒ§¿UUC�c�fþ�ÎÒ"zg�Ö��

þ���f"

Ö�Þþk��G�M�ì"§^5��ã(Å�c¤?�G�"ã(Å�

¤k�UG��ê8´k��§¿�k��AÏ�G�§¡�ÊÅG�"Ï~G

�8�{q0, q1, · · · , qm}.
z�ã(Åþk�@��5K§=§S§§Sdk¡^�-|¤"§�â�

cÅì¤?�G�±9�cÖ�Þ¤���fþ�ÎÒ5(½Ö�Þe�Ú�

Ä�§¿UCG�M�ì��§-Åì?\��#�G�"5¿ù�Åì�z�

Ü©Ñ´k��§�§k��d3�Ã�����§Ïdù«Åì�´��n�

���"

s4 s3 s2 s1 s4

�3Ö�ü�

ÖÞ

M q1

y3G�

ã(Åkn«�-§/ª�µ

qisjskqlL«XJG��qi§Ö�ÞSN�sj�§Kã�ÅòG�C�ql§¿U
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�SN�sk"

qisjRqlL«XJG��qi§Ö�ÞSN�sj§KòG�C�ql§¿m£��"

qisjLqlL«XJG��qi§Ö�ÞSN�sj§KòG�C�ql§¿�£��"

~Kµ~^ã(Åi1L�{0, 1}. �M���ã(Å§ÙG�8�{q1, q2}.
§S�q10Rql§q110q2 §q20Rq2 §q21Rql.

�Må©���þ�ê§=å©êâ�· · · , 0, · · · , 0, 1, 1, 1, · · · , 1, · · · . ¿�
Ö�Þ��11�1"å©G��q1.

$1d§S§��(J�· · · , 0, · · · , 0, 0, 1, 0, 1, 0 · · · .

~Kµx+ y´�O�¼ê"Ù§S�

q11Bq1, q1BRq2, q21Bq3, q2BRq2

()ÖÑ\�þm©kx + y + 2�1§§S�8�Ò´�ØK��>�2�1"

Ï�ã�ÅÑÑ�I�ê�fþ�1��ê")

5¿µã(Å�URMkéõØÓ"

1.ã(Å´3V�Ã�����þ�§URMü�"

2. ã(Å��-Ø©k�§�âG�ÚÖ�ÞSN3§S¥ÏéÜ·��

-�1§XJéØ�U�1��-ÒÊÅ"URM��-©k�^S"

3. ã(Å�z��f�U�;k�i1L¥�i1§URM��;ü�%

�±���~��êi"

4.ã(Å�O�(J���þ1��ê~�1"URM�(J�311��;

ü�¥"

· · · · · ·
ã(Å£q¡(½.ã(Å¤Ù�Ä��¿Â��«êÆÜ6Å§�±w�

�du?Ûk�Ü6êÆL§�ª4r�Ü6Åì"

n!Church ØK

3x��ïÄ¤J�K�e,20V30c��Ï§ã(A.M.TuringlO��

�ê���L§\ÃéO����?1
ïÄ,l¢y
éO����ý�@

£"

�âã(�ïÄ§�*/`¤¢O�Ò´O�ö§<½Åìé�^üàÃ�

ò����þ��G0Ú1 �1�-§�Ú�Ú/UC��þ�0½1§²Lk�
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Ú½§������÷výk5½�ÎÒG�C�L§"ã(^/ªz�{¤õ

/Lã
O�ù�L§���"ã(�ïÄ¤J´x��ïÄ¤J�?�Ú�

z§T¤JØ=2gL²
,
êÆ¯K´ØU^?ÛÅ�L§5)û�g�§

����/�«
O�¤äk�U1L§���A�"

ã(�£ã´'uê�O��§ØL·���=©i1L�i1±9Çiþ

�±^ê5L«"Ïd§ã(ÅÓ��±?n�ê�O�§Ø=Xd����

´§dê�Ú�ê�!=©i1!Çi�|¤�iÎGQ�±)º¤êâq�±

)º¤§S§lO��z�L§Ñ�±^iÎG�/ª?1?è§¿��3�

;ì¥§±�¦^�Èè¿d?nì�1"Åìè(J�±lp?ÎÒ/ª=§

S�O�óÅ�/í�Ñ5"

ã(�ïÄ¤J´§�O�5=ã(�O�5"3'u�O�5¯K�?Ø

�§Ø�;�/�J����O�äkÓ�/ Ú¿Â�Ä�Vg@Ò´�{"

�{�¡�U1�{½U1L§´é)KO�L§�°(£ã"§d�|½Â²

(�UÅ��1�5K�é�-�|¤"�âã(�Ø:�±��ù��(Øµ

?�L§´U1�U
äNLy3���{¥§��=�§U
���ã(Å¢

y"ã(Å���x��£ÛA.ChurchÅdAE.L.Post�<JÑ�^u)û�O

�¯K�48¼êü�ÚPOST5�XÚ�O��.3O�Uåþ´�d�"3

ù�¯¢�Ä:þ/¤
y3Í¶�£Ûã(ØK"

ã(Å�O��.þ´^5)ûU1O�¯K�nØþ�U15§ùÛ¹X

O��.��(5§¢S¢y¥�U15��¹�m��m�k�5"

Church ØKµ�úþ�/ª½Â�U1�O�¼êa=URM-�O�

¼êa

~3.0.14. P�URM-Å§f½ÂXeµ

f(x, y, t) =

{
1 XJ3O�P (x)�^tÚ½�utÚÒ��P (x) ↓ y
0 ÄK

(3.1)

ÁX^Church ØKy²f�O�"

y²:/éu?¿�(x, y, t)§��O�P (x), ¿�1tÚ§Ø�TO��^Ø�tÚ

Ò®²ÊÅ"XJP (x) ↓ y�^tÚ½�^Ø�tÚÒ®²ÊÅ§K-f(x, y, t) = 1.

ÄK·�-f(x, y, t) = 00"
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��O�P (x)�õtÚ´²w�gÄ$1L§§§�3k¡�mS�¤"Ï

df´U1�O��"�dChurch ØK�f´URM-�O��" �

~3.0.15. f, g���U1�O�¼ê§h½ÂXeµ

h(x) =

{
1 x ∈ Dom(f)½x ∈ Dom(g)

↑ ÄK
(3.2)

^Church ØKy²f�O�"

y²: /éu?¿�x§Ó�$1O�f(x)Úg(x)�§S§XJÙ¥��ÊÅ§K

Ó�4ùü�§SÊ�O�§K-h(x) = 1. ÄKUYO�e�0"

ù��{�Ñ
h(x) = 1§XJf(x)Úg(x)¥k��k¿Â¶XJü�þÃ

¿Â§§Ò¬[�O�e�"dChurch ØK�f´URM-�O��" �

~3.0.16. -f(n) = π��ê/ª¥�ê:��1n�ê§=f(0) = 3, f(1) =

1, f(2) = 4, · · · ,·��Ñ��O�f(n)��{"

�ÄO�π�HuttonS�

π =
12

5
{1 +

2

3
(

1

10
) +

2× 4

3× 5
(

1

10
)2 + · · · }

+
14

25
{1 +

2

3
(

1

50
) +

2× 4

3× 5
(

1

50
)2 + · · · }

=
∞∑
n=0

(n!2n)2

(2n+ 1)!
{12

5
(

1

10
)n +

14

25
(

1

50
)n} =

∞∑
n=0

hn

�sk =
∑k

n=0 hn§dÃ¡S��Ð�nØ�§

sk < π < sk +
1

10k

ùpsk´knê§¤±sk��ê¥?Û� �±U1/%C"Ïd·��Ñ


f(n)��{"
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y²:/éu?¿�n§é�1��N ≥ n+ 1¦��ê*Ð

sN = a0.a1a2 · · · anan+1 · · · aN · · ·

¥�êian+1, · · · , aNØÑ�u9.£ÄK§πò´��knê"¤

-f(n) = an§�am 6= 9¦�n < m ≤ N§¤±

sN < π < sN +
1

10N

≤ sN +
1

10m

Ïda0.a1a2 · · · an · · · am · · · < π < a0.a1a2 · · · an · · · (am + 1) · · · ”
dChurch ØK�f´URM-�O��" �

(Øµ�O�¼ê�duÙéA�z�§S§�±ÏLO�Å¢yO�§¢

yÙ&E"

SK�

~K1. y²e¡�¼ê�O�

f(x, y) =

{
1 XJx´y��ê

↑ ÄK

y²:�H(x, y)�O�üê�¦�äkIO/ª�§S"y?��§S^uO

�f�g,§S"-m = max(2, ρ(H))"éu?¿Ñ\x, y§·��;x, y, k, kyu

Rm+1, · · · , Rm+4"T§S�

T (1,m+ 1)

T (2,m+ 2)

Ip : J(m+ 1,m+ 4, q)

S(m+ 3)

H[m+ 3,m+ 2→ m+ 4]

J(1, 1, p)

Iq : Z(1), S(1)

�

2.y²e¡�¼ê�O�
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f(x, y) =

{
x
y

XJy 6= 0�y|x
↑ ÄK

�H(x, y)�O�üê�¦�äkIO/ª�§S"y?��§S^uO�f"

-m = max(3, ρ(H)). éu?¿�Ñ\x, y§·��;x, y, k, ky

uRm+1, · · · , Rm+4.T§S�

T (1,m+ 1)

T (2,m+ 2)

J(2, 3, 1)

Ip : J(m+ 1,m+ 4, q)

S(m+ 3)

H[m+ 3,m+ 2→ m+ 4]

J(1, 1, p)

Iq : T (m+ 3, 1)

�

3.y²f(x) = [2x
3

]�O�"

�H(x, y)�O�üê�¦!äkIO/ª�§S"y?��§S^uO�f"

-m = max(2, ρ(H)). éu?¿�Ñ\x§·��;2, 3k, 3k + 1, 3k + 2, k, 2x

uRm+1, · · · , Rm+6.T§S�

S(m+ 1), S(m+ 1)

Ip : H[1,m+ 1→ m+ 6]

J(m+ 2,m+ 6, q)

J(m+ 3,m+ 6, q)

J(m+ 4,m+ 6, q)

S(m+ 5)

S(m+ 2), S(m+ 2), S(m+ 2)

S(m+ 3), S(m+ 3), S(m+ 3)

S(m+ 4), S(m+ 4), S(m+ 4)

J(1, 1, p)

Iq : T (m+ 5, 1)

�
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4.�f(~x, y) ���O�¼ê§Kg(~x) = µy(f(~x, y) = 0)�´"

y²µ/�F�O�f�§S§éu?¿−→x§310Ú§mÄO�Å§O�F (−→x , 0)"

31tÚ�,mÄO�ÅFO�F (−→x , t). z�ÚmÄ�Ü#O�Å§
3zÚÓ�u�´Ä�3��êm < t, ¦�∀k < m,F (−→x , k)ÊÅ�Ø�

u0§F (−→x ,m)%ÊÅ = 0§

e´K½Âg(−→x ) = m¶ÄKUYO�e�0"dChurch ØK�g´URM-�

O��"

��±�¤µ

310Ú§/mÄO�Å§O�F (−→x , 0)��ÊÅ§XJd�F (−→x , 0) ↓= 0§K

½Âg(−→x ) = 0¶ÄK?\e�Ú¶

mÄO�Å§O�F (−→x , 1)��ÊÅ§XJd�F (−→x , 1) ↓= 0§K½Âg(−→x ) =

1¶ÄK?\e�Ú¶

mÄO�Å§O�F (−→x , 2)��ÊÅ§XJd�F (−→x , 2) ↓= 0§K½Âg(−→x ) =

2¶ÄK?\e�Ú¶

· · ·0"dChurch ØK�g´URM-�O��"

�

5. �f�����O�¼ê§Á^ChurchØKy²

g(x, y) =

{
1 XJx ∈ Ran(f)�y = µt(f(t) = 0)

↑ ÄK

�O�.

y²µ/�F�O�f�§S§éu?¿x, y ∈ N§310Ú§mÄO�Å§O

�F (0)"31tÚ�,mÄ#O�ÅO�F (t). Ó�u�´Ä�3��êm < t, ¦

�F (m)®²ÊÅ� = x§F (y)®²ÊÅ� = 0�F (t)®²ÊÅ� 6= 0 éu¤

kt < y §e´K½Âg(x, y) = 1¶ÄKUYO�e�0.

dChurch ØK�f´URM-�O��"

6.^churchØKy²O��O�½n: �f(y1, y2, · · · , yk), g1(~x), g2(~x) · · · ,
gk(~x)�O�§Ù¥~x = (x1, x2, · · · , xn), Kh(~x) = f(g1(~x), g2(~x), · · · , gk(~x))�O

�"

y²: “�F,G1, G2, · · · , Gk©O�^uO�f, g1, g2, · · · , gk�äkIO/ª�
URM§S"

∀~x = (x1, x2, · · · , xn)§Ó�mÄk�Åì©OO�G1(~x), G2(~x), · · · , Gk(~x)"
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�k�Åìþ®²ÊÅ�£ÄKUY��¤§Ø��ù
Åì�O�(J©O´

a1, a2, · · · , ak"2mÄ��#ÅìO�
F (a1, a2, · · · , ak)§�T�ÅìÊÅ�§òÙ�½Â�h(~x)"ÄK§UY��"”

dChurch ØK�f´URM-�O��"

�

7.churchØKy²48¼ê�O�½n: �f(~x), g(~x, y, z),��O�¼ê§Ù

¥~x = (x1, x2, · · · , xn)"Kdf , g)¤�48¼êh(~x, y)�O�"Ù¥{
h(~x, 0) = f(~x)

h(~x, y + 1) = g(~x, y, h(~x, y))
(3.3)

y²: “�F,G�O�f, g�äkIO/ª�§S"éu∀~x = (x1, x2, · · · , xn), y§

·�mÄO�ÅO�F (~x)§�§ÊÅ�§·�-Ù(J�h(~x, 0)£ÄKUY�

�¤"

�h(~x, 0)®²½Â�§·�mÄO�ÅO�G(~x, 0, h(~x, 0))��TÅìÊÅ§

ÄKUYO�e�§�§ÊÅ�§½ÂÙ(J�h(~x, 1)"

�h(~x, 1)®²½Â�§·�mÄO�ÅO�G(~x, 1, h(~x, 1)) · · ·

· · · · · ·

�h(~x, y − 1)®²½Â�§·�mÄO�ÅO�G(~x, y − 1, h(~x, y − 1))��

TÅìÊÅ§ÄKUYO�e�§�§ÊÅ�§½ÂÙ(J�h(~x, y)"0

dChurch ØK�f´URM-�O��"

�

SK3.1µ1.f, g���U1�O�¼ê§h½ÂXeµ

h(x) =

{
x x ∈ Dom(f)�x ∈ Dom(g)

↑ ÄK
(3.4)

^Church ØKy²f�O�"

2.f����U1�O�¼ê§h½ÂXeµ

h(x) =

{
1 x ∈ Ran(f)

↑ ÄK
(3.5)
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^Church ØKy²f�O�"

3.^Church ØK�ÑAckermann¼ê´�O��äNy²"

4.XJ�3¢cP (x1, x2, · · · , xn)§�{A"XJP (x1, x2, · · · , xn)¤á§rA$

^ux1, x2, · · · , xn§KU�ÑP (x1, x2, · · · , xn)�(J¶XJP (x1, x2, · · · , xn)Ø¤

á§KrA$^ux1, x2, · · · , xn§KU�Ñ¢cP (x1, x2, · · · , xn)��¡(J§K

¡P´�½�O��"¢cP (x1, x2, · · · , xn)´�½�O��¿�^���3�

O�¢cQ(x1, x2, · · · , xn)¦�P (x1, x2, · · · , xn)↔ ∃yQ(x1, x2, · · · , xn, y)"
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1oÙ Gödel?è

§4.1 URM§S�?è

½Â4.1.1. 1.8ÜX¡�denumerable§XJ�3��V�f : X → N"
2. 8ÜX�enumeration´��÷�g : N → X.=X = {x0, x1, · · · }Ù

¥xn = g(n)"XJg´��ü�§@où�enumeration´vkE�"

3. �8ÜX���k¡ÔN�8Ü£X§�
�ê�8Ü§�
�-�8Ü§

½�
§S�8Ü¤§KX�effective enumerable,XJ�3��V�f : X → N¦
�f, f−1þ�U1�O�¼ê"

½n4.1.2. e�8Ü´effective enumerable�

(1)N× N
(2)N+ × N+ × N+

(3) ∪k>0Nk =¤k�k¡g,êS�¤¤�8Ü"

y²:(1) π(m,n) = 2m(2n+ 1)	 1

(2)ζ(m,n, q) = π(π(m	 1, n	 1), q 	 1)

(3)τ(a1, a2, · · · , ak) = 2a1 + 2a1+a2+1 + · · ·+ 2a1+a2+···+ak+k−1 − 1 �

½n4.1.3. I´¤kURM�-8§P�¤kURM§S8§§�´effective

enumerable�"ùL²µz��O�¼êÑ´�±?è�"�O�¼ê�±üS�

y²:(1)½Âβ : I → N¦�β(Z(n)) = 4(n	 1)§

β(S(n)) = 4(n	 1) + 1§

β(T (m,n)) = 4π(m	 1, n	 1) + 2§

β(J(m,n, q)) = 4ζ(m,n, q) + 3.

(2)½Âγ : P → N¦�

γ(P ) = τ(β(I1)), β(I2)), · · · , β(Is)) XJP = I1, I2, · · · , Is

"

�
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½Â4.1.4. éu?¿URM§SP§γ(P )¡�P�?è§½P�Gödelê§½P�

ê"-

Pn =?è�n�@�URM§S

Ó��ù«?è�{éã(Å�·^"

~4.1.5. �P�§Ss(2), T (2, 1)§O�γ(P )"

):β(S(2)) = 4(2− 1) + 1 = 5

β(T (2, 1)) = π(2, 1) = 4π(1, 0) + 2 = 6

�γ(P ) = 25 + 25+6+1 − 1 = 4127. �

~4.1.6. �n = 9007203549970431, ¦P9007203549970431.

): 9007203549970431 = 218 + 232 + 253− 1§ÏdP4127��kü^�-I1, I2, I3�

§S, Ù¥

β(I1) = 18 = 4π(0, 2) + 2;

β(I2) = 32− 18− 1 = 13 = 4(4− 1) + 1.

β(I2) = 53− 32− 1 = 20 = 4(6− 1).

�I1 = T (1, 3), I2 = S(4), I3 = Z(6).

�

§4.2 �O�¼ê�?è

£�O�¼ê9Ù½Â�!��þ�±�güS��O��S�¤

½Â4.2.1. ∀a ∈ N, n > 1

(a) φ
(n)
a =d§SPaO��@�n�¼ê

(b) W
(n)
a = dom(φ

(n)
a ) = {(x1, x2, · · · , xn) : Pa(x1, x2, x3, · · · , xn) ↓}

E
(n)
a = φ

(n)
a ���

~4.2.2. ·�®²��P4127Ò´S(2), T (2, 1)"Ïdφ4127 ≡ 19φ(n)
4127 = x2 +

1§XJn > 1"�W4127 = N, E4127 = {1};
W

(n)
4127 = Nn, E(n)

4127 = N+§XJn > 1"
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-CnL«¤k�n��O�¼ê¤¤8Ü"

½n4.2.3. Cn´denumerable�"

y²:·�renumerationφ
(n)
0 , φ

(n)
1 , φ

(n)
2 , · · ·UE¤��ØE�enumeration"

- {
f(0) = 0

f(m+ 1) = µz(φnz 6= φnf(0), · · · , φnf(m))
(4.1)

Kφ
(n)
f(0), φ

(n)
f(1), φ

(n)
f(2), · · ·´Cn���üüØE�enumeration§�ù«

enumerationØ�O�"

�

½n4.2.4. -CL«¤kURM-�O�¼ê¤¤8Ü§C´denumerable �"

y² ·���C = ∪n≥1Cn. -fnþ¡½n¥�¼ê"-π��!¥�¼ê"

½Âθ : C → NÏLθ(φ(n)
fn(m)) = π(m,n− 1)=�" �

½n4.2.5. �3�����¼êØ�O�"

y²·��E���¼êf ,§ØÓuC1�?�enumeration¥�?�¼ê"½Â

f(n) =

{
φn(n) + 1 eφn(n)k½Â

0 eφn(n)vk½Â
(4.2)

d�{¡�é���{"b�f = φm§Kkf(m) = φm(m)"XJφm(m)k

½Â§Kf(m) = φm(m) + 1 6= φm(m)§gñ"XJφm(m)vk½Â§Kf(m) =

0 6= φm(m)§gñ"

�

§4.3 s-m-n½n

½n4.3.1. (s-m-n½n{ü/ª) �f(x, y)´���O�¼ê"K�3��

��O�¼êk(x)¦�f(x, y) = φk(x)(y).£d½nL²§���O�¼ê�±ü

�����O�¼ê§�Ù?è�O��¤
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y² éz��½�a, k(a)�e¡^uO�f(a, y)?è�§SQa,"�Qa�initial

configuration �µy, 0, · · · ,"�F�O�f�§S"F�configuration �µ

a, y, 0, 0, · · ·
Qa§S�µ

T (1, 2)

Z(1)

S(1)
...

S(1)�ag

F

½Âk(a)�dQa§S�?è"k(a)´U1�O��"ÏddChurthØK§k´

U1�O��"

�

½n4.3.2. (s-m-n½n) é?¿m,n ≥ 1§�3����O�(m + 1)−�¼
êφmn (e,−→x )¦�φ(m+n)

e (−→x ,−→y ) = φsmn (e,−→x )(
−→y ).

SK4.1µ1.z��O�¼êkÃ¡õ�Gödelê"

2.�f(x, y)´��O�¼ê§éz�m§-gm��¼ê÷vgm(y) = f(m, y)"

�E����O�¼êh¦�h 6= gm"

3. -f0, f1, · · ·�lg,ê8�g,ê8�¤kÜ©¼ê�enumeration§�

E��¼êg¦�Dom(g) 6= Dom(fi)(∀i)"
4.-f�lg,ê8�g,ê8���Ü©¼ê§m����ê§�E��Ø

�O�¼êg¦�

g(x) = f(x)éx ≤ m"

~K1. �3��O�¼êS(x, y)¦�∀x, y(φS(x,y) = φxφy)"

y:�f(x, y, z) = φx(z)φy(z) = φU(x, z)φU(x, y)"Ïdf´��O�¼ê§l

ds-m-n½n�§�3�O�¼êS(x, y)¦�f(x, y, z) = φS(x,y) = φxφy.

�

~K2. �3��O�¼êS(x, y)¦�WS(x,y) = Wx ∪Wy"
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y:�

f(x, y, z) =

{
1 XJz ∈ Wx½z ∈ Wy

Ø½Â ÄK
(4.3)

Ïdf´��O�¼ê"ds-m-n½n�§�3����O�¼êS(x, y)¦

�f(x, y, z) = φS(x,y)(z).

�

~Kµ�n ≥ 1§¦yµ�3��O�¼ês(x)¦�W
(n)
s(x) = {(y1, y2, · · · , yn) :

y1 + y2 + · · ·+ yn = x}"
y:

f(x, y1, y2, · · · , yn) =

{
1 XJy1 + y2 + · · ·+ yn = x

↑ ÄK
(4.4)

w,§T¼ê´�O��§Ïdds-m-n½n�§�3��O�¼ês(x)¦

�W
(n)
s(x) = {(y1, y2, · · · , yn) : y1 + y2 + · · ·+ yn = x}"

�

SK4.2µ1.¦yµ�3����O�¼êk¦�§∀n§k(n)´¼ê[ n
√
x]��

�Gödel ê"

2. ¦yµéz�m§�3���(m+ 1)−��O�¼êsm¦�∀n

φ(m+n)
e (−→x ,−→y ) = φsm(e,−→x )(

−→y )

Ù¥−→x ,−→y©O�m§n��þ"

§4.4 /Ð0�?è£�¤

o(c¡�?è§·�uy/Ð0�?è¼êγÚÈè¼êγ−1Ø=´�O�

�§�´�©48�"?èé�¬^�4�z�f½Â§Ï�ÄK·�¬¡�

?èØ´�¼ê��x£4�z½ÂÑ�¼ê~~´Ü©¼ê¤§2ö��/Ð0

�?è¼ê�A�=��È�§z�?è!)è¤z��mÑ´A��ÑØO

�"·�ù!Ì��	�©48?è"

�!'u�? ê��
�©48¼ê

·�òz��©48¼êaL«¤�?�/ªµ
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a = a0 + a1 · 21 + · · · an · 2n

Ún4.4.1. 1.�x =
∑

i ai · 2i§q-a(i, x) = ai§Ka(i, x)´�©48�"

2.�x =
∑

1≤i≤l 2
bi§Ù¥0 ≤ bi < bi+1 ≤ bl§

l(x) =

{
l XJx > 0�l > 1

0 ÄK
(4.5)

Kl(x)´�©48¼ê"

3.�x > 0§x = 2b(1,x) +2b(2,x) + · · ·+2b(l(x),x) =
∑

1≤i≤l(x) 2b(i,x)§XJb(i, x)´

1i�k¦�a(k, x) = 1§Kb(i, x)´�©48¼ê"

4.α(i, x)´�©48¼ê§Ù¥

l(x) =

{
α(i, x) = b(i, x) XJi = 0, 1

α(i+ 1, x) = b(i+ 1, x)	 b(i, x)	 1 XJi > 0
(4.6)

y: 1. 
a(0, x) = rm(2, x) = rm(2, [ x

20
])

a(1, x) = rm(2, [x
2
]) = rm(2, [ x

21
])

a(i, x) = rm(2, [ x
2i

])

(4.7)

2.l(x) =
∑

i≤x a(i, x)

3.

b(i, x) =

{
µy < x(

∑
k≤y a(k, x) = i) XJ1 ≤ i ≤ l(x)�x > 0

0 ÄK
(4.8)

4.´y"

)ÖµXJx´Gödelê§·�ÏL�©48¼êa(i, x), b(i, x), l(x), α(i, x)�

¦�T§Sz��-�Gödelê"α(i, x)Ò´T§Sz��-�Gödelê"

�

�!§S?è¼ê��©485

�ÅìMÏL§SP = I1I2 · · · IKO�Ñ\x1, x2, · · · , xn�§·�¡x1, x2, · · · , xn�
å©SÜG�(initial configuration)§¿¡c = px11 · px22 · · · · · pxnn �å©SÜG�
�x��ê"
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4.4. /Ð0�?è£�¤ CHAPTER 4. GÖDEL?è

Ún4.4.2. 1.XJ§SPe¥�-ê�ln e§K¡ln e´�©48�"

2.XJ

gn(e, j) =

{
Pe¥1j^�-¥�x��ê XJ1 ≤ j ≤ ln(e)

0 ÄK
(4.9)

Kgn(e, j)´�©48¼ê"

Ún4.4.3. XJz´�-�x��ê§K�3z��©48¼êu½vL«�;

ü��Òè9�-�IÒ"

y:XJrm(4, z) = 0§Ku(z) = [ z
4
] + 1;

XJrm(4, z) = 1§Ku(z) = [ z	1
4

] + 1;

XJrm(4, z) = 2§Ku1(z) = π1([ z	2
4

]) + 1, u2(z) = π2([ z	2
4

]) + 1;

XJrm(4, z) = 3§Kv1(z) = π1([ z	3
4

]) + 1, v2(z) = π2([ z	3
4

]) + 1, v3(z) =

π3([ z	3
4

]) + 1;

�

Ún4.4.4. XJc�ÅìM�]�SÜG��x��ê§Z(c,m), S(c,m)Ú

T (c,m, n)©OL«�1�"·-Z(m)!�U·-S(m)!D4·-T (m,n)±�e

��]�SÜG��x��ê§KZ(c,m), S(c,m), T (c,m, n) ´�©48¼ê"

y:�c = pr11 · pr22 · · · · · prmm · · · p
rk
k §Krm = (c)m, p

rm
m = p

(c)m
m "�"·-Z(m)¢

yrm := 0§p0
m = 1§¤±Z(c,m) = [ c

p
(c)m
m

]"éuS(c,m), T (c,m, n)aq?Ø"

�

Ún4.4.5. ch(c, z)´�©48¼ê§Ù¥

ch(c, z) =


Z(c, u(z)) XJrm(4, z) = 0

S(c, u(z)) XJrm(4, z) = 1

T (c, u1(z), u2(z)) XJrm(4, z) = 2

(4.10)

()Öµch(c, z)L«]�SÜG�x��ê�c§�1x��ê�z��-±

�§¤�SÜG��x��ê")
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Ún4.4.6. XJ]�SÜG��x��ê�c§�-�x��ê�z�§¼

êv(c, j, z)´�©48¼ê§Ù¥

v(c, j, z) =


j + 1 XJrm(4, z) 6= 3

j + 1 XJrm(4, z) = 3�(c)v1(z) 6= (c)v2(z)

v3(z) XJrm(4, z) = 3�(c)v1(z) = (c)v2(z)

(4.11)

()Öµv(c, j, z)L«x��ê�z��-§�1e��-�IÒ")

Ún4.4.7. XJ]�SÜG��x��ê�σ§§S�x��ê�e�§¼

êConfig(e, σ)´�©48¼ê§Ù¥

Config(e, σ) =

{
ch(π1(σ), gn(e, σ2)) XJ1 ≤ π2(σ) ≤ ln(e)

π1(σ) ÄK
(4.12)

()ÖµConfig(e, σ)L«1j^�-�1��#�SÜG�")

Ún4.4.8. XJ]�SÜG��x��ê�σ§§S�x��ê�e�§¼

ênet´�©48¼ê§Ù¥

net(e, σ) =

{
v(π1(σ), π2(σ), gn(e, π2(σ)) ev(π1(σ), π2(σ), gn(e, π2(σ)) ≤ ln(e)

0 ÄK

(4.13)

()Ö:þ¡ü�Únµ�P = I1I2 · · · Ik§3Ij−1�1�§ÅìM�]�G�

�σ§π1(σ)´]�SÜG�§π2(σ)´e����1��-§Ij�1�§]�SÜ

G��Config(e, σ)§e��-IÒ�net(e, σ)")

½n4.4.9. σ(e, σn(e, x1, · · · , xn, t)´�©48¼ê§Ù¥


σn(e, x1, · · · , xn, 0) = π(px11 · px22 · · · · · pxnn , 1)

σn(e, x1, · · · , xn, t+ 1) = π(Config(e, σn(e, x1, · · · , xn, t),
net(e, σn(e, x1, · · · , xn, t))

(4.14)
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½Â4.4.10.

cn(e, x1, x2, · · · , xn, t)��=�π1(e, x1, x2, · · · , xn, t)
jn(e, x1, x2, · · · , xn, t)��=�π2(e, x1, x2, · · · , xn, t)
sn(e, x1, x2, · · · , xn, y, t)��=�jn(e, x1, x2, · · · , xn, t) = 0

�(cn(e, x1, x2, · · · , xn, t))1 = y

Tn(e, x1, x2, · · · , xn, z)��=�sn(e, x1, x2, · · · , xn, (z)1, (z)2)

U(z)��=�(z)1

(4.15)

½n4.4.11. cn, jn, Tn´�©48�"

§4.5 �ª½n

·�ù!0��O�5ü�½n¥�,�½n)-�ª½n"

½n4.5.1. XJP´��§S§e´P�x��ê§Kφe(x1, x2, · · · , xn)½Â�

¿�^��µyTn(e, x1, x2, · · · , xn, y)½Â§¿�φe(x1, x2, · · · , xn) = U(µyTn(e, x1,

x2, · · · , xn, y))"

y²:µyTn(e, x1, x2, · · · , xn, y)½Â�¿�^���3linitial configurationG�

m©�§SPe§�Pe(x1, x2, · · · , xn) ↓§u´φe(x1, x2, · · · , xn) ½Â§q�y0 =

µyTn(e, x1, x2, · · · , xn, y)�§Klinitial configurationG�m©�§SPe Ê�$

��§SÜG��x��ê�y0§Pe(x1, x2, · · · , xn) ↓ U(y0)§�φe(x1, x2, · · · , xn) =

U(µyTn(e, x1, x2, · · · , xn, y))"

�

½n4.5.2. (�ª½n)¼êf(x1, x2, · · · , xn)�O��¿�^�´�3e0§¦

�f(x1, x2, · · · , xn) = U(µyTn(e, x1, x2, · · · , xn, y))"

y²µXJf(x1, x2, · · · , xn) = U(µyTn(e, x1, x2, · · · , xn, y))§Kw,�3e0¦

�φe0¦�φe0(x1, x2, · · · , xn) = f(x1, x2, · · · , xn)§Pe0(x1, x2, · · · , xn) ↓ U(y0)�

�=�f(x1, x2, · · · , xn) ↓ U(y0)§w,f´�O�¼ê¶��§d½n4.5.1§́ �

¤�(J"

�

Ï�U(µyTn(e, x1, x2, · · · , xn, y))´�©48�§Ïd
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½n4.5.3. z��O�¼êÑ´Ü©�O�¼ê"XJ��O�¼êa�C0§

KC0 = D0£Ù¥D0�Ü©�O�¼êa§Ù½Â9(JN3d½n�"¤

½Â4.5.4. ¼êa�faD÷v±e^�µ

£1¤Ä�¼êáuD

£2¤Dé�\!�©48$�Úµ−�f$�µ4§K¡D�Ü©48µ4¼
êa"

½Â4.5.5. ��Ü©¼êµ4aD0¡�Ü©48¼êa"

½Â4.5.6. k¡¼êS�f1, f1, · · · , fk÷ve�^�µéz�fi(1 ≤ i ≤ n)

£1¤½öfi´Ä�¼ê��¶

£2¤½öfidTS� u§c¡��
¼ê§²�\½�©48½µ−�f
��¶

£3¤f = fk

K¡f1, f1, · · · , fk�f���Ü©48£ã"k¡�£ã��Ý"

½n4.5.7. Ü©48¼ê´�O�¼ê"ÏdD0 ⊆ C0
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1ÊÙ �
�(J

§5.1 Ï^¼ê9Ï^O�Å

c¡ù�O�Å�U�¤��§S§·�y3Ú\Ï^¼ê9Ï^O�Å"

½Â5.1.1. (Ï^¼ê)ψ
(n)
U (e, x1, x2, · · · , xn) = φ

(n)
e (x1, x2, · · · , xn)

¯K´§ψ
(n)
U ´�O�¼êíº�Ye´§@o�±O�ù�¼ê�§SP�

½�±embody ¤kO�§S"

½n5.1.2. ψ
(n)
U ´�O�¼ê"

@o§ù«�±O�ψ
(n)
U §SéA�O�ÅÒ¡�Ï^O�Å"§éÑ\�?

¿�Ñ\e, x1, x2, · · · , xn�1��êe§éA�§S�Ñ5§¿éx1, x2, · · · , xn?
1O�§¿ò(J�311��;ü�¥"y�>fO�ÅÙ¢Ò´ù��«Ï

^ã(Å§§U�É�ã£ãÙ¦ã(Å�§S§¿$1§S¢yT§S¤£ã

��{"

ã(Å�CN

ã(ÅkéõC«§�ù
C«�O�UåÑ´�d�§=§�£OÓ��

�óa"y²ü�O��.A ÚB �O�Uå�d�Ä�g�´µ^A ÚB �

p�[§eA ��[B �B ��[A§w,¦��O�Uå�d"5¿ùp·�

6�Ø�ÄO���Ç§��ÄO��nØþ/�150"

Äk·��±uy§UCã(Å��£tape¤i1L¿Ø¬UCÙO�Uå"

~X·��±��ã(Å��i1L�0, 1§ù¿Ø¬UCã(Å�O�Uå§Ï

�·�w,�±^�i1L�0, 1�ã(Å�[�i1L�?¿k�8ÜΓ�ã

(Å"

,���5¿�´§XJ·�#Nã(Å���üàÑ�±Ã��Ð§ù¿

ØUO\ã(Å�O�Uå§Ï�·�w,�±^�k���àUÃ��Ð�ã

(Å5�[ù«��üàÑ�±Ã��Ð�ã(Å"

XJ·�#Nã(Å�Ö�Þ3,�Ú�±�/ØÄ§@�Ø¬O\ÙO�

Uå§Ï�·��±^��£Ä�g2�m£Ä�g5�O3�/ØÄ"
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CHAPTER 5. �
�(J 5.2. GÖDEL Ø��5½n({üz)

§5.2 Gödel Ø��5½n({üz)

½n5.2.1. �(A ,D)���48��únz�/ªXÚ§Ù¥¤k�U
�

úny²��éþ�(§K�3�^�éσ§§��´�(��%ØU�y².�

A�§¬σ�ØU�y²"

x��Ø��½n�¿Â

x��½n´��Ü6�½n§��ª�U3ù�µeSn)"3/ªÜ6

¥§êÆ·K9Ùy²Ñ´^�«ÎÒ�ó£ã�§3ùp·��±Å�/u�

z�y²�Ü{5§u´B�±l�|únm©Ã�FÒ/y²�^½n"nØ

þ§ù��y²�±3>Mþu�§̄ ¢þù��Ü{5u�§S@®�)"

�
ù�L§�±?1§·�I���ÃÞk�o��ún"·��±l�

|k��ún8m©§~XîAp�AÛ"½ö���/§·��±ïá��Ã

¡�ún�L§��UÅ�/�ä�½�·K´Ä´�^únÒ1"3O�Å�

Æp¡§ù�¡�ún�488"¦+Ã¡�ún�Lfå5k
Û%§�¢S

þ3g,ê�nØ¥§¡��æìún�Ò´ùo��ÀÜ"

x���1�^Ø��½nL²?Û��#N½Âg,ê�NX7½´Ø

���"�3Ø���NXù�¯¢��¿Ø¦<a�AO¯ç"~X§3îA

p�AÛ¥§XJr²1ú��K§Ò����Ø���NX"Ø���NX�

U¿�Xÿ�éÑ¤k7L�ún®"

�x���«�´3õê�¹e§~X3êØ½ö¢©Û¥§\[�ØUé

Ñún���8Ü"z�g\ò��·K��ún\\§òok,��·KÑy

3\�ïÄ���	"

\�±\\Ã¡^ún£~X§¤ký·K¤�ún�L¥(�¤k·KÑ

�y²�ý½b§�\���ún�LòØ2´488"�Ñ?¿�^·K§ò

vkÅ���{�½§´Ä´XÚ��^ún"XJ�Ñ��y²§��5`�

Ã{u�§´Ä�("

3O�Å�Æ��ó¥§x��½nk,�«Lã�ª"3��Ü6¥§½

n´48�qÞ�µ\�±?����±qÞÑÙ¤kÜ{y²�§S"\�±

¯´Ä�±ò(Ø\r�48�µ\�±?���3k��mS�½·Kýb�

§Síº�âx��½n§�Y´��5`ØU"

éx��½n��
Ø)
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dux���1�^½nkØ�Ø)"·�ÞÑ�
~fµ

T½n¿Ø¿�X?Ûk��únXÚÑ´Ø���"T½nIb�ún

XÚ�±½Âg,ê"ØL¿�¤kXÚÑU½Âg,ê§Ò�ù
XÚPk�

)g,ê��f8��."~X§îAp�AÛ�±���únz������

XÚ£¯¢þ§îAp���Mún8®²�~�Cu���XÚ"¤"��ú

n´�~�*�§±�u��Ñy
/ªzy²��â5¿�I�§�¤§©d

Ä(Tarski)y²
¢êÚEênØÑ´�����únzXÚ"ùnØ^3<ó

�Uþ§K�Ñk
�n�U·�U
��é�§�ÅìüX^��únzXÚ

ä%Ã{y²"ØLÅì�±^���únzXÚ§~X¢�!²�5y²"

Ø��5�(ØK�
êÆóÆ±9/ªzÌÂ£¦^/ªÎÒ£ã�n¤

¥��
*:"·��±ò1�½n)º�/·�[�ØUuy���U�ún

XÚU
y²��êÆýn§ØUy²?Û¸Ø0

§5.3 P�NP¯K

�!ã(Å�/ªz½Â

��ã(Å´��Ê�|(Q,Σ, δ, q0, F )§Ù¥Q,Σ, FÑ´k�8Ü§Q´G

�8Ü, q0´å©G�8¶Σ ´Ñ\i1L§Ù¥Ø�¹AÏ��xÎ¶F�U�

É���G�8"Ù¥δ : Q× Σ → Σ×Q× {R,L}´=£¼ê§Ù¥L,R L«
Ö�Þ´��£�´�m£¶

Åìm©$1�§Uì=£¼êδ ¤£ã�5K?1O�"~X§e�cÅ

ì�G��q§Ö�Þ¤���f¥�ÎÒ�x§�δ(q, x) = (q′, x′, L)§KÅì?

\#G�q′§òÖ�Þ¤���f¥�ÎÒU�x′§,�òÖ�Þ��£Ä��

�f"

5¿§=£¼êδ ´��Ü©¼ê§�é{`éu,
q, x§δ(q, x)�Uvk

½Â§XJ3$1¥��e��ö�vk½Â��¹§Åìòá�ÊÅ"

½Â5.3.1. �kã�ÅM§M���configuration§�¡�instantaneous de-

scription§½snapshot§Ò´��O��m�Qãµ§�¹z��f�SN§z�

ÖÞ� �§z�ã�Å�G�"XJMkk��f§M���configuration´�

�k + 1��

(q, x1, x2, · · · , xk−1, xk)
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Ù¥qÒ´My3�G�§z�xj ∈ Σ∗#Σ∗L«1j��fþ�SN"ÎÒ#

¿Ø3i1L§�±IPÖÞ� �£��Bå�§ÖÞscan# m>�1��Î

Ò¤"

�!õ�ã(ÅÚã(Åaq§���ØÓ3u§�±kk > 1^��§z^

��þÑk��Ö�Þ"ÙG�=£¼êδ ?U�µδ : Q×Σk → Σk×Q×{R,L}
d?k ´�f�ê8"L�ªδ(q, x1, x2, · · · , xk) = (q′, x′1, x

′
2, · · · , x′k).

n!�(½.ã(Å

XJØ\AÏ`²§Ï~¤`�ã(ÅÑ´(½.ã(Å"�(½.ã(

Å�d��Ê�|(Q,Σ, δ, q0, F )½Â§Ø=£¼êδ 	§O�Ó(½.ã(Å�

�"δ : Q× Σ→ P (Σ×Q× {R,L}). Ù¥P (A)L«8ÜA��8.

(½5ã�Å'uÅì�?è!configuration!O�Ñ·^u�(½.ã(

Å§§Ú�(½.ã(Å�ØÓ�?3u§3O��z���§�â�cG�Ú

Ö�Þ¤Ö�ÎÒ§Åì��3�^O�´»§��(½.ã�Å§kõ«�U

�G�=£�Y§Åì�UÀJÙ¥�«�YUY$�§������É��"

½Â5.3.2. ��Ñ\w��(½.ã�Å¤�É��=��3M���O

�§Ù�ªÊ3�Éconfigurationþ"L(M)L«¤kMU�É��ó§=M¤

U�É�¤kiÎG�8Ü"

~X§��(½.ã(ÅM��cG��q§�cÖÞ¤ÖÎÒ�x§eδ(q, x)

= {(q1, x1, d1), (q2, x2, d2), · · · , (qk, xk, dk)}, KMò�UÀJ��(qi, xi, di)§UÙ

?1ö�§,�?\e�ÚO�"

�(½.ã(ÅM3Ñ\Gωþ�O�L§�±L«���ä§ØÓ�©

|éAXz�ÚO��ØÓ��U5"��k?¿��©|?\�ÉG�§K

¡M�Éω¶��k?¿��©|?\áýG�§K¡Máýω¶,
©|�U[

�Ã{ÊÅ§���k��©|�±?\�É½áýG�§·�Ò`M3Ñ\ωþ

�ÊÅ"5¿§·�5½M 7L´Ãgñ�§=§ØUk,�©|�ÉωÓ�

,��©|áýω§ù�kgñ��(½.ã(Å´ØÜ{�"

½n5.3.3. éu?¿���(½.ã(ÅM§�3��(½.ã(ÅM ′§¦

�§���ó��§=L(M) = L(M ′)"

½n5.3.4. XJ�óL��(½.ã(ÅM3õ�ª�mS�É§K�½�

3õ�ªP¦��óL��mE,Ý�O(2P (n)) �(½.ã(Å§S¤�É"
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½n`²
��o3y²P = NPc§¤k�NP¯KÑ�k�ê�mE,

Ý�{"

o!P (E,Ý)

½Â5.3.5. M�(½5ã�Å§é?Û¼êt(n) ≥ n+ 1Ús(n) ≥ 1§

1.Ñ\�iÎGw�M¤^��m½Â�MÊÅ�¤s�O�Úê§eM3

Ñ\w�ÊÅ¶ÄK§Ø½Â"

2.tM(n)§½Â�ã�Åéu¤k�Ý�n�iÎGÑÊÅ�¤s���O�

�m§XJ§�ÑÊÅ¶ÄK§Ø½Â"

3.DTIME(t)´O��m≤ t(n)��(½.ã�Å¤�É�8Ü�a"

4.�f���¼ê§O(f)�¤k¼êg�8Ü§XJg÷v^�:�3r > 0¦�

éA�¤kn§g(n) < r · f(n)"

5.éu?Û�Ñ\w, w¤^�O��m½Â�MéwO��¤scan�cell�

��ê8"

6.(½5ã�Å�$1�m´�Ü©¼êf : N→ N§¦�éu?Ûn§§�
±O�éz��Ý�n�Ñ\¤s����m"

7.P =
⋃
i≥0DTIME(ni)

{ü/`§@
�±3õ�ª( polynomial )�mS)û�¯K§¡�P¯

K"@�o�õ�ª( polynomial )�mS)ûQºÒ´�3��õ�ªp(x)Ú

(½.ã�ÅM§¦�éu?¿Ñ\S�α§��α ��Ý|α| = n§KXJã�

ÅMéα?1O��§ÑU3≤ f(n)ÚSÊÅ§K¡�3õ�ª�mS�O�"

3O�E,ÝnØ¥§P ´3E,Ýa¯K¥�3û½5ã(Åþ±õ�

ªþ?£½¡õ�ª�m¤¦)�û½5¯K"

PÏ~L«@a�±”k�Ç/)û”½”§Ð”��O�.¯K§Ò��ê?

�~p��±��”§Ð”§~XRP�BPP¯K"�,Pa�3éõy¢?nþ�

:�Ø§Ð�¯K§~X�
��I�n1000000�-5)û�¯K"éõ�¹e�

3X�J�E,Ý¯K"

3P¥-<58�¯K

P�¹
éõ®��g,¯K§~XO���úÏf"32002c§�O��

ê´Ä��ê��<)Ñ´��P¯K[1]"

Ê!NP (E,Ý)
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½Â5.3.6. M����(½5ã�Å"

1.w���Ñ\§Ñ\�w�M¤^��m½Â�w�ã�ÅM¤�É�¤

s��á�O�Úê§XJM�,
O��ÉÑ\w¶ÄK§½Â�1"

2.�(½5ã�Å�$1�m´��¼êf : N → N§§��Ñéz��Ý
�n�Ñ\¤s����m"

3.tM(n)§k�ÿ§�½Â�ã�Åéu¤k�Ý�n�iÎGÑ�É�¤s

���O��m".

4.NTIME(t)´O��m≤ t(n)���(½.ã�Å¤�É�8Ü�a"

5.NP =
⋃
i≥0NTIME(ni)

NP´���3õ�ª�m±�(½.ã(Åû½�Y�¯K�8Ü"

8!P = NP?

P/NP¯K´3nØ&EÆ¥O�E,ÝnØ+�p�8vk)û�¯K§

§�/�XêÆïÄ¤0£Clay Mathematics Institute§{¡CMI¤3Z$c�

øJK¥Â¹"P/NP¯K¥�¹
E,ÝaP�NP�'X"1971c¤J¥#�

�(Stephen A. Cook) ÚLeonid Levin �éÕá/JÑ
¯K§=´Äü�E,

ÝaPÚNP´ð��"

õêO�Å�Æ[�&PXNP"T&g���'��Ï´²Lê�céù


¯K�ïÄ§vk<U
uy��NP��¯K�õ�ª�m�{"�§<

�@3NP���VgÑycÒm©Ï¦ù
�{
£Karp�21�NP ��¯K§

3�@uy��1¥§k¤kÍ¶�®²�3�¯K¤"

o(µk�õ�&E´Ã{y²�§Ã{¼���

~5.3.7. e�¼êÑ´Turing-�O��§�Ñ´õ�ª�m�O��"

1. (x1, x2, · · · , xn) 7→ c,Ù¥c ∈ N:é?¿Ñ\(x1, x2, · · · , xn)§�Ù�Ý

�n§��òz�Ñy�1U��0§¿2Ñ\c + 1 �1=�"ÏdÙO��mØ

�Ln+ c"¤±ù�¼ê´O(n)�mS�O��"

2.(x1, x2, · · · , xn) 7→ xi,:é?¿Ñ\(x1, x2, · · · , xn)§�Ù�Ý�n§��ò

z�Ñy�xj(j 6= i)U��0"w,ÙO��mØ�Ln"¤±ù�¼ê´O(n)�

mS�O��"

3.(x, y) 7→ x + y:é?¿Ñ\(x, y)§�Ù�Ý�n§��òÙ¥Ñy�cü

�1U��0"w,ù�¼ê�´O(n)�mS�O��"
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4.(x, y) 7→ x ·y:é?¿Ñ\(x, y)§�Ù�Ý�n§�,x, y��Ý�un"��

òx\yH=�§¤±ÙO��m�uy ·O(n) ≤ O(n2)"Ïdù�¼ê´O(n2)�

mS�O��"

5.aq/§(x, y) 7→ min(x, y), (x, y) 7→ max(x, y), (i, x) 7→ xi��Ñ´õ�

ª�m�O��"

~5.3.8. -f(n) =
√

2��?��ê/ª¥�ê:��1n�ê§=f(0) =

1, f(1) = 0, f(2) = 1, · · ·§·��ÑO�f(n)��mE,5"ÏL{ü�Á�{

·�ÒU
(½�ê:��z� êia1, a2, · · · ∈ {0, 1}¦�

1.a1a2 · · · ak <
√

2 < 1.a1a2 · · · ak + 2−k

Ï��Ý�k��?�L«¥��ê�¦{O��m�O(k2)§Ïd�(½

a1, a2, · · · ak���mO(12+23+· · ·+k2) ≤ O(k3)Òv

"Ïdf(k)��O(k3)�

�m=�O�"

§5.4 /Ð0�?è£�¤

·�3þ¡{ü0�
O�E,5©Û�IO§=ÏL'�O���mÚ�

m5ïþ"/Ð0�?èÚ)èÓ�r¯�?è!)è��ïþIO"·���

3Åì¥§·��ù�Ò´�ê$�§s��m!�mÑ�~�"�{ü�$�

Ò´õ�ª$�"Ïd·�r3õ�ª�m!�mS�¤�?è!)è��ïþ

?è!)èÐ��1��IO"

½Â5.4.1. XJ��¼êπ´N2�N���éA§��3_N�π−19π1, π2¦

�

π(x, y) = n��=�π−1 = 〈π1(n), π2(n)〉 = 〈x, y〉

K¡π��é¼ê"

½n5.4.2. �3�©48¼êπ¦�

π(x, y) = n��=�π−1 = 〈π1(n), π2(n)〉 = 〈x, y〉
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y²:-π(x, y) = 2x(2y + 1)	 1´�©48¼ê"Ï�π1(n) = (n + 1)1, π2(n) =

[
[ n+1

2π1(n)
]	1

2
]

�

½n5.4.3. �3/Ð0��é¼ê§=πQ´�©48�§q´õ�ª�m!

�m�O��"

y²: -π(x, y) = 1
2
(x2 + 2xy + y2 + 3x + y)"d½n2.1.8��§π(x, y)�©

48§·�ky²π(x, y)´õ�ª�m�O��"3π(x, y)�½Â¥§Ì��9

�´¦{$�"£Á�e~K1.3.5¥�O�¦{�§S§f(x, y) = xy�§S

�I1 : J(1, 4, 10), I2 : J(2, 5, 10), I3 : J(1, 4, 7), I4 : S(3), I5 : S(4), I6 :

J(1, 1, 3), I7 : S(5), I8 : Z(4), I9 : J(1, 1, 2), I10 : T (3, 1)"

(
R1 R2 R3 R4 R5 · · ·
x y ó�ü� kx ly · · ·

)

Ù¥R3, R4©O�x, y�Oêì"T�{�Ä�g�´µÅg�r3 := r3+1§z

��g§xOêìR4¥\1§�r1 = r4�§L«®²òr3O\�r3 +x
§2òR4¥

�SN�"§òyOêì\1§L«r3®²\
��x",�2Åg�r3 := r3 + 1§

z��g§xOêìR4¥\1, · · ·��yOêì�SNr4 = y§ù�L²3R3¥

\
ygx
§lT�{¢y
r3 = x · y"
�|〈x, y〉| = n§=〈x, y〉��?��Ý�n"Ø��max{x, y} = x"l[log2 x]+

[log2 y]+2 = n§ó��r3zO\��1§�õÖ�Hz���-§,	�-I4, I5, I7, I8

zg�\{!�"$�§�U�õI�[log2(x2)] + 1�? O�§Ïd��¦

{x · y�O��mØ�L10n2"lπ(x, y)�O��mØ�L160n2"ùÒ{üy

²π(x, y) ´õ�ª�m�O��"

2y²π−1´õ�ª�m�O��§=éuz��zÏéx, y¦�π(x, y) = z"

�|z| = n§=[log z] + 1 = n"¤±·��I�éz�éêx, y ≤ z§O�π(x, y)§

¿u�´Ä�z��=�"z�O�π(x, y)¤s��mØ�L160(2n)2 = 640n2"

Ïd��O�Ø�L640n4"

õ�ª�m�O��§7½´õ�ª�m�O��"Ïdπ(x, y)�´õ�

ª�m�O��"

�
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§5.5 The speed-up theorem (Blum)

½n5.5.1. �r�?¿����O�¼ê§K�3����O�¼êf , ¦

�éuf�?¿§SPi, þ�3f�,��§SPk÷vr(tk(x)) < ti(x)a.e."Ù

¥tk(x)L«O�Pk^��m½Úê"

o�§Ø�@�·�?��O�,�¼êf§SP´�¯�§·��±U1

/é�,��§S§§A��±O�f�¤k:§�3A�¤k:þ'P$1

�¯"ù´Ï�§·�Ø�U��ÝºïÄé��&E"e¡·�5y²��a

q½n"

½n5.5.2. £�mØ ½n¤XJA´�ã�ÅM3�ms(n)¥¤�É�8

Ü§c´��¢ê0 < c < 1§K�3��ã�ÅMr¦�§A�Mr3�mc · · · s(n)¥

¤�É"

y²µ-r´���ê§r · c ≥ 2"�Mkk��f"·�5�E��ã�ÅMr§§

�kk��f§¿�Mr�±�[M"

Mr�fi1L�z�ÎÒ´r−8ÎÒ"Mr�G�´ÎÒG(q, i1, i2, · · · , ik)§
Ù¥q´M�G�§�1 ≤ im ≤ r"Mr�z�cofigurationéAM�configurationµ

Mr�z��f�1j�ÎÒ´M�A�l(j − 1)r + 1�jr�ÎÒ�E�"éz

�m§�M�ÖÞscan £×£½èA¤Ùó��þ1(j − 1)r + l�ÎÒ�§�

A/Mr�scanÙó��¥�1j�ÎÒ§�?�Ú/§Mr ?\��G�k5

�im = l"3ù«�ªe§3z�configuration¥§Mr��M�ÖÞ¤scan�Î

Ò§�MrU
�[M"

y3Ò��e§)ºMrXÛØ Ñ\�”preprocessing”"ù�IòÑ\�r�

ëY�ÎÒ�?��ÎÒ=�"Mr¤I��m�[ s(n)
r

]"

�

��y²��½nµ

½n5.5.3. “φx´�¼ê”´Ø��½�"

y: �g´T¯K�A�¼ê"=

g(x) =

{
1 XJφx´�¼ê

0 ÄK
(5.1)

·�7Ly²g´Ø�O��"b�g´�O��§K
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f(x) =

{
φx(x) + 1 XJφx(x)´�¼ê

0 ÄK
(5.2)

²w/f´�¼ê§�§ØÓuz��O�¼ê£^é���{y²=�¤"?

�Ú/§f�±�¤e¡�/ªµ

f(x) =

{
φU(x, x) + 1 XJg(x) = 1

0 ÄK
(5.3)

Ïdf´��O�¼ê"gñ" �

1ÊÙ SK

1. y²(x, y) 7→ min(x, y), (x, y) 7→ max(x, y), (i, x) 7→ xi´õ�ª�m�O

��"

2.y²�é¼êπ(x, y) = 1
2
(x2 + 2xy+y2 + 3x+y)´ã�-õ�ª�O��"

3.¼êσ½ÂXeµ


σ(0, y) = y2

σ(x+ 1, 0) = (x+ 2)2 − 1

σ(x+ 1, y + 1) = sg((y + 1)	 x)(σ(x, y + 1) + 1) + sg(y 	 x)(σ(x+ 1, y)− 1)

(5.4)

y²ρ−1´�©48�"

£J«µσ1(z) = sg(z 	 [ [
√
z]2+([

√
z]+1)2	1

2
])[
√
z] + sg([ [

√
z]2+([

√
z]+1)2	1

2
] + 1 	

z) · (z 	 [
√
z]2)

σ2(z) = sg(z	[ [
√
z]2+([

√
z]+1)2	1

2
])·(([

√
z]+1)2	1)	z)+sg([ [

√
z]2+([

√
z]+1)2	1

2
]+

1	 z) · [
√
z]¤
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ÊÅ¯K£halting problem¤́ 8cÜ6êÆ��:§Ú1ngêÆ�Å�

)û�Y"Ù��¯K´:Ï��`§ÊÅ¯KÒ´�ä?¿��§S´Ä¬3

k���m�S(å$1�¯K"XJù�¯K�±3k���m�S)û§�

±k��§S�äÙ��´Ä¬ÊÅ¿�Ñ���1�"ù�ÿw,Ø+ÊÅ

¯K�(J´�oÑØ¬ÎÜ�¦"¤±ù´��Ø�)�¯K"

§6.1 ��½§Ø��½

½Â6.1.1. M(x)¡���½�§XJ§�A�¼ê�O�"

CM(x) =

{
1 XJM(x)¤á

0 XJM(x)Ø¤á
(6.1)

½n6.1.2. “x ∈ Wx”´Ø��½�"

y:�T¯K�A�¼ê�

f(x) =

{
1 XJx ∈ Wx

0 XJx ∈ WxØ¤á
(6.2)

�y{§b�T¼ê´�O��"½Â

g(x) =

{
0 XJx 6∈ Wx§=f(x) = 0

↑ XJx ∈ Wx¤á, =f(x) = 1
(6.3)

Ï�f�O�§g�O�"Ïd�3m¦�g = φm§Km ∈ Wm ⇔ m ∈
Dom(g)⇔ m 6∈ Wmgñ"

�

íØ6.1.3. �3��O�¼êh¦�¯K“x ∈ Dom(h)”Ú“x ∈ Ran(h)þØ

��½"

yµ½Â
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h(x) =

{
x XJx ∈ Wx

↑ XJx 6∈ Wx

(6.4)

w,·�k

x ∈ Dom(h)⇔ x ∈ Wx ⇔ x ∈ Ran(h)

�

½n6.1.4. ÊÅ¯K“y ∈ Wx”(½§�d/§“Px(y) ↓”§½“φx(y) ↓”)´Ø�

�½�"

yµ½Â

g(x, y) =

{
1 XJy ∈ Wx

0 XJy 6∈ Wx¤á
(6.5)

b�g�O�,Kg(x, x)�O�"�g(x, x)�x ∈ Wx�A�¼êØ�O�§g

ñ"

�

½n6.1.5. “ φx = 0”´Ø��½�"

yµ�Ä¼êf§§^eª½Â

f(x, y) =

{
0 XJx ∈ Wx

↑ XJx 6∈ Wx¤á
(6.6)

ds-m-n½n�íÑgñ5"·�rxw¤��ëê§·�'5¼êgx(y) '
f(x, y)"·�¢Sþ½Â
f¦�gx = 0⇔ x ∈ Wx"

dchurch ØK�f�O�§�ds-m-n ½n§�3����O�¼êk(x)¦

�f(x, y) = φk(x)(y)§=φk(x) = gx"df�½Â·��±wÑ

x ∈ wx ⇔ φk(x) = 0

Ïd¯K“x ∈ Wxí?”�du£�¯K“ φk(x) = 0í?”
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6.1. ��½§Ø��½ CHAPTER 6. ��½§Ø��½ÚÜ©��½

�g�φk(x) = 0�A�¼ê§=

g(x) =

{
1 XJφk(x) = 0

0 XJφk(x) 6= 0¤á
(6.7)

b�g�O�§Kh(x) = g(k(x))�O�. �lþ¡��d¯K§·�k

h(x) =

{
1 XJφk(x) = 0 §=x ∈ wx
0 XJφk(x) 6= 0¤á§=x 6∈ wx

(6.8)

lh Ø´�O��§Ïdφx = 0´Ø��½�" �

½n6.1.6. φx = φy´Ø��½�"

yµ�c´�ê§¦�φc = 0§XJφx = φy�A�¼ê´f(x, y)§K¼êg(x) =

f(x, c) ´φx = 0�A�¼ê"dþ¡½n�§g´Ø�O��§f�´"Ï

dφx = φy´Ø��½�"

�

aq/§c ∈ Wx, c ∈ ExØ��½.

yµ�Ä¼êf(x, y)¦�

f(x, y) =

{
y XJx ∈ wx
↑ ÄK

(6.9)

·�'5¼êgx(y) ' f(x, y)"·�¢Sþ½Â
f¦�c ∈ Dom(gx)⇔ x ∈
Wx"

dChurchØK�f�O�§�ds-m-n ½n§�3����O�¼êk(x)¦

�f(x, y) = φk(x)(y)"df�½Â·��±wÑ

x ∈ Wx ⇒ Wk(x) = Ek(x) = N, so c ∈ Wk(x) and c ∈ Ek(x)

x 6∈ Wx ⇒ Wk(x) = Ek(x) = ∅, so c 6∈ Wk(x) and c 6∈ Ek(x)

XJg´c ∈ Wx�A�¼ê§K
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g(k(x)) =

{
1 XJx ∈ wx
0 ÄK

(6.10)

�d¼êØ�O�§¤±gØ�O�"

�

½n6.1.7. ( Rice’s theorem ) �?�8ÜB ⊆ C1�B 6= ∅,C1"K¯K“φx ∈
B”´Ø��½�"

SK6.1µe�¯K´Ø��½�"

(1)“x ∈ Ex”
(2)“Wx = Wy”

(3)“φx(x) = 0”

(4)“φx(y) = 0”

(5)“x ∈ Ey”
(6)“φx(x)´����~ê”

(7)“Wx = ∅”

§6.2 Ü©��½

�,x ∈ Wx´Ø��½�§

f(x) =

{
1 XJx ∈ Wx

↑ ÄK
(6.11)

%´��½�"·�rù«¯K¡�Ü©��½¯K"

½Â6.2.1. M(x)¡�Ü©��½�§XJ

f(x) =

{
1 XJM(x)¤á

↑ XJM(x)Ø¤á
(6.12)

�O�"

5¿ÊÅ¯K´Ü©��½�"

1. x ∈ Wy´Ü©��½�"
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6.2. Ü©��½ CHAPTER 6. ��½§Ø��½ÚÜ©��½

2. x ∈ dom(g)´Ü©��½�, XJg�O�"

3.x 6∈ WxØ´Ü©��½�"

¯¢þ§�f´ÙA�¼ê§K

x ∈ dom(f)⇔ x 6∈ Wx

dom(f)ØÓu?Û�����O�¼ê��½Â�"

o�§éy¢/§·���§éõ¼ê!éõ¯Ô´�L·��ýÏ§́ Ø

���§Ø�?è!Ø�¼�&E�"k
´I�·���âU��§´áuù

a¯Ô½´@a¯Ô§�éu§´ùa¯Ô½´@a¯Ô§·�¯kÃ{��"

SK6.2µ

1.�M(x, y)´Ü©��½�§y²µ

£1¤“∃y < zM(x, y)′′

(2)“∀y < zM(x, y)′′

´Ü©��½�"

2.y²µé?Ûx§/φx´~ê¼ê0́ 48Ø�)�£½Ø��½�¤"

3.y²µé?Ûx§/φx���´Ã¡80́ 48Ø�)�"
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½Â7.0.2. �A�g,ê8���f8Ü"A¡�48�§XJ§�A�¼

êCA´�O��"

w,g,ê8§óê8§k¡8§�ê8�þ�488"{x : x ∈ Wx}§{x :

φx = 0}Ú{x : φx´�¼ê}���488"

½n7.0.3. �A,B�488§KA,A ∪B,A ∩B,A \B�´488"

~7.0.4. �AÚB´g,ê8Ü�f8Ü"½ÂA⊕B = {2x : x ∈ A}
⋃
{2y+

1 : y ∈ B}"y²8ÜA⊕B48��=�AÚB´48�"

~7.0.5. A
⊗

B = {π(x, y) : x ∈ A�y ∈ B}§Ù¥π(x, y) = 2x(2y + 1)	 1"

y²8ÜA
⊗

B´48���=�AÚB´48�"£ù`²�O�8ÜA§B²

L�O��EÜ$��E´�O��§��½,"ù´��V���O�?è�

{"·�3�¡ù��Ü&EØ¥�?èÑ´V��§Ñ´48�"¤

yµaqu1�Ùg�K1�y²�{·��±y²µπ(x, y) = 2x(2y + 1)− 1�

�O��V�§�¼êπ1, π2÷vπ(π1(z), π2(z)) = z´�O��§=�3�O�

¼êπ1, π2÷vπ(π1(z), π2(z)) = z"

7�5µ®�A
⊗

B´48�§�yAÚB´48�"

1)Ï�A
⊗

B´48�§Ø��A
⊗

B��£ÄK§eA§B��8§Kw

,AÚB´48�¤"

�gO�CA
⊗
B(0), CA⊗

B(1), CA⊗
B(2), · · ·��Ù¥k��¼ê��1"

(A
⊗

B��§�7�3ù�����§ÄKA§B��8)"Ø��CA⊗
B(z) = 1§

=z ∈ A
⊗

B§dc¡�7�5Qã��§π2(z) ∈ B"
éu?¿�x§·����x´ÄáuA§·��IO�π(x, π2(z))§,��ä

Tê3Ø3A
⊗

B=�"XJπ(x, π2(z)) ∈ A
⊗

B§Kx ∈ A;XJπ(x, π2(z)) 6∈
A
⊗

B§Kx 6∈ A"ÏdA48�"
¿©5µ®�A,B48§�yA

⊗
B48"éu?¿�z§dc¡�7�5Q

ã��§π1(z), π2(z)�O�"Ïd��=�π1(z) ∈ A�π2(z) ∈ B�§z ∈ A
⊗

B"

�
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SK7.1µ�B ⊆ N�g,êf8§n > 1§y²µXJB´48�§

M(x1, · · · , xn) = 2x13x2 · · · pxnn §KM(x1, · · · , xn) ∈ B´��½�§Ù¥pn�
1n��ê"

½Â7.0.6. �A�g,ê8���f8Ü"A¡�48�qÞ8§XJe¡

�¼ê´�O��"

f(x) =

{
1 XJx ∈ A
↑ ÄK

(7.1)

£½�d/§x ∈ A ´Ü©��½�¤"{¡A�r.e.

~Xµ1. K = {x : x ∈ Wx}�48�qÞ8"
2.?¿488�48�qÞ8"

3. {x : Wx 6= ∅}�48�qÞ8"
4.f��O�¼ê§KRan(f)�48�qÞ8"

½n7.0.7. �A�r.e.8��=�§´�����O�¼ê�½Â�"

yµ7�5µ�A�r.e.§K�3f¦�

f(x) =

{
1 XJx ∈ A
↑ ÄK

(7.2)

½Â¼êh¦�

h(x) =

{
x XJf(x) = 1, i.e., x ∈ A
↑ ÄK

(7.3)

é²wh�O��A = dom(h)

�

½n7.0.8. �A ⊆ N§Ke�·K�d
£1¤A�r.e.

£2¤A = ∅½A´����O�¼ê���"
£3¤A´����£Ü©¤�O�¼ê���"
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yµ(1)⇒ (2) �A 6= ∅�A = dom(f), Ù¥fd§SPO�"�½A¥?¿��

��a"

KA�e¡¼ê���"

g(x, t) =

{
x XJP (x) ↓ tÚS
a ÄK

(7.4)

é²wg�O�"2�E����O�¼êÓgk�Ó���"

-h(z) = g((z)1, (z)2).ÏdRan(h) = Ran(g) = A"

(2)⇒ (3)²�

(3)⇒ (1)�Ran(h) = A§Ù¥h´�����O�¼ê"K

x ∈ A⇔ ∃y1 . . . ∃yn(h(y1, . . . , yn) = x)

½Â¼ê

f(x) =

{
1 XJ∃y1 . . . ∃yn(h(y1, . . . , yn) = x)

↑ ÄK
(7.5)

´�f�O��A = dom(f)"

�

½n7.0.9. A,B�r.e.KA ∩BÚA ∪B�r.e."

yµ�A = dom(f), B = dom(g)"KA ∩B = dom(fg)"

XJA = ∅�B = ∅,²�"Ïd�A = Ran(f), B = Ran(g),Ù¥f, g�O

�.½Âh¦�

h(2x) = f(x)

h(2x+ 1) = g(x)

�

½n7.0.10. ��Ã¡848��=�§´��4,���O�¼ê���§

=§�±Uì4,�gS?148qÞ"
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yµ�A48�Ã¡§K½Â¼êf .

f(0) = µy(y ∈ A)

f(n+ 1) = µy(y ∈ A and y > f(n))

�L5§�A´��4,���O�¼ê���§=f(0) < f(1) < f(2) <

. . ..é²w§XJy = f(n),Kn ≤ y"Ïdk

y ∈ A⇔ y ∈ Ran(f)

⇔ ∃n ≤ y(f(n) = y)

�

SK7.2µ1.y²µaWe = {x : φe(x) = a}´r.e.8"

2.y²:{x : φeØ´ü�}´r.e.8"

3. �A´r.e. 8§y²µ
⋃
x∈AWx´r.e."

4. f ´��¼ê§¦yµf�O���=�{2x3f(x) : x ∈ Dom(f)}´r.e."

5.g�Kµ·���488�±^u?è§@o48qÞ8�±íº��oº

þf&E��oØ�»Èº

6.�S´¤k��²�ê|¤�8Ü§y²S´488"

7.y²µ�3�©48¼êk(x), l(x),¦�éz�x§kWx = Ek(x), Ex =

Wl(x)"

8.y²µXJA´48�qÞ8Ü§K
⋃
x∈AWx,

⋃
x∈AEx´48�qÞ8"

9.�f´��Ü©48¼ê§y²µfÜ©48��=�{2x·3f(x)|x ∈ dom(f)}´
48�qÞ8"

10.y²µk0 = {φx(x) = 0}, k1 = {φx(x) = 1}´48�qÞ8"
11.�f´��Ü©48¼ê§A ⊂ dom(f), g = f |A§y²µgÜ©48��=

�A´48�qÞ8"
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§8.1 õ�5�

�Ù·�?ØXÛ'�¼ê½8Ü�J´§Ý"·�Ú\5�ù�Vg"·

�kwõ�5�"

½Â8.1.1. 8ÜAõ�5��8ÜB§XJ�3����±O�¼êf¦�

x ∈ A��=�f(x) ∈ B

d�·�ò�P�A ≤ B"(=��ä����x3Ø3A¥§·��I�/

Ïu�O��¼êfÒ���f(x)3Ø3B¥§lÒ��äÑx3Ø3A¥"{

ü/`§d�B��A§½B��äA"w�B�½¹k�õ�&E")

~XµK ≤m {x : φx = 0} �K ≤m {x : c ∈ Wx}"

½n8.1.2. �A,B,C�8Ü§

(1) ≤mäkg�5ÚD45"£&E´�±D4�"¤
yµg�5: ι : A ≤m AÙ¥ι´ð�¼ê

D45µXJf : A ≤m B�g : B ≤m C§Kg ◦ f : A ≤m C

�

(2) A ≤m B��=�A ≤m B

£ùL²XJA�B�O�§KÙ�¡&EA�B�O�"Ï���A§�

,A�Ò��
"¤

yµ XJg : A ≤m B§Kx ∈ A ⇔ g(x) ∈ B¶Ïdx ∈ A ⇔ g(x) ∈ B§Ï

dg : A ≤m B"

�

(3) XJA48�B ≤m A, KB48.£ù`²488´�N´O��§'§

f�½Pk���&E�8Ü�½´48�"¤

yµ�g : B ≤m A§KcB(x) = cA(g(x))§ÏdCB�O�" �
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8.1. õ�5� CHAPTER 8. 5�9Ý

(4)XJA48�B 6= ∅, KA ≤m B"£ù`²488´�N´O��§Ø


�8§XÑ'§r§'§Pk�õ�&E"¤

yµ?�b ∈ B�c 6∈ B§½ÂfXeµ

f(x) =

{
b XJx ∈ A
c ÄK§=x 6∈ A

(8.1)

w,x ∈ A⇔ f(x) ∈ B§Ïdf : A ≤m B" �

(5)XJA´r.e��B ≤m A, KB´r.e�.£=§XJA48�qÞ�B�A�

O�§KfuA�8Ü�7½�48�qÞ"¤

yµ�g : B ≤m A�A = Dom(h)§Ù¥h�O�;KB = Dom(h ◦ g)§Kh ◦ g�
O�§¤±B´r.e.

�

(6) A ≤m N��=�A = N"£ùL²'Nf��k§��§��ØÐ�5
�"¤

yµd(1)§N ≤m N¶�L5§�f : A ≤m N§=x ∈ A ⇔ f(x) ∈ N§Kw
,A = N"

�

(7) A ≤m ∅��=�A = ∅"
yµA ≤m ∅ ⇔ A ≤m N⇔ A = N⇔ A = ∅"

�

(8) N ≤m A��=�A 6= ∅"
yµ�f : N ≤m A¶KA = Ran(f)§ÏdA 6= ∅£Ï�f´�¼ê¤"��§�A 6= ∅§
�?�c ∈ A§KXJ·�½Âg(x) = c§·�kg : N ≤m A"

�

(9)∅ ≤m A��=�A 6= N
yµ

∅ ≤m A⇔ N ≤m A⇔ A 6= ∅ ⇔ A 6= N
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CHAPTER 8. 5�9Ý 8.2. TURING5�

�

k
õ�5�§·�Ò�±rù«5�eO�JÝ�Ó�8Ü�3Ó���

da¥"½ÂXe"

½Â8.1.3. 8ÜA,Bõ�5��d§P�A ≡m B§XJA ≤m B�B ≤m A"

½n8.1.4. ≡m´�d'X"

½n8.1.5. (1) {∅}Ú{N}´m-Ý§P�0Ún§§�´48Ý"

(2)�3Ù¦48Ý§P�0m.

(3) éu?¿�m-Ýa, k0 ≤m a.

(4) �3�����r.e m-Ý§9dm(K)§P�0′m.

§8.2 Turing5�

duõ�5��5�Ø´AOÐ§cÙ´é∅ÚN"·�~^�{´Turing5

�"

½Â8.2.1. 8ÜB´Turing5��8ÜA§½B´A-Turing48�§d�·�

ò�P�B ≤T A§XJ�3�«�{§¦��·�I��ä´Äx ∈ B§·��
I�¯AÒ�±
§�Ò´`A�±Jø?Û/X##y´ÄáuA0§ùa¯K

��Y"

·��I�òTuring-Å�.{ü?U�e§·�Ò�±��aq�Åì–

�oracle£½	Ü&E�¤�Turing-Å"Q�´k¡G�8"3Turing-Åþ·�

�	\�“�Ö”��fΣ1§=oracle£½	Ü&E�¤�§Ùþ�X8ÜA�A

�¼ê"=£¼êδ : Q × Σ → Σ × Q × {R,L}�IU�δ : Q × Σ1 × Σ2 →
Σ2 × Q × {R,L}=�§Ù¥δ(q, a, b) = (p, c,X)§ùL²§�ÅìG��q§ó�

�Σ2ÖÞSN�b§oracle�ÖÞSN�a�§òó��¥bU�c§Ó�òÖÞÓ�

�Xý£Ä�� �",	ÖÞå©uoracle��χA(0) �@�ü�"

��Ü©¼êψ3A¥ã��O�§P�ψ ≤T A§XJ�3��§SPe¦�
dÅì±χA�Ùoracle§�éu?¿x, ykψ(x) = y��=�PeéÑ\x$1��

ªÊÅ�ÑÑy"
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1B· · · ·ó�� 1 1 B · · · ·

ÖÞ

1B· · · ·oracle� 0 1 0 1 · · ·

Ó�/§·��±½ÂO�J´§Ý��da"

½n8.2.2. �A,B,C�8Ü§

(1) ≤Täkg�5ÚD45"≡T´�d'X
(2) A ≤m B, KA ≤T B;

(3) XJA48, KA ≤T Béu?¿8ÜB.

(4)XJA48�B ≤T A, KB48¶

(5)A ≡T A"

Turing5�kéÐ�5�§d§uÐÑ���§–ÝØ"�§k2��¢

SA^§~X�O�©Ûù�Æ�§§�±¢SO��þ�©ÛÆ¥�þ�~�

¼ê§$��±O�½È©"

Turing5�¿©�N
&E�A:§f�ØUO�r�§r��±O�f

�"A ≤T B§L²B �±O�A§Ak�r�&E§���B���&E"¤±O
�B§½�é�B�&E¬�J"

o�§5�ù�óäL²§3êÆ¥§�ïÄ,�¯Ô§·�7Lk�r�

óä!�{!�k��Ãã!���óÆ*��âUé�)û¯K��ª�{"

éA&E�´Xd"

§8.3 E,¯Ô�?è

3ùÜ©�á¥§·�ùã
�O�¼êXÛ3O�Åþ¢y?è¤I��

.!g�§¢y
�O�¼ê!O�Å!?è�m���éA'X§�«
&E

DÑ�Ä��n§L²
�O�5nØ3&EïÄ¥�Ú+Ú���^§�O�

5�DÚ&EØ´pÖ�!Ú��!�N�"
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c¡·��ã
�O��?è§�½
?èÐ��IO"��O�5��«


�3Ø�O��&E§Ø�?è�&E"@oNo?nQº·��Ñ�
�{

±ø/�"

Ù¢3êÆ¥§·�  �?n�õ´Ø�O��!E,¯Ô�m�?è"

3�O�5nØ¥§�?n�E,¯Ô�m�?è!&Ei\¯K§·��¦^

�Turing5�ù�óä§ïÄ�é��O�¯K§$�g¯K½$JÝ¯K�&

E3�ép�g¯K½�épJÝ¯K�&Eú¥´�O��§XÓ¯Ö3�ö

ú¥��§w,·��I�òpJÝ&E�3ã�Å�oracle¥=�¢y$�g

¯K��O�5"38ÜØ¥§·��±w��	ØÓ�g�Ø��Äê�£3

Ü6.¥§·�ú@Ø��Äê��35�Óuþ2�3"¤§·�I�ØÊ/U

C·�*	¯K��Ý§·�I�¦^å½£forcing) �{§·�Ó��±w�

JÝ�$&E3JÝ�p�&E�ú¥´w,�§�,JÝ�$&E���U´

Ø���"

,��¡§·���w�µXJA,B ≤T C§KA ⊕ B ≤T C"¤±ùL²

$�g�&E�¿8�´$�g�"ùp·��5¿�§&E�Ü¿¿Ø´�

5�§~~´�u5"A,B ≤T K§Ké�UA ⊕ B =T K"�O�5nØ

¥§Ò�3ù��(J§¤k�r.e.8Ñ´ã��uK£���r.e.8¤§��38

ÜA,B <T K§A⊕B =T K"

þ¡ù�¯K�Ñu:Ñ´lO�ù��ÝÑu�"&EØ==´ù��

Ñu:"~X§3êÆ¥·�I�?nØÓ¯Ô�m�'X§·�I�y²�^

�é½��½n3ùa½@a�.¥¤á"Ïd&E��Ä��âäN¯K§G

ØØ7�&E§À��&E¿�½�.&E±)û¯K"·�F"�[Ul�

Ö¥é��{±?nÙ¦�a&E¯K"3&E�?nL§¥§·�¬uy&E

k�$�¬�¥!¬�¿"&E�ïÄI�êÆ!ÚO!Ï&!þfåÆ��<

a®Ýº�£�nÜA^§I��p�g�óÆg�§$�I�<a®uÐ�z

gó�!&E�·�¤J�
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1ÊÙ �O�©Û��µ

ã�Å?n�´lÑ�¹e��O�5"y¢�¯K´XÛO�ëY¼ê§

~XêÆ©Û¥���¼ê§�È©¼ê§$�äN�f(x) = 3x, g(x) = sinx�

�ù��¼êQº3ã�ÅÄ:þuÐå5��O�©Û§����#,nØ

O�ÅÆ�§�O�©ÛïÄëY.O���*5Æ§X¢ê!¢ê8!¢¼ê

��O�5§��"A. Turing �Ñ
�O�¢êVg�°(½Â"¦�w�¢

ê��?�Ú�?�L«Øv±½ÂT���O�¢¼ê�Vg"d�§<�

}Á
ØÓ�nØ�."�²;�O�5nØ��/ØÓ�´§ù
nØ6�

'u�O�¢¼ê�½Â¿Ø���d"Banach ÚS. Mazur ^S��O�5

½Â
¢¼ê�O�5"A. Grzegorczyk ÚD. Lacombe ïÆ^¯�Âñ�kn

ê���¢ê�/¶i0§¿�½Âµ��¢¼êf ´�O��´�k,�Åì

£êiO�Å§ã(Å¤�±lz�¢êx �z��¶iO�Ñ§��f(x) �¶

i"M. Pour-El �J. Richards ±únz�{½Â
Banach �mþ��O�5

Vg"K. Weirauch �C. Kreitz 3A. Grzegorczyk ÚD. Lacombe �ó�Ä:þ

Má
±L«nØÚ1�.ã(Å�Ä:�1�.U15nØ({¡TTE)"��

�(Ko, Ker-I) A^NP-��5nØy²
�
Ä��ê�$�£X¦4��!È

©¤�O�E,5�e.[Ko91, Ko98]"þ�V�l!Ê�c�±5§A. Edlat

A^�nØ£domain theory¤ïÄ¢¼ê��O�5"Markov ��E5êÆ6

�K±Markov �{5½Â�O�¢êÚ¢¼ê"{I�L. Blum, F. Cucker, M.

Schub ÚS. Smale ±real-RAM �.ïÄ¢êO�nØ"d	§Brouwer ��ú

ÌÂ©Û§ÚBishop-Bridge��E5©Û§̂ '²;Ü6�f�Ü6Ä:£X�

úÌÂÜ6¤5ïÄ©ÛÆ¥�½ny²9ÙU15"

éuêÆXÆ)§�5¿�´§ê�©ÛïÄ¼ê�O��{§X¦":�

Úî�{Ú)�5�§|�pd��{§¿Ø´��ïÄ�O�55Æ�Æ�"

§¤¡��´<�g�Ø´Åì�g�"§ò¢êÑÀ����Õá��N§

Ò�g,ê@�U,�3",êiO�Å3��þ´lÑ�"̄ ¢þ§¢ê3

O�Å¥Ï~´±2:ê�/ªCqL«�"ù���âê�O��{�O��

ÆO�^�äkØ½5µ3k
�/e¤�Ñ�O�(J�� l�((J"
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~XA^pd��{¦)�5�§|{
40157959.0 · x+ 67108865.0 · y = 1

67108864.5 · x+ 112147127.0 · y = 0.

^V°Ý�2:ê�O�(J´

x̃ = 112147127, ỹ = −67108864.5

�(�(J©O´þãO�(J�ü�§=

x = 224294254, y = −134217729

ù��Ø�éJ��¿��O�(JØ��"Ïd§¦+ê�©Û3L�A�

VpQ��
ã��¤Ò§§��5uÐI�ïá3��j¢��O�5nØÄ

:�þ"

3¯õ�ïÄ�O�©Û�nØ�.�¥§·�uyTTE nØ´ïÄ�O

�©Û���Ün��«"�Ù¦nØ�.�'§§äkn�âÑ�`:µ£�¤

§´ã(Å�í2"£�¤§´y¢�1�§�±^Ï~�O�Å�ó�O§S§

3êiªO�Åþ�1"£n¤§äknØ�N5"§¤½Â��O�5o´�é

uO�é��äNL«ó�"ØÓ�L«��ØÓ��O�5§ù´TTE n

Ø�����uyÚ'�g�"Ù¦Æ�'u�O�5�½Â§KvkNyù

�*:"~X§§�'u¢ê��O�5  �k�«§3TTE@p#Nõ«

ØÓ�½Â"Ù¦Æ�'u�O�5�½Â�  ½ö´�duTTE nØ¥¤

½Â�,�AÏ��O�5Vg§½ö�±^TTE ��{\±#½Â�"

3ã(Å½öO�Å¥§$�é�§X¢ê§o´L«¤0-1G�/ª"¼ê

�O�L§Ò´ÅìòÑ\G=�¤ÑÑG�L§"ù«^ÎÒG5L«O�é

�¤/¤�éA'X¡�·¶XÚ£naming system¤"Ïd3TTEnØ¥§kü

a·¶XÚµ±k���ÎÒGL«O�é��¡�IP£notation¤¶±Ã��

�ÎÒGL«O�é��¡�L«£representation¤"Ó��O�é�8�±k

ØÓ�·¶XÚ"~X§¢ê�L«k�?�Ú�?�§��"TTE ±�aAÏ

�ã(Å§1�.ã(Å£{¡T2-Å¤, ��ÙO��."~X§¡��¢ê´

�?��O��§XJk��T2-Å�±gÄ)¤Tê��?�/ª"qX§¡�

�¼êf ´(�?�§�?�)-�O��§́ �k��T2-Å§éuÑ\f �½Â�
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¥?Û��êx��?�L«§ÑÑ�f(x)��?�L«"ØÓ�·¶XÚ  

p�ÑØÓ��O�5"~X§¼êf(x) = 3x éu�?�½�?�Ñ´Ø�O

��§�éu¢ê�IÒêiL«£½IÒ�?�¤(signed-digit representation)

K´�O��"
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1�Ù TTENX�Ó+

.2�U15nØ£{P�TTE¤*Ð
.2��O�5Ú�O�E,5"TTEï

Ä�O�5ÚëY5ùüa¯K"�Ùl�*þ�ÑTTEnØ�Ó+"

�!O��.

31�Ü©·�0�
ã�Å!URMÅìþ��O�5§0�
lÑ¼êf :

N → N��O�5"Ï�Nþg,êÏ~^�?�L«§�¼êf : N → N¯¢
þ��L«�f :⊆ Σ∗ → Σ∗§lk�i1LΣþ�wordsN��k�i1LΣþ

�words"�
ïÄ��E,�¯Ô£�)ëY¯Ô!knê!¢ê!ÿÀ· · · · · ·¤§
$�?Û¯Ôþ��O�5§·��Ü©�	¼êf :⊆ Σω → Σω��O�5"

aquã�Å§·�¦^ç�L«µ

· · · , I2, I1, I0
Åì

· · · , J2, J1, J0

Ùó��.�µ~X§Ñ\��¢ê�¶(I0, I1, I2, · · · )§Åìló��þÖ
�Ik§,�3ÑÑ�þÖ�Jm"3ù±�§Åìló��þÖ�Ik+1§,�3Ñ

Ñ�þÖ�Jm+1"()ÖµÞ�~f§XJ·�Ñ\�´¢êπ§·�¢Sþ´�

±��Ñ\πù�ÎÒ½´Ñ\O�π�k¡§S§§�Ñ´y�O�Å�±

£O�§·�(¢ØI�Ñ\Ã¡S�(I0, I1, I2, · · · )§Ï�O�π�k¡§S®
²¹kπ�£O&E"�¢Sþ§·�%Ø�ØÑ\§�¶§Ï�·��O��

�¼ê3Rþz�:�¼ê�§��¡´Rþk�õ�Ø�O��:�3§k

Ñ\�¢ê��Ø�O�§Ø´z�Ñ\�¢êÑ´�±�

√
2, π, · · ·��{ü

L«�¶,��¡§·���´��é¤kÑ\¢êÑk��O�§S§XÓ·

�3�O�5¥¤£ã�")

�!¢ê�·¶XÚµ

��¢ê�¶´��4«m[a, b]�S�(I0, I1, I2, · · ·)§¦�∀n(In−1 ⊆ In)

�{x} =
⋂
n∈N In"
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4 x 5 6

I0

I1

I2

I3

I4

I5

~10.0.1.
√

2�O�"

y²:½Âf : N → N¦�f(n) := min{k ∈ N|k2 < 2n2 ≤ (k + 1)2}¶Jn :=

[f(n)
n
, f(n)+2

n
]§Ï�dJn Ø�½´4«m@§2½ÂIn = J0 ∩ J1 · · · ∩ Jn=�"�

·�¡¼êf : R→ R�O���=��3Åì©Oòx�?¿¶N�¤f(x)�

¶"

~10.0.2. (x, y) 7→ x · y�O�"

y²:w,x�¶(I0, I1, · · · )Úy�¶(J0, J1, · · · )�N¤
xy�¶(I0J0, I1J1, · · · )"
�

~10.0.3. -f(n) = π��ê/ª¥�ê:��1nê§=f(0) = 3, f(1) =

1, f(2) = 4, · · ·"ù´1�Ù�~K§Ù¢Ù�{Ò´é¶"¯¢þ"�sk =∑k
n=0 hn§-Jn = [sk, sk + 1

10k
]§2½ÂIn = J0 ∩ J1 · · · ∩ Jn=�O�"

~10.0.4. f(x) =
√
x :⊆ R→ R�O�"

y²:éu?¿x§�(I0, I1, · · · , · · · , In)�x�¶§�,In = [a, b]´knêà:«

m"Ï�éu?¿knêa, b�3knêr, s¦�

a− (b− a) < r2 ≤ a < b ≤ s2 < b+ (b− a)

Ïd�3�O�¼êf¦�f(I) = K = [r, s]§´�I ⊆ K2�|K2| < 3|I|"
�
�yI �à:Ñ´�u0�§2-g[a, b] = [max(0, a), b], Jn = f ◦ g(I0) ∩ f ◦
g(I1) ∩ · · · ∩ f ◦ g(In)"w,In → Jn�O�"

�
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~10.0.5.£�,?Ø¤1.z��O�¼ê¢¼êÑ´ëY�"

2.π�O�"

3.log3 5�O�"

4.(SpeckerS�)éug,êf8ÜA ⊆ N§

xA :=
∑
i∈A

2−i�O� ��=� A�O�

y²:¿©5µ�A�O�"½ÂIn := [sn; sn + 2 · 2−n]§Ù¥sn :=
∑

i≤n,i∈A 2−i"

K(I0, I1, · · · , · · · , In)´xA�¶"

7�5µ�I0, I1, I2, · · ·�xA�¶"XJA´k¡8½{Ã¡8§KA�O�"
b�AQØ´k¡8�Ø´{Ã¡8"Km

2n
6= xAé?Ûm,n ∈ N"éu?¿n§y

²n ∈ A ½ön 6∈ A Ùg´Xeµ½ÂAn := {i ∈ A|i < n}Útn :=
∑

i∈An 2−i +

2−n"5¿�0 <
∑

i∈A,i>n 2−i < 2−n§l

n ∈ A⇒ xA > tn

n 6∈ A⇒ xA < tn
(10.1)

é����k ∈ N¦�tn 6∈ Ik"XJmax(Ik) < tn§KxA < tn§Ïdn 6∈ A§
XJtn < min(Ik)§Ktn < xA§Ïdn ∈ A"lA�O�"

�

n!ëY¼êC[0; 1]�m�·¶XÚ

·�®²{ü/Ðy
�
{ü¼êXÛ^¶?1O�§éuE,�O�

¼êÙ¢�´ù�"e¡·�2w�e��O�¼êa�¶"C[0; 1]�ëY¼

êf : [0, 1] → R�8Ü"·�¡f : [0, 1] → R´��knpolygon��=�§

�ã{(x, f(x))|f : [0, 1] → R}´�z�º:Ñ´kn�I�polygon"·��

¡B(p, r) = {f ∈ C[0; 1]|d(f, p) < r}�±¼êp �¥%�¼êball"

��ëY¼êf : [0, 1]→ R�¶Ò´��S�(B0, B1, · · · )§Ù¥Bn´±f ∈
Bn�¥%!�»�2−n�¼êball"��¼êf �¶U
?¿�Cf"��¼êf :

[0, 1]→ R�±k���O��¶§�§U
3O�Åþ�O�"
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1��Ù Cantor�mþ��O�5

31�Ü©·�0�
ã�ÅÄ:þlÑ¼êf :⊆ Σ∗ → Σ∗��O�5§

lk�i1LΣþ�wordsN��k�i1LΣþ�words"ù«�{�·^u�

êlÑ8Ü§Ø·^uØ�ê8Ü"éu��E,�¯Ô£�)ëY¯Ô!

knê!¢ê!ÿÀ· · · · · ·¤§$�?Û¯Ôþ��O�5§·��Ü©�	¼
êf :⊆ Σω → Σω��O�5"=ò·�ïÄé��/code words0½ö”name”£d

Ã¡S��¤¤N�¤§���/?è0½”¶”£�kÃ¡S��¤¤"Ï�Σω(b

�Σ�k¡8���k2���)�Äê(cardinality)�¢ê8�Äê��£�âë

YÚb�¤§�TTE �·^u¢©Û"

§11.1 .2-Åì9�O�5

3�Ù¥§·�b�Σ�¹kiÎ0, 1�k¡i1L§8ÜΣω�Σþ¤kÃ¡

iÎG8Ü, Σ∗�k¡i1S��8Ü"éuk≥0ÚY0,Y1,...,Yk∈{Σ∗,Σω}§½Â
�O�¼êf:⊆Y1×...×Yk →Y0§d¼ê�d�ã(Å$1§ù�ã(ÅPkk^

ü�Ñ\�§k�õ^ó��§Ú�^ü�ÑÑ�"

ã(Å���Xeµ

-/i:left0Ú/i:write(a)0ØU¦^uÑ\�§

- ÑÑ�þ�#N¦ /̂0:write(a);0:right0(a∈ Γ)"

þ¡����y
Ñ\�´ü��Ö�§ÑÑ��U�\Σ¥���¿�Ø

UÞØ"£ü�ÑÑ�¤"

½Â11.1.1. .2ã(Å(Type-2 machine)´ã(Å�U?.§§kk�Ñ\�

Ú��ÑÑ�§©OÑ\½ÑÑY1,...,Yk,Y0¥��§Ù¥Yi ∈ {Σ∗,Σω}"
(y1, y2, ..., yk)∈ Y1× ...× Yk��Ñ\��Ð©Ñ\§=ryil��m;ü31iÒ

Ñ\�þ§¤kÙ¦�W\B"

1.eY0 = Σ∗:

fM(y1, ...yk) := y0 ∈ Σ∗§��=�éuÑ\�(y1, y2, ..., yk)�§MÊÅ�Ñ

Ñ�þ�y0"£)Öµd�§Ä��DÚã�Åaq$1"5¿eM[�O�e�

�ÑÑ´k��§@ofM(y1, ...yk)´vk½Â�"¤
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2.eY0 = Σω:

fM(y1, ...yk) := y0 ∈ Σω§��=�éuÑ\(y1, y2, ..., yk)�§M[�O�e

��3ÑÑ�þØäÑÑy0"

·�¡G¼êf :⊆ Y1 × ... × Yk → Y0��O��§��=�éu.2ã(

ÅM§f�dMO�"

y0 · · · ÑÑ�(ü�)

· · · · · ·

· · · · · ·
... ó��k + 1, · · · , N

yk · · ·

y1 · · ·
... Ñ\�1, · · · , k

M

~11.1.2. z�iω ∈ Σ∗´�O��"

()Öµ5¿§éuDÚ�ã�Åó§k¡�¼ê!8ÜÑ´�O��"k

�Ä�{ü��¹")

XJωdü�iÎ|¤§Ø��ω = 0§K·��±�O��.2-ÅìM§�

§Ö�1��ÎÒ�§��3ÑÑ�þÑÑ0§±�3Ö�z�Ñ\�§�oÑ

Ø^�§�Ö=�"

XJωd2�ÎÒ�¤§Ø��ω = (a, b)§K·�Ó��±�O��.2-Å

ìM§�§Ö�1��ÎÒ�§��3ÑÑ�þÑÑa§Ö�12�ÎÒ�§3Ñ

Ñ�þÑÑb§±�3Ö�z�Ñ\�§�oÑØ^�§�Ö=�"

éudk¡ÎÒ�¤��¹§aq�Ä")

~11.1.3. z�S�p ∈ Σω´�O��§��=�~�¼êf : ()→ Σω, f() =

p´�O��"
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()Öµù´���O��~ê¼ê")

7�5µXJp = (a0, a1, · · · , an, · · · ) ∈ Σω´�O��§K�3ã�ÅM¦

�M(n) = anéuz�n"·��E��.2-ÅìN§�M�Ña0�§3N�ÑÑ

�þÑÑa0§,���M�Ña1"����§K3N�ÑÑ�þÑÑa1§,��

�M�Ña2"����§KUY�o�ó�· · · · · ·"
¿©5µ~�¼êf : ()→ Σω, f() = p´�O��§��3.2-ÅìM§é?

ÛÑ\x§Ñ�±ÑÑp = (a0, a1, · · · , an, · · · )"Ïd,é?Ûn§·�����Mé

?ÛÑ\?1O��§·�����M3ÑÑ�þÑÑan=���an".2-Å

ì�ÑÑ�´Ø�U��§Ïd·��½�±��"

~11.1.4. ��n�|(y1, y2, ..., yk)(yi ∈ Σ∗½öyi ∈ Σω)´�O��§��=

�z�yi´�O��"

~11.1.5. (�,?Ø)1. z�ÝK¼êpr : Y1 × Y2 × · · · × Yk → Yi´�O�

�íº£��r1i�Ñ\����ÑÑ�þ=�"¤c¡3�O�5¥1�Ù¥

0��A�½n�¤áíº·���1�Ù?n�´lÑ¼ê§·�ùÙ?Ø�

�´lÑ�íº

2. �f : Σω → Σ∗¦�

f(p) =

{
1 ep 6= 0ω

↑ ÄK
(11.1)

Kf�O�"£éz��Ã¡S�p§·���ò�gu�p�z��´Ä�0=�§

��uy��ØÓ§K-f(p) = 1§ÄKUY��"¤

3.�{(u1, v1), (u2, v2), · · · , (un, vn)|ui, vi ∈ Σ∗}§u1, u2, v2, vn´prefix-free�§

½Âf : Σω → Σ∗¦�

f(p) :=

{
vi e∃i(ui v p)

λ ÄK
(11.2)

Kf�O�"£éz��Ã¡S�p§·���ò�gu�p�iÞ´ÄTÐ�k¡

�ui¥���§��uy��§K-f(p) = vi"Ï�ui�kk¡��z�uiÑ

´k¡��§Ïd3k¡Úê�Ò��½Ñ�Üui´Ä�p�iÞ"Ïd¤kuiÑ

Ø´p�iÞ§K½Âf(p) = λ"¤

4. �f : Σω → Σ∗¦�
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f(p) =

{
1 ep 6= 0ω

0 ÄK
(11.3)

KfØ�O�"

~11.1.6. b�{0, 1, ..., 9, ·} ⊆ Σ"

1. dÊÏ�âØ{5Æ��§�3.2ã(ÅU
¢yÃ¡�?��êØ

±3$�"

2. �´§Ø�3.2ã(ÅU
éÃ¡�?��ê�¦±3$�"y²Xeµ

e�3.2ã(ÅMUO�¢¼êx 7→ 3 · x"KéuÑ\1
3
�¶0.333...§MÑ

Ñ7�0.999...½ö1.000..."·�b�ÑÑ�c�«�¹"-k�ÑÑ�/0.0�$

�¤I�Úê"3ùã�mSMlÑ\�þÖ\k��ÎÒ§b��0.ω"y3�

Ä,	��Ñ\0.ω999 · · ·§§L«,��¢êx > 1
3
�¶"éuù�Ñ\§M¬

ÄkÑÑ0."�´du3 · x > 1§�M ØU3ÑÑ�þ�~ó�£�)gñ�¤"é

u,�«�¹aq?Ø=�"¤±Ø�3ù«.2ã(Å"

5)11.1.7. µ·����úþf(x) = 3x´�O�¼ê"XJëù�{ü�

¼êÑØ�O�§@où«O��.�3�¿gÒv@o�"@o.2-Åìýk

¯KíºXJv¯K§�Ï´�oQº�ÏÑ3L«�{þ§XJ·��Ñ¶§=

^%C��{�ÄdO�§¬No�QºéuxÑ\Ù¶(I0, I1, I2, · · · )§·�½Â
��.2-Åì§¦�ÙÑÑ�¶´(J0, J1, J2, · · · )§Ù¥Jn = 3In éz�n"w,

é?Ûx§TÅì�(J(¢´3x§�¯K3u·�UÄ¯�(½Ñ3x�Ã¡�

ê/ª¥�z� êi"Ïd·�ØU�k.2-Åì§��k¶�5KÚ��§

~X�¦éz�n§|In| = 1
2
|In−1|??¤á§ù�ÒU�yU
¯�(½Ã¡�ê

/ª¥�z� êi"�¡·�¬äN�Ñ3,	�«L«�ªþ§f(x) = 3x´

�O��"¤±�O�©Û�´�1�nØ§§UL«&E"

e¡·��	EÜ¼ê��O�5µ

½Â11.1.8. (tupling¼ê)½Â/wrapping0¼êι : Σ∗ → Σ∗9�'¼ê
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ι(a1a2 · · · an) := 110a10a20 · · · an011

〈x1, x2, · · · , xk〉 := ι(x1 · · · ι(xk) ∈ Σ∗

〈x, p〉 := ι(x)p ∈ Σω

〈p, x〉 := ι(x)p ∈ Σω

〈p1, · · · , pk〉 := p1(0) · · · pk(0)p1(1) · · · pk(1) · · · ∈ Σω

〈x0, x1, · · · 〉 := ι(x0)ι(x1) · · · ∈ Σω

〈p0, p1, · · · 〉〈i, j〉 := pi(j)(〈p0, p1, · · · 〉 ∈ Σω)

w,ùA�¼êÑ´�O��"

Ún11.1.9. 1. ��¼êf :⊆ Σω → Σ∗�O���=�f = h∗§Ù¥�O�

¼êh :⊆ Σ∗ → Σ∗�½Â�´prefix-free,

h∗(p) =

{
h(w) ew v p�w ∈ dom(h)

↑ ew 6v pé¤kw ∈ dom(h)
(11.4)

£)Ö1µù�¼êf���A:3uµéu?¿�iÎGp1, p2 ∈ Σω§XJω�§

��ú�cM§Kf(p1)7½�uf(p2)§XJùü�O�k½Â"=§�7½´

�N�"8ÜØ¥forcing��{"¤

£)Ö2µÑÑ(J´k¡iÎG�¼ê§XJ�O��{§éz�p§h(p)¼

ê��&Eõ3p�k¡cMωéA�¼ê�þ"¤

2.��¼êf :⊆ Σω → Σω�O���=�f = hω§Ù¥h :⊆ Σ∗ → Σ∗�O

��üN,¦�

p ∈ dom(hω)⇔ h3pþ´Ã.�

hω(p) : sup
i∈N

h(p<i)XJp ∈ dom(hω)

y²µ1. �M´O�f :⊆ Σω → Σ∗�Åì"-h :⊆ Σ∗ → Σ∗¦�

h(w) =

{
f(w0ω) eÅìMéuÑ\w0ωTÐ|ω|Ú�ÊÅ
↑ ÄK

(11.5)

=���7�5"
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,��¡§�M�O�h :⊆ Σ∗ → Σ∗�Åì§h�½Â�´prefix-free"K�

3��.2ÅìN¦�éu?¿Ñ\p ∈ Σω§TÅì�Ïé���êk : 〈i, t〉 ¦
�MéuÑ\p<iTÐtÚSÊÅ!�<Ñ(Jh(p<i)¿ÊÅ"Ï�dom(h)´prefix-

free§�3�õ��ù��k"w,N�O�h∗"

2.£�g1y²¤

�

½n11.1.10. éu?¿k, n ∈ N, X1, · · · , Xk, Y1, · · · , Yn, Z ∈ {Σω,Σ∗}§é
ui = 1, · · · , n,XJ

gi ⊆ X1 × · · · ×Xk → YiÚf ⊆ Y1 × · · · × Yk → Z

�O�"KEÜ¼ê

f ◦ (g1, · · · , gn) ⊆ X1 × · · · ×Xk → Z

�O�§eZ = Σω ½öYi = Σ∗ éu?¿�i¶ÄK§K�3���O��*¿h

¦�¦�dom(h) ∩ dom(g1, · · · , gn) = dom(f ◦ (g1, · · · , gn))"

y²µ·�ùp==é�{ü��¹?1y²§=k = n = 1�§ÅìMf ,Mg©

O�O�f, g"

�¹1µY1 = Σ∗"ù�Ò´ã�Å��¹§31�Ù®²y²"

�¹2µY1 = Σω"éu¥m�(Jy ∈ Y1 = Σω§yQ´Mg�ÑÑ§q´Mf�

Ñ\§·��I�Xe$�=��yy²¤áµéuÑ\x§Mgó���§�±

3ó��þ�Ñ��iÎ§,�á�Ê�¿4Mfó�§Mf���§MfØÊ$Ä

��§�3ó��þ�Ñ��iÎ§,��á�Ê�¿4Mgó�"�EXd�

O$�"

ùpXJZ = Σ∗, Y1 = Σω§KáuÑÑ�k¡iÎG�¹§Ù&E�6uÑ

\�k¡cM�(J"�y := g1(x) ∈ Σω�3"KfM�3��=�f(y)�3��

=�f◦g1(x)�3§ldom(fM)∩dom(g1) = dom(f◦g1)∩dom(g1) = dom(f◦g1)"

?�Ú/§fM(x) = f ◦ g1(x)XJx ∈ dom(f ◦ g1)§ÏdfM*¿f ◦ g1"

XJ?�Ú/§Z = Σω§aq�{y²"

�

5¿:ùpØÓulÑ�¹e��/§1�Ù�O�¼êEÜ��´�O�

�§Ï�@pz��O�¼ê7½3k¡Ú�S7½ÊÅ"3ùp§XJå
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©configuration ´k¡iÎG§¥mconfiguration%´Ã¡iÎG§Kù��E

Ü¼ê%�U´Ø�O��"

~11.1.11. �A´�48�qÞ8§K�3�O�¼êh : N → N¦�A =

dom(h)§2½Âg : Σω → Σ∗, g(p) = λÚf :⊆ Σ∗ → Σω¦�

f(w)(k) =

{
1 e|ω| 6∈ {h(0), h(1), · · · , h(k − 1)}
↑ ÄK

(11.6)

Kg ◦ fØ�O�"

éu1�Ù¥��O�¼êÑ�±3d�aq�²1í2§�´(Ø�k:

Cz"~Xµ

½n11.1.12. �f ′ :⊆ Y1 × · · · × Yk → Y0��O�¼ê§�éz�a ∈ Σ§

-fa :⊆ Σ∗ × Y0 × Y1 × · · · × Yk → Y0 ���O�¼ê§Kdeª48½Â�¼

êg :⊆ Σ∗ × Y0 × Y1 × · · · × Yk → Y0�´�O�¼ê

{
g(λ, y1, · · · , yk) = f ′(y1, y2, · · · , yk)
g(aω, y1, · · · , yk) = fa(ω, g(ω, y1, y2, · · · , yk), y1, · · · , yk)

(11.7)

Ù¥ω ∈ Σ∗, y1 ∈ Y1, · · · , yk ∈ Yk�a ∈ Σ"

§11.2 �O�G¼ê´ëY�

-M��U
O�f :⊆ Σω → Σω�.2ã(Å"�Äu ∈ Σ∗�u v fM(p)§

=u´fM(p)�k�cMGiÎ"@oéuÑ\p§�3��Úê§Ø���t§Å

ìM3tÚ�mS3ÑÑ�þÑÑ
O�(JfM(p)�cMu"3tÚS§M�Ö�

��mØU�Lp ∈ Σω �cMw := p<t"Ïd§ÑÑudÑ\Gp�k��iÎû

½§�Ù¦��Ã'§=fM [ωΣω] ⊆ uΣω"Ïdd.2Åì�½Â§�{ü8(�

±eFP(finiteness property)5�µ

ÑÑfM(p)�z�k�Ü©´dÑ\p�,�k�Ü©¤��(½�"ù«

5��±¿©Ny3�O�7½ëYù�½n�y²þ"
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½Â11.2.1. (ÿÀ½Â)�M´��8Ü§M����8xτ ⊆ 2M¡�M�

��ÿÀ"XJ§÷v

1©MÚ∅Ñáuτ¶
2©τ¥?¿õ�¤
�¿8E3τ¥¶

3©τ¥k�õ�¤
��8E3τ¥"

¡8ÜMëÓ§�ÿÀτ¡���ÿÀ�m§P�(M, τ)"¡τ¥����ù

�ÿÀ�m�m8",	XJ(M1, τ1), (M2, τ2)´ÿÀ�m§¼êf : M1 →M2¡

�ëY���=�f−1[U ] ∈ τ1é?ÛU ∈ τ2"

½Â11.2.2.£Σω,Σ∗þ�IOÿÀ¤1. τ∗ := 2Σ∗ = {A : A ⊆ Σ∗} ¡�Σ∗þ

�lÑÿÀ"

2. τC := {AΣω : A ⊆ Σ∗}¡�Σω þ�Cantor ÿÀ"

3.±{{ω}|ω ∈ Σ∗}��τ∗�canonicalÄ"

4.±{ωΣω|ω ∈ Σ∗}��τC�canonicalÄ"

5.éuY:=Y1 × ... × Yk(Y1, ..., Yk ∈ {Σ∗,Σω})þ�ÿÀ§·��ÄÈÿÀ§§
�canonicalÄ�βY := {y ◦ Y |y ∈ (Σ∗)k},ùp(y1, ..., yk) ◦ Y := U1 × ...× Uk�

Ui :=

{
{yi} XJ Yi = Σ∗

yiΣ
ω XJ Yi = Σω

½n11.2.3. �O�¼êf :⊆ Y1 × ...× Yk → Y0´ëY�"

y²µb�M´O�f�.2ã(Å"-(y1, ..., yk) ∈ dom(f) ⊆ Y := Y1× ...×Yk"
eY0 = Σ∗:�Iy²éuτ∗z�Ä���{ω}§f−1[{ω}]´m8=�"£)Öµ

y²'�3uµÏ�ÑÑ{ω}k¡�§Ïd�O�¼ê�(Jû½uz�Ñ\�k
¡Ü©�@Ü©O�"¤b�f(y1, ..., yk) ∈ {ω}"duéù�Ñ\§MUÊÅ§�é
uz�Yi = Σω�1iÒÑ\�§�kyi c¡k��iÎ�Ö\§-ùk��iÎ

G�ui ∈ Σ∗"éuYi = Σ∗§½Âui = yi"@oy ∈ (u1, ..., uk)◦Y¿�f [(u1, ..., uk)◦
Y ] ⊆ {ω}"8Ü(u1, ..., uk) ◦ Y´(y1, ..., yk)����¹uf

−1[{ω}]���m+�"
¤±f−1[{ω}]´m8"

eY0 = Σω:�IyéuτCz�Ä���ωΣω§f−1[ωΣω]´m8=�"b�

f(y1, ..., yk) ∈ ωΣω"£)Öµ�,ÑÑÃ¡§é�O�¼êó§ÙÑÑ�k¡i

Î§��û½uÑ\&E�A�k¡Ü©¤"duéuÑÑk�iÎcMω§M�
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I?1k�ÚO�§@oéuz�Yi = Σω �1i ÒÑ\�§M��IÖ\k�

�iÎcM§-�ui ∈ Σ∗"éuYi = Σ∗§½Âui = yi"@oy ∈ (u1, ..., uk)◦Y¿
�f [(u1, ..., uk)◦Y ] ⊆ ωΣω"8Ü(u1, ..., uk)◦Y´(y1, ..., yk)����¹uf

−1[ωΣω]�

��m+�"¤±f−1[ωΣω]´m8"�

dþ¡�y²��§3Σ∗ÚΣωþ©O½Â
IOÿÀ�§FP5�´�y


/�O�7ëY0"

�

b0 b1 b2 b3 b4 b5 b6 b7 b8

M

a0 a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16 a17 a18

§11.3 ëYG¼ê8�IOL«

Äk�ÑnotationÚL«£representation¤�½Âµ

½Â11.3.1. 1.8ÜM�notation=���÷�¼êν :⊆ Σ∗ →M"

2.8ÜM���L«(representation)=���÷�¼êδ :⊆ Σω →M"

��·¶XÚ£naming system¤=���notation½öL«"k�ÿ·�¬

rν(ω)Úδ(p)©O{��νωÚδp"

3ã(ÅnØ¥§¤k�O�¼êf :⊆ Σ∗ → Σ∗�dΣ∗¥�i5?è"X

Jω ∈ Σ∗¤?è�¼ê�ψω :⊆ Σ∗ → Σ∗§@oω 7→ ψω÷vutm-5�Úsmn-5

�µ

utm(ψ)µ¼ê(ω, x) 7→ ψω(x)´�O��"

smn(ψ)µ?����O�¼êf :⊆ Σ∗ × Σ∗§�3����O�¼êr :⊆
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Σ∗ → Σ∗¦�?��x ∈ Σ∗ kr(x) ∈dom(ψ)¤á§�é?��x, y ∈ Σ∗÷

vf(x,y)=ψr(x)(y)"

�3ã�Åaq§.2ã(Å¥��éùü�½ní2Xeµ

½n11.3.2. -a,b,c∈ {∗, ω}§Gab�¤k¼êg :⊆ Σa → Σb �8Ü§ζ :⊆
Σc → Gab���·¶XÚ"

utm(ζ)µ�3�O�¼êu :⊆ Σc × Σa → Σb ¦�éu¤kx ∈ dom(ζ)§y ∈
Σa÷vζx(y) = u(x, y)"

smn(ζ)µ?����O�¼êf :⊆ Σc × Σa → Σb§�3����O�¼

ês : Σc → Σc¦�?�x ∈ Σc÷vs(x) ∈dom(ζ)§�?�x ∈ ΣcÚy ∈ Σa÷

vf(x, y) = ζs(x)(y)"

XJζ´�¼ê§@o¼êu´��½Â�"

éz�a, b ∈ {∗, ω}§·�kutm(ηab)Úsmn(ηab)"

e¡½Â�O�¼ê8�IOnotationµ

½Â11.3.3.£�O�¼ê8�IOL«¤ �Ä���k�^Ñ\�£Ñ

\ω ∈ Σ∗¤.2ã(Å�?è§¦�^u?è�i�8ÜTC´�48�"é?�

�a, b ∈ {∗, ω}½Âµ
1.P ab := {f :⊆ Σa → Σb|f´�O��}§
2.P ab�notation§ξab : Σ∗ → P ab½Â�µ

ξab(ω) :=

{
Ã½Â XJω /∈ TC

?è�ω�.2O�Å¤O��¼êf ∈ P ab ÄK
(11.8)

e¡?ØëY¼êf :⊆ Σa → Σb�L«�{"

½Â11.3.4. F ∗∗ := {f |f :⊆ Σ∗ → Σ∗},
F ∗ω := {f |f :⊆ Σ∗ → Σω},
F ω∗ := {f |f :⊆ Σω → Σ∗´ëY¼ê�dom(f)´m8},
F ωω := {f |f :⊆ Σω → Σω´ëY¼ê�dom(f)´Gδ8},
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½Â11.3.5. (F ab�IOL«) é?¿a, b ∈ {∗, ω}§F ab�IOL«¼êηab :

Σω → F ab�½Â�µ{
ηab(〈x, p〉)(y) := ξωbx 〈p, y〉 é?¿x ∈ Σ∗, p ∈ ΣωÚy ∈ Σa

ηab(q)Ã½Â eØ�3x ∈ Σ∗¦�ι(x)´q�cM
(11.9)

~rηab(q){��ηabq "()Öµηab<x,p>(y)oÑw�?è�x�.2-ÅìMO�Ñ\〈p, y〉¤
��(J¤

½n11.3.6. é¤ka, b ∈ {∗, ω}, ηab�F ab�L«"

y²µ©�¹?ØXeµ

1.�/1.µa = b = ∗
w,η∗∗q ∈ F ∗∗é?Ûq ∈ Σω"

1¤�3��.2-O�ÅM§§�±�¤e¡?Öµé?ÛÑ\〈p, y〉, p ∈
Σω, y ∈ Σ∗§§3Ã¡Gpþ|¢��fGι〈y, z〉"��|¢�§K3ÑÑ�þ
�<z¿ÊÅ§ÄK§UY|¢"

2¤�	z�f ∈ F ∗∗"-p´{〈y, z〉|f(y) = z}§KfM〈p, y〉 = f(y)"-x�M�

?è§=fM = ξω∗x "Kη
∗∗
〈x,p〉(y) = ξω∗x 〈p, y〉 = fM〈p, y〉 = f(y)§¤±η∗∗〈x,p〉 =

f"ÏdF ∗∗ = range(η∗∗)"()Öµ�5¿�´µÅìfM��´�O��§ù

:´(½Ã¦�"§´é〈p, y〉?1O�§=�O�f(y)§f(y)��Ø�½´�

O��"Ïdf��O�(J�&E7L3oracle½öÑ\¥Ñy§x´§S?

è§y´Ñ\§Ïdf��O��z�(J�&E�U�¹3p¥§p�U´¼ê�

ã{〈y, z〉|f(y) = z}")

2.�/2.µa = ∗, b = ω

w,η∗ωq ∈ F ∗ωé?Ûq ∈ Σω"

1¤�3��.2-O�ÅM§§�±�¤e¡?Öµé?ÛÑ\〈p, y〉, p ∈
Σω, y ∈ Σ∗§ÅìM3z��ãó�Xeµ-zn �n�ãcÑÑ�þ�iÎ"K

3�ãn§§3Ã¡Gp þ|¢��fGι〈y, z〉¦�zn v z�z ∈ Σ∗"��|¢�§

K3ÑÑ�þòzn*Ð�z¿ÊÅ§ÄK§UYÊ331n�ã?1|¢"

2¤�	z�f ∈ F ∗ω"-p´¤k〈y, z〉�¤�S�§Ù¥y ∈ dom(f)�z v
f(y)§KfM〈p, y〉 = f(y)"Xþ¡��/1�y²§·���η∗ω〈x,p〉 = f"ÏdF ∗ω =

range(η∗ω)"£)ÖµÏ�ÑÑ´Ã¡§ÏdÑÑ�z�k¡cMû½u�AÑ\
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�k¡cM§ù
&EÑ7LNy3P¥"�ù
&E´���§�Ã�*¿

�"¤

3.�/3.µa = ω, b = ∗
1¤é�½�x ∈ Σ∗, p ∈ Σω, Ïηω∗〈x,p〉(q) = ηω∗x 〈p, q〉 = ηω∗x ◦ g(q)§Ù

¥g(q) := 〈x, p〉(q)§¤±ηω∗x ∈ F ω∗"Ï�g ∈ F ωω§dom(g) = Σω,�ηω∗〈x,p〉 ∈ F ω∗"

lrange(ηω∗) ⊆ F ω∗"

2)�3.2-ÅìM§�k�^Ñ\�§Ñ\�〈p, q〉�$1XeµM3pþ|¢
��fGι〈y, z〉¦�y v q"��|¢�§KM�±3ÑÑ�þ�<z¶ÄK§Ø½

Â"

�	f ∈ F ω∗"K�3¼êh :⊆ Σ∗ → Σ∗§Ù½Â�´prefix-free¦�f = h∗§

��3p ∈ Σω, p´{〈y, z〉|h(y) = z}�S�"KfM〈y, z〉 = h∗(q)"Ï�x´Å

ìM�?è§ηω∗〈x,p〉(q) = ηωωx 〈p, q〉 = h∗(q) = f(q)"ÏdF ω∗ = range(ηω∗)"

4.�/4.µa = b = ω

�3.2-ÅìM§�k�^Ñ\�§Ñ\�〈p, q〉�Ù$1Xeµ-zn��
ãncÑÑ�þ�iÎG"K3�ãn�§M3pþ|¢��fGι〈y, z〉¦�y @
q, zn @ z"��|¢�§KM�±3ÑÑ�þ*¿zn �z"

�

½n11.3.2�y²:�v :⊆ Σ∗ × Σω → Σb�ξωb�����O�¼ê"½Âu :⊆
Σω × Σa → Σb ¦�u(〈x, p〉, y) = v(x, 〈p, y〉)"XJØ�3x¦�ι(x)�q���c

M§K½Âu(q, y) :=↑"Ku�O�§Ï�

ηab〈x,p〉(y) = ξωbx 〈p, y〉 = v(x, 〈p, y〉) = u(〈x, p〉, y)

Kηabkutm-5�"£)Öµ�O�¼ê7½�^ηabL«"¤

�g :⊆ Σω × Σa → Σb�O�"K�3,�x ∈TC¦�g(p, y) = ξωbx 〈p, y〉"½
Âs : Σω → Σω÷vs(p) := 〈x, p〉"Ks�O��

ηabs(p)(y) = ηab〈x,p〉 = ξωbx 〈p, y〉) = g(p, y)

Kηabksmn-5�"£)Öµ�O�¼ê7kÙx��ê"��I½Âs(p)=

�"¤

�
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c¡·�^.2ã(3Σ∗ÚΣωþ½Â
�O�5§éuÙ¦8ÜM��O

�5§·�^k�i½öÃ�i5��§��/¶0"ù�§Åì¡é�Ñ\E,

´äN�Σ∗½Σω¥���§ù
¶¤�L�äN¿Â�k¦^ö5'%"e

¡·�^·¶XÚr±céuΣ∗ÚΣωþ��O�5ÚÿÀ5��?Ø=£�Ê

Ï8ÜMþ5"

-γ :⊆ Y →M���·¶XÚ§@oduγ´÷�§�M�z���Ñ�3

��¶§qduγk�U´Ü©¼ê§�Ø´z�Σ∗½Σω���Ñ´,�M¥�

��¶"?�Ú§duγØ´ü�§�M����UPkõ�¶"

½Â12.0.7. (�
IOL«Únotation)

1.ð�¼êidΣ∗ : Σ∗ → Σ∗´Σ∗þ�notation"ð�¼êidΣω : Σω → Σω´Σω

þ�L«"

2.νN(ak, · · · , a0) =
∑k

i=0 ai · 2i´�?��notation"Ù¥dom(νN) := {0} ∪
1{0, 1}∗.£��S��^�?��?è¤

3.νZ(ω) = νN(ω), νZ(−ω) = −νN(ω)éz�ω ∈ dom(νN)/{0}"Ù¥dom(νZ) :=

{0} ∪ 1{0, 1}∗ ∪ −1{0, 1}∗.£�ê�^�ÎÒ��?��?è¤
4.νQ(u

v
) := νZ(u)

νZ(v)
§PνQ(ω) = ω"Ù¥dom(νQ) := {u

v
|u ∈ dom(νZ), v ∈

dom(νN)}, νN(v) 6= 0}.£©ê�^�ÎÒ��?���¤�©ê?è¤
5.EnumerationL«En : Σω → 2N½Â�En(p) := {n ∈ N|110n+111 C p}(�

�Ã¡S��±qÞ��8Ü¥�z���")

6.A�¼êL«Cf : Σω → 2N½Â�Cf(p) := {p(i) = 1}(��Ã¡S��
±L«��8Ü¥�A�¼ê")

½Â12.0.8. (·¶XÚU15) -γ :⊆ Y →MÚγ0 :⊆ Y0 →M0�·¶

XÚ§x ∈M,X ⊆M, f :⊆M →M0ÚF :⊆M ⇒M0"

1.��x¡�γ-�O��§��=��3�O��y ∈ Y¦�x = γ(y)"

2.8ÜX¡�γ−m8£γ-Qmq4§γ-r.e.§γ-decidable¤§��=�γ−1[X]3

dom(γ)�m8£Qmq4§r.e.m8§decidable¤"M�¤kγ-mf8�8Üτγ¡

�γ3Mþ�finalÿÀ"

3.¼êg :⊆ Y → Y0¡�¼êf�(γ, γ0)-¢y§��=�é?¿y ∈ Y§kf ◦
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g(y) = γ0 ◦ g(y)"¼êf¡�(γ, γ0)−ëY£�O�¤§��=�fPkëY�£�
O��¤(γ, γ0)−¢y"

4.¼êg :⊆ Y → Y0¡�¼êõ�¼êF�(γ, γ0)−¢y§��=�éu?
¿y ∈ Y÷vγ0 ◦ g(y) ∈ F [{γ(y)}]"õ�¼êF¡�(γ, γ0)−ëY£�O�¤§��
=�FPkëY�£�O��¤(γ, γ0)−¢y"

5.õ�¼êF���ÀJ¼ê�h : M ⊆→M0§¦�é?¿�y ∈ dom(F )k

5�h(y) ∈ F [{y}]"

=
f ◦ γ(y)

γ0 ◦ g(y)

Y0

M0

γ0

Y g

M

γ

f

y

x

γ

g(y)
g

f(x)

γ0

f

ã12)1 g :⊆ Y → Y0�f�(γ, γ0)−¢y

·�e¡�Ñ�©48¼ê��O�5"

½n12.0.9. �γ :⊆ Y → M1, δ :⊆ Y → M2´ü�·¶XÚ"f :⊆ M1 →
M2�(γ, δ)−�O�§fa :⊆ Σ∗×M2×M1 →M2�(idΣ∗ , δ, γ, δ)−�O�§éuz
�a ∈ Σ"½Âg :⊆ Σ∗ ×M1 →M2{

g(λ, x) = f(x)

g(aw, x) = fa(w, g(w, x), x)
(12.1)

Kg´(idΣ∗ , γ, δ)−�O��"

y²µ-f, fa©O�f, fa��O�¢y"Ïd�3�O��g¦�{
g(λ, x) = f(x)

g(aw, x) = fa(w, g(w, x), x)
(12.2)
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��{ü8B=�y²g�¤¦¢y"

�

~12.0.10. 1. \{Ú¦{´(νN, νN, νN)-�O��§´(νZ, νZ, νZ)-�O��§

´(νQ, νQ, νQ)-�O��"~{´(νZ, νZ, νZ)- �O��§(νQ, νQ, νQ)- �O��"

�ê$�Inv :⊆ Q→ Q´(νQ, νQ)-�O��µ

�3��ã�ÅM§§�±¢yg,ê3�?�notaione�\{$�"ù

¿�X§+(νN, νN) = νN ◦ fM(u, v)é¤k�?�êu, v ∈ dom(νN)§=¼êfM´

\{�(νN, νN, νN)-¢y"

�3���O�¼êg : Σ∗ → Σ∗§Ù¥g(“u
v
”) = “u

v
”, g(“− u

v
”) = “− u

v
”é

¤ku, v ∈ dom(νN)"�Inv◦νQ(ω)�3"KInv◦νQ(ω) = νQ◦g(ω)é¤kω ∈ νQ§
Ù¥νQ(ω) 6= 0"Ïdg´�ê¼ê�(νQ, νQ)-¢y"

2.Cf ≤ En�En 6≤t Cf"
�3.2-ÅìM¦�§�Ñ\�p ∈ Σω�§éz�n§�ÅìMÖ�p(n) =

1�§3ÑÑ�þÖ�110n+111¶�ÅìMÖ�p(n) = 0�§3ÑÑ�þÖ�1"w

,fMD4Cf�En"b��3,�ëY¼êf : Σω → ΣωD4En�Cf"Kf(111 · · · ) =

000 · · ·"dëY5§�3n¦�f [1nΣω] ⊆ 0Σω"�´f(1n1101ω) = 1000 · · · (g

ñ)"

3.32N�¿!�Q´(En, En, En)-�O��§q´(Cf,Cf, Cf)-�O��"Ö

$�´(Cf,Cf)-�O��§�Ø´(En, En)-ëY�µ

�3.2-ÅìM§§kü^Ñ\�f§���§3Ñ\�þuy110n11�

�fG§§Ò3ÑÑ�þÖ�110n11"XJEn(p) = A�En(p) = B§KEn ◦
fM(p, q) = A ∪ B§=∪(En(p), En(q)) = En ◦ fM(p, q)é¤kp, q ∈ Σω¤á"Ï

dfM´¿8$��(En, En, En)-¢y"

b�Ö8$�k��ëY(En, En)-¢yh : Σω → Σω"KN/En(p) = En ◦
h(p)é¤kp ∈ Σω¤á"Ï�0 ∈ N/En(111 · · · ), 11011 C h(111 · · · )"Ïd§�
3n ∈ NÚu ∈ Σ∗¦�h[1nΣω] ⊆ u11011Σω"�´h(1n110111ω) 6∈ u11011Σω(g

ñ)"

4.32Nþ�ScottÿÀτS§dÄβ : {OE|E ⊆ Nk¡})¤§Ù¥OE : {A ⊆
N|E ⊆ A}"8Üβ3�8$�e´µ4�§Ï�OE ∩ OF = OE∪F"Ïd§§

´ÿÀ���Ä"8Üσ := {O{n}|n ∈ N}´τS�fÄ"·�y²τS´En�L«
�finalÿÀτEn = {U ⊆ 2N|En−1[U ]´m8}"éτS�z�fÄ��O{n}§·�
kEn−1[O{n}] = {p ∈ Σω|110n+111 C p}§Σω���mf8"ÏdτS ⊆ τEn",
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��¡§éz�ω ∈ Σ∗, En[ωΣω] = OE ∈ τS§Ù¥E := {n ∈ N|110n+111 C

ω}"b�U ∈ τEn"KEn−1[U ] = AΣωé,
A ⊆ Σ∗§ÏdU = En[AΣω] =⋃
ω∈AEn[ωΣω] ∈ τS"

l12Ü©mÞ�y3§·���3ùã�O�©Û�'nØSN§y3m

©·�5Înþã�£�&E!?è!�{�m�.´�o'X"

1.Äk·�I�@£��o·��¦ /̂¶0ù«Vg"·�5w>K¥~

k���|µµ�� ÜØ�%�³
gC�1l§�<û�
ì¡½öØ�%

3e
�«!½´�´	¼�
[Ò· · · · · ·"´	�âþ¡?Û�«&E§Ï
L'é>M¥��êâ&E§�Ñ
 Ü�ý��°"

3ùp§ì¡!�«![Ò· · · · · ·ÑØ´ Ü�<§§�Ñ´ Ü�¶§�
Ñ�� Ü�<"Ï~z��¯Ô��Ñkéõ�¶"·�Ø�Ur¯Ô��

�3·�¡c§~X{I��ú	á�!êþ��·�¡c§�·��±4À

ª!¹�!>K· · · · · ·ù
¶§4·�5¼��'&E§4·�5!ü{µ"Ïd
¶−−ù�VgØ�½""éu¼ê�´Xd"~XsinxÒ´��¼ê�¶§·

�Ø�U!��Ø�rù�¼ê��Ðy�O<w§½r§�z�:��I&E

w�O<§�·���r§�¶½ö§éA�§Sw�O<§é�ÒU��XÛ

A^d¼ê¼��'&E§~X�Ñsin π
4
�uõ�½ö��ù´��±Ï¼ê�

�&E"¤±3&EØ¥§¶´ý�Ø�½"�§´&EØ¥ý���ÀÜ"

z�¯ÔÑkõ�¶§́ õé�"?èÙ¢´�«AÏ�¶§́ �é�"

2.·�5wþ¡ã12-1§ùã�·��¡0��&�?èã§3��þÙ¢

´���"

&�&�?èì
x

&?èì
u

&�Èèì
y

&�û

C (

3�O�©Û¥§·�Ø�UDx¼ê��§·��Dx¶"3±Ï&�Ä

:�&EØ¥§·�Ø�Ur�3�p�	�.�'m��·�¡c§�·�

�±Dx'm|µéA�&Ò–Ù¢Dx�´¶§·��É��,´·�wØÃ

�&Ò–�´¶§�·�kÃÅ!>ÀÅ�±ò§�=��ã�"¤±·�`§l
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&E��Ýw§�O�©Û�DÚ&EØ´�Ï�"§�Dx&E�ngÙ¢´

���"k��Ö§5�^[ð�7�6§Ù¥ÒJ�nâ�ÑW!D���±x!

Ü6¾,3D4&E��ªþ´�Ï�"��Xk�^ÎÙ§ÎÙ��e§Y

soå§�íÄXYÓ"®8�Y³¥�Y^XY±tt6�§�?�?/eü§

â,\uyY¾,k6�ÎÙ�!Ø�gÆ��´\3x¡þ%w�²²xx!�

�ÙÙ"ùÒ´D���±x¤Ly�"nâ�ÑW�´Xdµkà§Ò´E

/üsÓ�ÌK"�{ü��ªÒ´^ØÓ�ÑÜEüs§z�ÑÜÑ'c�

�ÑÜò´�ã�m"�Ü©W�ù«�ª´Ø�N�"�nâ¾,^kà§

 Ø�<Øú/?1CN§¦�ÑW��q²w/£�mÞ"

3. ·�y3�Ä,	��¯Kµ.2-Åì�Ñ\¯K"Äk§Åìþ�Ñ\

�þÑ\��U´Ã¡��iÎG§·�¯k¿Ø��ù�ê�.´X§Ø�O

<Jcw�·�"·�$��U¿Ø��Ñ\�iÎG�.´Ø´��ê�¶§

Ïd·��)ûù�¯K"·��Ñ��~f"

b�Ñ\��>k��Ñ\
§§�Ñ\[0, 1]¥���¢ê�Å§§k��

M1§�¡�0§�¡�1"§�â¤�M1�(J§û½À��k«m���«

m�´m�«m"

1)ò[0, 1]©¤ü�«m§��«m[0, 0.5)Úm�«m(0.5, 1].XJ1�g�M

1(J´u1 = 0§K§�«m[0, 0.5]¥"¿½Â�[A1, B1]

XJu1 = 1§K§�[0.5, 1]¥"¿½Â�[A1, B1]"

2)XJ1�g�M1(J´u2 = 0§K§��k«m[A1, B1]���«mA2, B2¥§

=A1 = A2§B2 = A1 + 0.5(B1 − A1).

XJu2 = 1§Kρ�[A1, B1]�m�«mA2, B2¥§=B1 = B2§A2 = A1 +

0.5(B1 − A1).

3)Ud�{½Âe�§=XJ1n− 1g�M1§§��«m�

[An−1, Bn−1]

K�un = 0§k

{
An = An−1

Bn = AN−1 + 0.5(BN−1 − AN−1)
(12.3)
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K�un = 1§k {
An = AN−1 + 0.5(BN−1 − AN−1)

Bn = BN−1

(12.4)

ÏS��Ã¡S�§d«m@�TS��� ��[0, 1]��:"ù�Ñ\


Ò¤õ�¤��Ñ\§§´��¢ê�¶"ù�¶d«m@�¤§z�«m�Ý

Ñ´c¡@�«m���"

.2-Åì3$��§Ñ\�´¶§¤±Ñ´k���§́ Uì,«5KÑ\

�"£~X§þ¡�½n12.0.9¥�gÒ´(idΣ∗ , γ, δ)−�O��§§�Ñ\�¶Ò
©O´idΣ∗ , γ�¤"·��`�´·�ØU3.2- Åì�Ñ\�þ\±��§Ä

KÒ¬\O�Å�Kú§3E,5�¡´��þ�A�Oþ�§ù´·�Ø

U��§�ù�v7�"g��·�uy§Ù¢¶���´k¡�§�´�

ã�Å§S����§Ïd·����3��§S§̄ k?n
Ñ\¿�yÑ\

�Ñ´¶§Ø´¶�Ñ�@�§S¢ï
"

4.3�O�5nØ¥§·�ù���¼êkÃ¡�§S�±�§§=�´�

Ð�QºÏdk
¤¢/Ð0�§S!/Ð0�?è�IO§·�ùp¡�Ó��¯

Kµ��¯Ôkéõ�¶§=�´ý�/Ð0�QºÏd·�e¡0�/admissible

·¶XÚ0"£Ï�Lu;�§·��U�V0��:"¤

ØÓ�·¶XÚo´^ØÓ��ª?èØÓ�&E"·�æ^e¡��ª

?1'�"

½Â12.0.11 (reduction, equivalence). �δ, γ �8ÜX�ü�·¶XÚ"

1. δ´�O�D4u!�O�ru½ö�O�5�uγ§L«�δ ≤ γ§XJ�3

���O��G¼êf¦�δ = γ ◦ f on dom(δ).

2. δ´ëYD4u!́ ëYru½öëY5�uγ§L«�δ ≤t γ§XJ�3�
�ëY�G¼êf ¦�δ = γ ◦ f on dom(δ).

3. δ �O��duγ§L«�δ ≡ γ§XJδ ≤ γ�γ ≤ δ"

4. δ ëY�duγ§L«�δ ≡t γ§XJδ ≤t γ �γ ≤t δ.

5. δ < γ L«δ ≤ γ�γ � δ.

6. δ <t γ L«δ ≤t γ �γ �t δ.
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·��±ÏL·¶XÚ/¶5�O�/�	M¥���/&E0"du&E

3D4/L§¥§&E´P~�§��´ØO�§·�¡γ'δ«¡½öδ'γ´L§

XJδ ≤ γ"¢Sþ§·�ØF"��¯Ô�k��¶§Ï�@�ù�¶Pk�&

Eþ�T¯Ô�&Eþ´���§ù3y¢.´Ø�U�§�3�O�5n

Ø¥ù��¶vkÐ�5�"

~12.0.12. [KW] é�?�L«!�?�L«ó§ρ10 ≤ ρ2 �ρ2 � ρ10.

dþ¡�½Â§é²w/

Ún12.0.13. �δ, δ′ ´X�ü�ØÓ�·¶XÚ§�δ′ ≤ δ"q�γ Y���

·¶XÚ"

1. XJ��¼êf :⊆ X → Y ´(δ, γ)-�O��§Kf ´(δ′, γ)-�O��.

2. XJ��¼êf :⊆ X → Y ´(γ, δ′)-�O��§Kf ´(γ, δ)-�O��.

�
Qã��·¶XÚ�%CUå§·�¦^e¡�Vg:

½Â12.0.14 (final topology). �Lδ´��8ÜX���·¶XÚ§δ �final

topology½Â�

τδ := {U ⊆ X : (∃V ∈ τC)δ−1(U) = V ∩ dom(δ)}.

~12.0.15. 1.ρ10�final topology ´τR§¢���5ÿÀ"éu�ê8X�?

¿notation§�A�final topology Ò´X�lÑÿÀ"

2. ¦^knê�%CS�5�E¶�·¶XÚ´Ã¿Â�§Ï�ù��L

«�final topology ´R���ÿÀ§={∅,R}"
dþã½Â§·�uyτδ ´Xþ���ÿÀτ¦�δ ´(τ∗, τδ)-½(τC , τδ)-ë

Y§�A/�âuδ ´notation½örepresentation"Ïdτδ ´lÑÿÀ2X�δ ´

�notation"

e¡·��ÑU1ÿÀ�mÚadmissble ·¶XÚ�½Â

½Â12.0.16. �X���8Ü"

1. Xþ���U1ÿÀ�m´S = (X, σ, ν)§Ù¥σ´Xþ�ê�f8Ü�a¦

�

x = y XJ {A ∈ σ : x ∈ A} = {A ∈ σ : y ∈ A}

�ν ´σ���natation"
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2. Xþ����O��´��U1�ÿÀ�m¦�8Ü{(u, v) : u, v ∈ dom(ν), ν(u) =

ν(v)} ´r.e.�"

½Â12.0.17.£IOL«¤�S = (X, σ, ν) ���U1ÿÀ�m"½ÂS�

IOL«�

δS(p) := x XJ 〈w〉C p⇒ w ∈ dom(ν)�{A ∈ σ : x ∈ A} = {ν(w) : 〈w〉C p}

é?¿x ∈ X,w ∈ Σ∗ �p ∈ Σω.

·K12.0.18. ( δS�5�) �S = (X, σ, ν) ��U1�ÿÀ"

1. τδS = τS Ù¥τS ��fÄ�¤�ÿÀ"

2. δ ≤t δS é¤kX�(τC , τS)-ëYL«¤á"

½Â12.0.19.£admissible·¶XÚ¤�(X, τ)���ÿÀ�m"Xþ�·¶

XÚδ ¡�admissible w.r.t. τ§XJδ ≡t δS éuSþ,�U1ÿÀSkτS = τ"

½n12.0.20. (main theorem) �δ, γ ©O´X, Y�admissible·¶XÚ§K

éu?Û¼êf :⊆ X → Y§f ´(δ, γ)-ëY���=�f ´(τδ, τγ)-ëY�"

íØ12.0.21. (�O�5%ºëY5¤�δ, γ ©O´X, Y�w.r.t.τX , τY ad-

missible·¶XÚ§Ké?Û¼êf :⊆ X → Y§XJf ´(δ, γ)-�O��§Kf

´(τX , τY )-ëY�"

íØ12.0.22. �δ´X���admissible·¶XÚ§�§´connected final topol-

ogy�§qγ ´Y���notation"Kz�(δ, γ)-ëY½�O�-¼êf :⊆ X → Y´

~ê"

()Ö”Ð”�·¶XÚÑ´admissbel�")
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·�ÏLc¡�·¶XÚ50�Rþ��O�5"e¡ò0�R��«L
«ρ"-Q���notation¼êνQ :⊆ Σ∗ → Q§±�rνQ(ω) {�¤ω"duk

nê8Q3Rþ´È��§�?��¢êÑ�3?¿%C�knêþ.Úe."
?�¢êxÑ�±d8Üµ

{(a; b)|a, b ∈ Q, a < x < b}

5��(½"lÚÑR�L«µ

�O�ÿÀ�mS= := (R, Cb, I)§Ù¥Cb�Rþ¤k±knê�à:�m«
m�8Ü§I�Cb�notation§÷vI(ι(v)ι(ω)) := B(v, ω)§ùpB(a, r) := {x ∈
R|d(x, a) < r}"-ρ := δS= K�R���L«"

du5�νQ(u) = νQ(v), I(u) = I(v)3(u, v)¥´�û½�§�S=´�O�

ÿÀ�m"dþ�!�½Â�µ

ρ(p) = x⇔ {J ∈ Cb|x ∈ J} = {I(ω)|ι(ω)C p}

oÑ�`§p´¤k÷vx ∈ J�J�8Ü"(L¡þwØÑ5§¢Sþ´¯�Âñ

�L«"Ï�p´¤k÷vx ∈ J�J�8Ü§V¹
¯�Âñ&E")ρ�finalÿÀ

=�ÿÀτR"

,����¢êL«´CauchyL«"duz�¢êÑ´�GknêS�

�4�§�ù�knêG�±��ù�¢ê�¶"3CauchyL«¥��Ä@


/Âñ0é¯�knêS�"

½Â13.0.23. CauchyL«ρC :⊆ Σω → R�½Â�µ

ρC(p) = x :⇐⇒


�3ω0, ω1... ∈ dom(νQ)

÷vp = ι(ω0)ι(ω1)ι(ω2)...,

|ωi − ωk| ≤ 2−i, i < k, x = limi→∞ωi

�±y²ρÚρC´�d�"aq�§·�k�ρ�d�L«"
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½Â13.0.24. 1.

ρa(p) = x :⇐⇒


�3ω0, ω1... ∈ dom(I1)

÷vp = ι(ω0)ι(ω1)ι(ω2)...,

(∀k)(I1(ωk+1 ⊆ I1(uk)))�|I1(ωk)| < 2−k

�{x} = I1(ω0) ∩ I1(ω1) ∩ · · ·

2.òCauchyL«¥�½Â|ωi−ωk| ≤ 2−i©OO��|ωi−ωk| < 2−i§|ωi−x| <
2−i§|ωi − x| ≤ 2−iÒ����A�L«ρ

′
C , ρ

′′′
C , ρ

′′′
C"

3.ρb(p) = x��=�{x} =
⋂
{I1(ν)|ι(ν) C p}£)Öµþ¡A«�IOL«

�d�§Ñ´¯�Âñ�L«"¤

�!~��\~¦Ø�$���O�5"

½n13.0.25. (x, y) 7→ x · y´�O��"

y²:Ï�knêþ�¦{´(υQ, υQ, υQ)-�O��§��3�O�¼êf :⊆ Σ∗×
Σ∗ → Σ∗¦�é?¿u, v ∈ dom(υQ)÷vu · v = υQf(u, v)"l�3.2 ã�Å

¦�§éu?ÛÑ\(p, q),þ�N¤r : ι(y0)ι(y1) · · ·§Ù¥yi = f(um+i, vm+i), x =

ρ
′′′
C (p), p = ι(u0)ι(u1) · · · ∈ dom(ρ

′′′
C )Úy = ρ

′′′
C (q), q = ι(v0)ι(v1) · · · ∈ dom(ρ

′′′
C ),,

	m ∈ N´÷v|u0|+ 2 ≤ 2m−1Ú|v0|+ 2 ≤ 2m−1���ê"

|un| ≤ |un − ρ
′′′

C |+ |ρ
′′′

C − u0|+ |u0| ≤ 2 + |u0| ≤ 2m−1

aq/§|vn| ≤ 2m−1§l

|yi − x · y| = |um+i · vm+i − x · y|

≤ |um+i · vm+i − um+i · y|+ |um+i · y − x · y|

≤ um+i · |vm+i − y|+ |(um+i − x) · y|

≤ 2 · 2m−1 · 2−m−i = 2−i

�

102



CHAPTER 13. Rþ��O�5

½n13.0.26. x→ 1
x

y²:�3��.2-ÅìM�§3Ñ\p := ι(u0)ι(u1) · · · ∈ dom(ρ′′′C)ó�XeµÄ

kÅìM|¢���N ∈ N¦�|uN | > 3 · 2−N"��|¢�ù����êN§Å
ìMm©Ö�S�r := ι(y0)ι(y1) · · ·§Ù¥yi = 1

u2N+i
"

�x := ρ′′′C(p) 6= 0"Kù��N´�3��|uk| > 2−Né¤kk ≥ N§Ï

d|x| ≥ 2−N"·���

|yi −
1

x
| = | 1

u2N+i

− 1

x
| = |x− u2N+i|
|u2N+i| · |x|

≤ 2−2N · 2N · 2N = 2−i

Ïd§fM´�ê$��(ρ′′′C , ρ
′′′
C)-¢y"

�

aq/§(x1, x2, · · · , xn) 7→ c(c´�O��~ê), (x1, · · · , xn) 7→ xi, (x, y) 7→
min(x, y), x 7→ |x|, (i, x) 7→ xi��¼êÑ´�O��"

~13.0.27. �ê¼êexp : R→ R�O�"·�¦^±eúª?1��

exp(x) =
N∑
i=0

xi

i!
+ rN(x)

Ù¥rN(x) ≤ 2 · |x|
N+1

(N+1)!
§XJ|x| ≤ 1 + N

2
.

�M�.2-Åì^uO�S�q = ι(v0)ι(v1) · · ·é?Ûp = ι(u0)ι(u1) · · · ∈
dom(ρC)¦�é?Ûn§vn½ÂXeµ

1.M�(½���N1 ∈ N¦�|u0|+ 1 ≤ 1 + N1

2
"

2.M�(½���N ∈ N, N ≥ N1÷v2 · |1+
N1
2
|N+1

(N+1)!
≤ 2−n−2"

3.M�(½���m ∈ N, N ≥ N1÷v2−m ·
∑N

i=1

i(1+
N1
2

)i−1

i!
≤ 2−n−2"

4.M�(½vn ∈
∑∗¦�vn =

∑N
i=0

uim
i!
"

b�x = ρC(p) = ρC(ι(u0)ι(u1) · · · )"K|x| ≤ 1 + N1

2
�um ≤ 1 + N1

2
"·��

�

| exp(x)− vn| ≤ |
N∑
i=0

xi

i!
−

N∑
i=0

uim
i!
|+ |rN(x)|

≤ |x− um| ·
N∑
i=1

|xi−1 + xi−2um + · · ·+ ui−1
m |

i!
+ 2−n−2
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≤ 2−m
N∑
i=1

i(1 + N1

2
)i−1

i!
+ 2−n−2

≤ 2−n−2 + 2−n−2 ≤ 2−n−1

?�Ú/·���exp(x) = ρC(ι(v0)ι(v1) · · · )§Ï�·�é?¿i < jk

|vi − vj| ≤ |vi − exp(x)|+ |vj − exp(x)| ≤ 2−i−1 + 2−j−1 ≤ 2−i

�fM¢y
�ê¼êexp : R→ R"

�!È©!�ê��O�5"

½Â13.0.28. (C(A)�CauchyL«)�A = [c, d]�kn«m§��Aþkn�

polygon���¼êf ∈ C(A):�3knêa0, b0, · · · ak, bk¦�a0 < a1 < · · · ak§a0 ≤
c, d ≤ ak§�é?Ûx ∈ A,

f(x) = bi−1 +
(x− ai−1)(bi − bi−1)

ai − ai−1

XJai−1 ≤ x ≤ ai

-νPg�knpolygon8ÜPg�IOnotation"C(A)8�CauchyL«δAC½ÂX

eµ

δAC(p) = f��=�p = ι(w0)ι(w1) · · ·¦�

d(νPg(wi), νPg(wi)) ≤ 2−iéui < k

�f = lim
i→∞

νPg(wi)

()Öµ¼êf��O��knêXê�polygon¯�ÂñL«")

½n13.0.29. È©¼ê

F[0,1] : f 7→
∫ 1

0

f(x)dxéf ∈ C(A)

´(δ
[0,1]
C , ρ

′′′
C )−�O��"
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y²: �3.2-Åì3Ñ\�p := ι(w0)ι(w1) · · ·£Ù¥wi ∈ dom(νPg)¤��<S

�q := ι(u0)ι(u1) · · ·¦�

ν(Q)(ui) =

∫ 1

0

νPg(wi)(x)dx

�f := δ
[0,1]
C (p)�fi := νPg(wi)"Ï�

|F[0,1](f)− ν(Q)(ui)| = |
∫ 1

0

f(x)dx−
∫ 1

0

fi(x)dx|

= |
∫ 1

0

(f(x)− fi(x))dx|

≤
∫ 1

0

|f(x)− fi(x)|dx

≤ 2−i

�

�e5·�5y²�ê�´�O��"

½Â13.0.30. 1.é?¿ü�·¶XÚγ1 :⊆ Σω →M1Úγ2 :⊆ Σω →M2�N ⊆
M1§-[γ1 → γ2]N�¤këY¼êf :⊆ M1 → M2�¤�8ÜC(γ1, γ2, N)�L«

¦�

[γ1 → γ2]N(p) = f��=�(f ◦ γ1(q) = γ2 ◦ ηωωp (q)�γ1(q) ∈ N)

2.£C([0, 1])�IOL«¤½Âδ[0,1]
→ :⊆ Σω → C([0, 1])÷v

δ[0,1]
→ := [ρ→ ρ][0,1]

3.·�¡g : N→ N´¼êf : R→ R�modulus¼ê��=�|f(y)−f(x)| ≤
2−kz�|y − x| ≤ 2−g(k)"

½n13.0.31. �δ[0,1]
→ (p) = f�[νN → νN](q)´f ′�modulus¼êg§K(f, g) 7→

f ′´(δ[0,1]
→ , [νN → νN], δ[0,1]

→ )-�O��"
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y²:¼êF0 :⊆ C1[0; 1]× NN × R× N→ R½ÂXeµ

F0(f, g, x, n) := 2g(n)+2 · (f(x+ 2−g(n)−2)− f(x))

´�F0´(δ[0,1]
→ , [νN → νN]N, ρ, νN, ρ)-�O��"

d¥�½n�§�3y§x ≤ y ≤ x+ 2−g(n)−2¦�

2g(n)+2 · (f(x+ 2−g(n)−2)− f(x)) = f ′(y)

Ï�|x− y| ≤ 2−g(n)§|f ′(x)− f ′(y)| ≤ 2−n§Ïd

|f ′(x)− F0(f, g, x, n)| ≤ 2−n�f ′(x) = lim
n→∞

F0(f, g, x, n)

Ïd(f, g) 7→ f ′´(δ[0,1]
→ , [νN → νN], δ[0,1]

→ )-�O��"

()Öµf�¶�U�Nf�&E§��O�f ′ÒI�f ′�&E�N3¶¥§

ùÜ©&E�N3modulus¼êg�¶¥")

�

n!�?ê��O�5

Ún13.0.32. �¢êS�{x0, x1, · · · )
1.ÝKpr : ((x0, x1, · · · ), i) 7→ xi´([ρ]ω, νN, ρ)-�O�"

2.¼êS0 : (x0, x1, · · · ), i) 7→ x0 + x1 + · · ·+ xi´([ρ]ω, νN, ρ)-�O�"

3.¼êS : (x0, x1, · · · ) 7→ (y0, y1, · · · )§Ù¥yi := x0+x1+· · ·+xi§́ ([ρ]ω, [ρ]ω)-

�O�"

y²:1.(〈p0, p1, · · · 〉, ω) 7→ pνN(ω)�¢yÝK"

2. {
h(0, (x0, x1, · · · )) = x0

h(n+ 1, (x0, x1, · · · )) = h(n, (x0, x1, · · · )) + xn+1

(13.1)

w,S0�±48½Â§�S0´([ρ]ω, νN, ρ)-�O��"

�

Ún13.0.33. ¼êe : N→ N¡�ÂñS�(xi)iN�modulus¼ê��=�|xi−
xk| ≤ 2−néu¤ki, k ≥ e(n)¤á"�(xi)i∈N�(νN, ρ)-�O�¢êS�§Ùmodulus¼

ê�e : N→ N½�O�"Kx = limi→∞ xi�O�"
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y²:Ï�(xi)iN�´(νN, ρC)-�O�§÷vxi = ρC(ι(ui0)ι(ui1) · · · )�iÎuij�O
�"½Âvi := ue(i+2),i+2�q := (ι(v0)ι(v1)) · · ·"é¤kk < m

|vk − x| = |ue(k+2),k+2 − xe(k+2)|+ |xe(k+2) − x|

≤ 2−k−2 + 2−k−2 ≤ 2−k−1

�|vk − vm| ≤ |vk − x| + |vm − x| ≤ 2−k−1+ ≤ 2−m−1 ≤ 2−k£)Öµ̄ �Â

ñ�&Eõ3modulus¼ê¥"¤ �

Ïd§ke�½n

½n13.0.34. (S��4�9?ê)�(x0, x1, · · · )�¢êS�9modulus¼êe :

N→ N§e�¼ê´([ρ]ω, [νN → νN]νN , ρ)-�O��"

L : ((x0, x1, · · · ), e) 7→ lim
i→∞

xi�

SL : ((x0, x1, · · · ), e) 7→
∑
i∈N

xi

Ù¥((x0, x1, · · · ), e) ∈ dom(L)��=�|xj − xi| ≤ 2−néu¤kj > i ≥
e(n)¤á¶((x0, x1, · · · ), e) ∈ dom(SL)��=�éu¤kj > i ≥ e(n)k|xi +

· · ·+ xj| ≤ 2−n"

lke�½n

½n13.0.35.£S�4�Ú¼ê?ê¤�δ :⊆ Σω ⊆M��L«§�X →M§

�(fi)i∈N�¼êS�¦�fi :⊆M → R�dom(fi) = X§(i, x)→ fi(x)´(νN, δ, ρ)-

�O�"

1.XJ�3�O�¼êe : N → N¦�|fj(x) − fi(x)| ≤ 2−né¤kj > i ≥
e(n)�x ∈ X§K¼êf :⊆ M → R´(δ, ρ)-�O��§Ù¥dom(f) = x�f(x) =

limi→∞ fi(x)"

2.XJ�3¼êe : N → N¦�|fi(x) + · · · + fj(x)| ≤ 2−né¤kj ≥ i ≥
e(n)�x ∈ X§K¼êf :⊆ M → R´(δ, ρ)-�O��§Ù¥dom(f) = x�f(x) =∑

i∈N fi(x)"
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½n13.0.36. (�O��Eê¼ê)Eê¼êz 7→ a(a�O�), (z1, z2) 7→ z1 +

z2, (z1, z2) 7→ z1 · z2, z 7→ 1
z
, z 7→ |z|, z → ||z||, z 7→ Re(z), z 7→ Im(z)´�O�"

?�Ú/§z��Xêþ�O��Eêõ�ª§(j, z) 7→ zjÑ´�O��"

½n13.0.37.£�?ê¤

P : ((aj)j∈N, r,M, z) 7→
N∑
j=0

aj · zj

´([ρ2]ω, νQ, νN, ρ
2, ρ2)-�O�§Ù¥|z| < r,�∀j(|aj| ≤M · r−j)

y²:1.Äky²

Q : ((aj)j∈N, r, s,M, z) 7→
N∑
j=0

aj · zj

´([ρ2]ω, νQ, νQ, νN, ρ
2, ρ2)-�O�§Ù¥|z| < s < r,�∀j(|aj| ≤M · r−j)"

1¤́ �¼ê(j, z) 7→ zj´(νN, ρ
2, ρ2)-�O�"

2¤́ �¼ê((aj)j∈N, z, k) 7→ ak · zk´([ρ2]ω, ρ2, νN, ρ
2)-�O�"

Ïd

G : ((aj)j∈N, z) 7→ (aj · zj)j∈N´([ρ2]ω, ρ2, [ρ2]ω)−�O�

2.�e5·�(½modulus¼ê"1¤¼ê

H : (r, s,M, n) 7→ min{m ∈ N|M · (s
r

)m · r

r − s
≤ 2−n}

(s < r, r, s ∈ Q,M, n ∈ N)´�O��"

2)´�

H ′ : (r, s,M) 7→ e, e(n) := H(r, s,M, n)

´(νQ, νQ, νN, [νN → νN])-�O��"Ïdé|z| ≤ s < r�k ≥ j ≥ e(n)§·�

k

|aj · zj + · · ·+ ak · zk| ≤
∑
k≥j

|ak| · |zk| ≤ Σk≥jM · (
s

r
)k

= M(
s

r
)j · r

r − s
≤ 2−n
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3)
∞∑
i=0

ai · zi = SL(G((aj)j∈N, z), H
′(r, s,M))

XJ|z| ≤ s < r,�|aj| ≤M · r−jé¤kj¤á"ÏdQ�O�"
3.õ�¼êh :⊆ Q×C⇒ Q´(νQ, [ρ]2, νQ)-�O�§h�ãRh := {(r, z, s)||z| <

s < r}"òO�h,Q�O�Å|Ü3�å=�"
�

½n13.0.38. �(aj)j∈N´���O��EXêS�§R := 1

lim supj→∞
j
√
|aj |

.

1.¼êf : z 7→
∑∞

i=0 ai · zi3z��4¥{z ∈ C||z| ≤ r}(r < R)þ´�O�

�"

2.�k 7→ rK , k 7→ Mk(rk ∈ Q,Mk ∈ N)��O�S�¦�|aj| ≤ Mk · r−jk é
¤kj, k¤á"K¼êf : z 7→ Σ∞i=0ai · zi3m¥{z ∈ ||z| < supk∈N rk}þ�O�"

y²:1.éuÂñ�»R§�3��knêr′¦�r < r′ < R"l�3r′���

.M ∈ N"Ké¤k|z| < r′, f(z) = P ((aj)j∈N, r
′,M, z)"

2.éz�Ñ\zÏé��êk¦�|z| < rk§2O�f(z) = P ((ai)i∈N, rk,M, z)"

�

~13.0.39. 1.ln(1 + z) =
∑∞

j=1(−1)j+1 zj

j
w,ÙÂñ�»�1

3ÙÂñ�{z||z| < 1}þ�O�"Ïdln 2 = ln(1 + 1
3
) − ln(1 − 1

3
)�O

�"�3��ÅìM§�Ñ\�p�ρ(p) = x > 0�§ÅìMk(½,��êd¦

�1
2
< x · 2d < 3

2
§2O�−d ln 2 + ln(x · 2d)"w,¼êfM¢y
¼êlnx"

2.¼ê(x, y) 7→ xy(x > 0, y ∈ R)�O�§Ï�xy = exp(y lnx).

3.�(aj)j∈N´���O��EXêS�§z0 ∈ C´�O��§�r < R :=
1

lim supj→∞
j
√
|aj |
"K¼êg : z 7→

∑∞
i=0 ai · (z − z0)i3z��4¥{z ∈ C||z − z0| ≤

r}(r < R)þ´�O��"

4.-exp(z) =
∑∞

j=0
zj

j!
(z ∈ C)§w,R := 1

lim supj→∞
j
√
|aj |

= ∞"Kéz

�N ∈ N,�ê¼êexp(z)3{z||z| ≤ N}þ�O�"ù¿�X§éz��g,
êN ∈ N,�3��ÅìMN�±O��ê¼êexpu{z||z| ≤ N}þ"
éz�j ≤ N§k 1

j!
≤ 1 ≤ NN−j = NN · N−j;éz�j > N§·�k 1

j!
≤

1
(N+1)(N+2)····j ≤

1
Nj−N = NN ·N−j§Ïdd½n13.0.38§·���(Ø"

5.du¼êsin z = exp(iz)−exp(−iz)
2i

, cos z = exp(iz)+exp(−iz)
2

§�sin z, cos z�O

�"
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e¡wü�~f"l¥·��±w��O�©Û�r�§§$��±y²!

O�éõ��êÆ½n"kw²;�RieszL«½n"

½n13.0.40 (RieszL«½n). [1]éz��ëY��5�fF : C[a, b]→ R§
�3BV N¥�¼êg : [a, b]→ R¦�

F (f) =

∫
f dg (f ∈ C[a, b])

�

V (g) = ‖F‖ = ‖g‖

§k���O���"

½n13.0.41.£ë�[2]¤1.½Â�fS :⊆ BV[0; 1]× → C ′[0; 1]¦�dom(S) :=

{(g, b) | V (g) < b}, S(g, b)(h) =
∫
h dgéz��h ∈ C[0; 1]¤á"KS ´(δBV , ρ, [δC →

ρ])-�O��"

2.½Â�fS ′ :⊆ C ′[0; 1]×R :→ BV[0; 1] ¦�dom(S ′) = {(F, c) | ‖F‖ = c},
g ∈ S ′(F, c)��=�‖F‖ = V (g)§F (h) =

∫
h dg é,�h ∈ C[0; 1]¤á"KS ′

´([δC → ρ], ρ, δBV )-�O�"

aq/·��k

½n13.0.42 (RieszL«½n). �X �ÛÜ;�σ-;Hausdorff�m"Kéz

����Pkcompact support�ëY¼ê�mþ��5¼êI : K (X) → R§�
3����BorelÿÝ¦�

I(f) =

∫
f dµ for all f ∈ K (X) (13.2)

½n13.0.43 (computable Riesz representation).£ë�[3]¤

1. ��5¼êI��fS : I → µ §XJ÷vI(f) =
∫
f dµ§KS´([δK →

ρ], δM )-�O��"

2. K÷vI(f) =
∫
f dµ§f ∈ K (X) ��fT : µ 7→ I ´(δM , [δK → ρ])-�O�

�"

�O�©ÛØ=�±?nêÆ©Û��O�¯K§§�U?nÿÝØ��Æ

���O�¯K"
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·�^ã�Å3lÑXÚþ��E,5ïÄéu�lÑ�ëY���E,

�XÚ´Ø·^�"

½Â14.0.44. (�mÚ�m�E,5)�MO�¼êfM :⊆ Y1×Y2×· · ·×Ym →
Σω�.2Åì"

1.é¤ky ∈ Y1 × Y2 × · · · × YmÚ¤kk ∈ N½Âµ

TimeM(y)(k) :=

{
ÅìMO�Ñ\y��1k�ÑÑ��

¤I��Úê
(14.1)

LaM(y)(k) :=

{
ÅìMO�Ñ\y��1k�ÑÑ���

¤ÖÎÒ���ê8
(14.2)

2.é¤kA ⊆ dom(fM)Ú¤kk ∈ N½Âµ

TimeAM(k) : max
y∈A

TimeM(y)(k)

LaAM(k) : max
y∈A

LaM(y)(k)

Ún14.0.45. éz�.2-ÅìM§�MO�¼êfM :⊆ Y → Σω

1. ¼ê(y, k) 7→ TimeM(y)(k)�O�¶

2.¼ê(y, k) 7→ LaM(y)(k)�O�¶

3.8Ü{(y, k, t) ∈ Y × N× N|TimeM(y)(k) = t}´��½�¶
4.8Ü{(y, k, t) ∈ Y × N× N|LaM(y)(k) = t}´Ø��½�"
��[/§�3���O�¼êg :⊆ Y × Σ∗ → Σω¦�TimeM(y)(νN) =

νN ◦ g(y, u)§8Ü{(g, u, v)|TimeM(y)(νN(u)) = νN(v)}´��½�"

y²:·�=y²1. ·��E,��ÅìM1§¦�éuÑ\(y, u)§y ∈ Y§νN(u) =

k§M1�[ÅìMéy?1O�§ÚO�1k�ÑÑÎÒ®²�Ö��¤s�Úê"

KM1 ÑÑv§Ù¥νN´O�¤s�Úê" �

Óã�Åaq§.2-Åì�ke¡5�µ
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Ún14.0.46. éuz�.2-ÅìM9fM :⊆ Y → Σω§éz��y ∈ Y,A ⊆
Y§

LaM(y)(k) ≤ TimeM(y)(k) � LaAM(y)(k) ≤ TimeAM(y)(k)

Ún14.0.47.£EÜ¼êE,5¤�M,M1,M2, · · · ,Mn´©OO�f :⊆ (Σω)n →
Σω§g1, g2, · · · , gn :⊆ (Σω)m → Σω"K�3ÅìNO�f ◦ (g1, g2, · · · , gn)���

*¿§�3��~êc¦�é¤kp ∈ (Σω)m, k ∈ N§

LaN(p)(k) ≤ La′(p) ◦ LaM(g1(p), · · · , gn(p))(k)�

TimeN(p)(k) ≤ c · TimeM(g1(p), · · · , gn(p))(k)

+c · Time′(p) ◦ LaM(g1(p), · · · , gn(p))(k) + c

Ù¥

La′(p)(l) := max{LaM1(p)(l), · · · , LaMn(p)(l)}�

Time′(p)(l) := max{TimeM1(p)(l), · · · , T imeMn(p)(l)}

y²:1.Äk�	m = n = 1���¹µ-N�.2-Åì¦�NQU�[ÅìM�

�§I�e��Ñ\ÎÒ¿6Ê§qU�[M1O�p��§Ö�e��ÑÑÎÒ

¿6Ê"

�Äp ∈ dom(f ◦ g1)"éuÑ\p§NÖ�g1(p)uó��§Ö�f ◦ g1(p)uÑ

Ñ�"�
ÑÑ1k�ÎÒ§NI�Ö�g1(p)�cLaM(g1(p))(k)�ÎÒ"Ïd

LaN(p)(k) ≤ La′(p) ◦ LaM(g1(p))(k)�

TimeN(k) ≤ c · TimeM(g1(p))(k) + c · Time′(p) ◦ LaM(g1(p))(k) + c

2.2�	m = 1, n > 1���¹µ3ù«�¹e§NØLO\
A�ó��

®§Ó��[M1,M2, · · · ,Mn"������[ù«õ��$�§3�<s�
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�¹e§�ØLI�O(k2)Úê^uÖ�z�ÖÞ�k �ÎÒ"�±y²3ù«

�¹e§�3���[I�O(k)ó�Úê"

�

ØÓu.1-�O�5§·�ke¡�(Øµ

½n14.0.48. (;8þ���E,5)�M�.2-Åì�fM :⊆ Y → Σω"é

z�8A ⊆ dom(fM)§Akr.e.Ö§�3�O�¼êh, h′¦�

TimeAM(k) ≤ h(k)�LaAM(k) ≤ h′(k)

½n14.0.49. (E,5©�)éz��wO���y ∈ YÚ�O�¼êt : N→
N§�3��S�q ∈ Σω¦�eª¤áµ

XJM´��.2-Åì¦�fM(y) = q§KéÃ¡õ�k ∈ N§

TimeM(y)(k) > t(k)

o(

�Ü©?n
¢©Û¼ê��O�5§�O�ù
�O��¼ê§·�7L

ÀJ·��¶§�Ñ·��·¶XÚ·�âk�U3O�Åþ�¤§��O�"

�¯�Ô#ØXd§·��,Ø�U��äN¼ê�z��§�·���XÛ�

�=�¼�§��&E"&EDÑ�´Xd§·���´§��¶Ú�{§ù�

·�ÒU?n§��&E!¼�§��&E"3lÑ.§duÑ\k¡§·�

��k�{§·�ÒU¼�z���O�¼ê�&E"3�O�©Û¥§·��

�Ø==´�{§���½5K�Ñ¶5£Ï�Ñ\�´Ã¡þ§kÃ¡&E§

Ø�k{ü5Æ§ÄKØ�U^k¡?è5¼�Ã¡&E¤§ù�·�âU�(

/L«ÑïÄ¯Ô§~X¢¼ê§âUO�¼ê!¼�&E"¤±?n&E§·

�Ò�k¶k�{"�Z.�z�Ã¡¯Ôþ´Xd§§�¥�NõÑUé�

¶§Ïd�UO�§�U��&E"3�Ö�z�Ü©§·�Ñkù��5§·

�Ñ�D4&E§·�Ñkç�ù��.§·�Ù¢D4�ÑØ´¯Ô��§�

Ø�U´¯Ô��§´D4D4¯Ô�¶"Ïd·�I�Æ¬XÛÀ�·��

¶"

l�Ü©�SN§·��±w�E,¯Ô3O�ÅþØ´��Ø�O��§

ùk�u·���±5�*gµ@��kU��O�ÅâU�"cJ´·�I
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�Ñ\�
&E±�Ï�¤O�"~X3Ñ\�þÑ\T¼ê��
&E§½´

3oracle�þ�þJÝ��!&E�õ�¼ê=�"

1�Ü© SK

1. �xi :=
∑i

k=0
1
K!
§Ke = limi→∞xi"y²µS�(xi)i∈N´(νN, νQ)−�O

�"

2. ·���π
4

= 1− 1
3

+ 1
5
− 1

7
· · ·§�xi =

∑i
k=0(−1)k 1

2k+1
"K(xi)i∈N´

(νN, νQ)−�O�"
3.y²µ�¢êx�O���=��3�O�¼êf, g, h¦�|x− f(n)−g(n)

1+h(n)
| ≤

2−n"

4.e�¼ê�O�µ(1)x 7→ −x;(2)(x, y) 7→ x + y;(3)x 7→ 1
x
; (4)(x, y) 7→

min(x, y); (5)x 7→ |x|; (6) (i, x) 7→ xi;(7)x 7→
√
x;(8)arcsin(x)

5.f(x) = 3x´ρ′′′C , ρ
′′′
C -�O��"

6.z�tupling¼ê<>: Y1× Y2× · · ·× → Y0´�O��§�Ù_�z�ÝK

¼êÑ´�O��"

7.�M�kk��f�.2-Åì"TM�¤k(u1, u2, · · · , uk, 0m, v)���¤�

8Ü§¦�uk, v ∈ Σ∗§é?¿Ñ\(y1, y2, · · · , yk)§ui´yi�cM§�3mÚS§
ÅìMlz�Ñ\�fÖ��õ�cMui§¿3ÑÑ�þÖ�þv"KTM´�O

��"

8.�Σ ⊆ ∆, f :⊆ Σa1 × · · · × Σak → Σa0�g :⊆ ∆a1 × · · · ×∆ak → ∆a0§,

	graph(f) = graph(g)"Kf�O���=�g�O�"

9.i = 0, 1, · · · , l§-f ′i :⊆ Y1 × Y2 · · · × Yk → Y0�O�§qfia :⊆ Σ∗ × Y0 ×
Y1 · · ·×Yk → Y0�O�§y²deª48½Â�¼êgi :⊆ Σ∗×Y1×Y2×· · ·×Yk →
Y0�´�O�¼ê

{
gi(λ, y1, · · · , yk) = f ′i(y1, y2, · · · , yk)
gi(aω, y1, · · · , yk) = fia(ω, g(ω, y1, · · · , yk), · · · , gl(ω, y1, · · · , yk), y1, · · · , yk)

(14.3)

Ù¥ω ∈ Σ∗, y1 ∈ Y1, · · · , yk ∈ Yk�a ∈ Σ"

10.��O�¼êf :⊆ Σω → Σ∗�½Â�´;��"y²fk���O��

*¿¼êg : Σω → Σ∗"
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CHAPTER 14. ¢ê¼ê�O�E,5

11.y²�3�O�¼êf : Σω × Σω → Σω¦�η∗ωf(p,q)(x) = η∗∗p (x)η∗ωq (x)§Ù

¥p, q ∈ Σω, x ∈ Σ∗"

12.(x1, x2, · · · , xk)´(γ1, · · · , γk)-�O���=�xi´γi-�O�éz�1 ≤ i ≤
k"

13.¢êπ´ρb,10-�O�§Ù¥ρb,10 :⊆ Σω → R´Ã¡�?��ê�L«"3.14159 · · · ∈
Σω´�O�����π ∈ R�ρb,10- ¶"

14.M���S�´�¼êf : N→ M ,P�(fn)n∈N"(fn)n∈N¡�γ-�O��

��=�§´(νN, γ)-�O��"

15.y²µarcsinx�O�"£Ïarcsinx = x+ 1
2
· x3

3
+ 1·3

2·4
x5

5
+ · · ·¤

16.
√

2 = 2
1
2 , n
√
m(m,n > 1), loga b = log b

log a
, π = 6 · arcsin 1

6
, eπ��þ�O�"

17.�f : R → R�O�§c´�O�~ê§g(x) := f(x, c)é¤kx¤á§y

²µg(x, c)�O�"

18.�a0, b0, · · · an, bnQ¦�a0 < a1 < · · · ak§y²kn�polygonf : R→ R´
�O��§Ù½Â�

f(x) =


b0 XJx < a0

bi−1 + (x−ai−1)(bi−bi−1)
ai−ai−1

XJai−1 ≤ x ≤ ai

bn XJan < x

(14.4)

19.y²¼ê((xi)i∈N, n) 7→
∏n

i=0 xi´([ρ]ω, νN, ρ)-�O�"

20.�(fi)i∈N´¢¼êS�§1¤(i, x) 7→ fi(x)´(νN, ρ, ρ)-�O�§2¤�3�

O�¼êe : N2 → N¦�|fi(x) − fj(x)| ≤ 2−né¤ki, j ≥ e(n, k)�|x| < k"y

²TS�Âñuf : R→ R"
21.éuc ∈ C§½ÂEê¼êfc := z2+c"y²¼ê(n, c) 7→ fnc (0)´(νN, ρ

2.ρ2)-

�O�"

22.y²z��ëY¼êf : Rn → R�range(f) ⊆ Q´~ê"
23.y²f 7→ g, g(y) :=

∫ y
0
f(x)dx, f ∈ C[0, 1]§́ (δ[0,1], δ[0,1])-�O�"
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k¡iÎG�&EXÛïþ

·����!�à��§́ lVÇþ½Â�§§¿vký����Nz«¯

Ô���!S3�&E§�,lVÇþù§�à�.¾�N
&Eþ–��^õ

�'A�?�5L«– ù��A�"Solomonov,KolmogorovÚChaitinn<�

gïÄïá���q�(J"·�3�Ù0�Komgorov�g�Ú�{&E�"

~14.0.50.

s1 = 0101010101010101010101010101010101010101010101010101010101010101

s2 = 1100100001100001110111101110110011111010010000100101011110010110

s3 = 011010100000100111100110011001111

&EþXõº

s1´32�01¶s2v5Æ§Ø
��H�	§OÃ¦{¶s3´
√

2��?�Ð

m�cM"lE,5w§s1 = s3 < s2" �
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1�ÊÙ KolmogorovE,5

KolmogorovE,5?nk¡iÎG�E,5"�*/`§XJ��iÎG

�±^A�c5/N§·�Ò@�§é{ü§'X/�z��10§XJvkù�

�{á£ã·�Ò@�§éE,"~X��iÎG§Ø
§��	·�vk�{

^�á�iÎG£±§§·�Ò@�§�~E,§¢Sþ§Kolmogorov@�ù«

iÎG´�ÅiÎG§éE,éE,"Ï~<��é@
U3O�Åþ)è��

{!?è½£±a,�§Ï�§�3O�Åþ´U1�"�âChurch�Ø©§/�

1�0�Vg´^·�¤ÆL�ã(Å¤£±�!¤/ª½Â�§·�éØ��

Ð�/ª/½Â/�O�0��{"e¡·�½Â�¼êK§�,l/ªþw´

�â,«A½�Åì�.½Â�§�´dchurchØKÚÏ^ã�Å·���§�

�\��~ê§·�Ò;�
æ�§ÒØ2�6ù«½@«O�Å
"/ª/§

·�ke¡�½Â

½Â15.0.51. �kã�ÅTÚk¡iÎGx, y§·�½Âx, y�E,5Xe

KT (x) = min
P
{l(p)|Tl(P ) = x}

=£±Ñx�¤k§S½iÎG�Ý����§Ù¥l(P ) �§SP^'AL«�

��Ý"

()Ö1µù«½Â�{§���Ä
?è�&E�����5§l�{þ´

�Z�")

£)Ö2.ù«½Â�6uã�Å§·���z�ã�Åþ�k��§S§,

	=¦Ó���O�¼ê�kÃ¡�O�§�§S§Ïdk<¬¯§́ Ä�3�

�é¤kã�ÅÑ·^�O�Å§¿dd���á?è�½Âº¤

¤±·�I�Ï^ã�Å£^ÎÒUL«§¤§5?nù�¯K"U/A�0P

kd5�–Ø�6uA½O�Å"XJP´x��á§S½£±§3ÅìT = Tiþ§

K〈i〉P´x 3Ï^ÅìÅUþ�£±§Ù¥〈i〉 ´i ��?�?è"
£)Ö3. �[kvk5¿�ù�½Â¥�§Sq´No½Â�Qº¤±·

3e¡�Ñ§S�½Â§Ï�¥©Ø´L�§·^Ü©=©L�"¤
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CHAPTER 15. KOLMOGOROVE,5

½Â15.0.52.£¤¢§S�½Â¤��ω�KolmogorovE,5is the length of

the shortest such program (i.e. pair 〈program, data〉)§P = 〈T, y〉§ùÒ´T�Ñ
\§²Lã�ÅT �O�Ò�ÑÑω"£�5¿d½Â�ØÓ���e¡·�ù�

§SÑ´Xd"¤

·K15.0.53. �3~êc£��6uÏ^ã�ÅU¤¦�éu?Ûw§

KU ≤ |w|+ c

y²µ�M�O�ð�¼ê�?è"-|M | = c"Kéu?Ûw§�〈M,w〉´U�

Ñ\§é²w§�±��w"x��Ý´|w|+ c" �

·K15.0.54. �U ,V�Ï^ã�Å§K�3~êc(��6uU ,V )¦�

KV ≤ KU + c

y²µ3d�¹e§cÒ´4V^5�[U�§S��Ý"

�

½Â15.0.55. éuiÎGx�éuÏ^ã�ÅU�E,5½Â�

KU (x) = min
P
{l(p)|Ul(P ) = x}

=KU (x)�u���<Ñx�ÊÅ�§S¥�á��Ý§��u��dO�ÅU�

Ñ�'ux°(£±��á£ã�Ý"

~Xe�²��¥c1§234§567§891§825§931 'A�¤���~��

��iÎG§�´·��I�^Øõu100�iÎÒ�°(£±Ñù�iÎG

5µ/Print out the first 1§234§567§891§825§931 bits of the sequences root of

e0"

·K15.0.56.

KU (x) ≤ KT (x) + CTU

Ù¥cT U = l(i)�ùü�Åì�m���~ê"�3Uþ�x��{á�£ã�

'3Tþ��á£ã�õ���~ê"

Solomonoff£1964¤§Kolmogorov£1965¤ÚChaitin£1969¤3y²
ØC5

½n�@U§�{&EnØ�)
"ù�~ê§<�S./P¤O(1)"
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1�8Ù cME,5

�{E,5�3NõCN§Ì�´ÑuEâ�Ï.§�¥��õê3O��

��@�~ê"3�©¥§K ´ÄuÏ^cMã(ÅÄ:þ�cME,5"

cMã(Å´�ã(Å§k��ü�Ñ\�§��ü�ÑÑ�Ú�
V�ó

��"Ñ\�´�Ö�§ÑÑ�´���§ü��´ÖÞ�Ul��m£Ä"

¤k�Ñ´�?�"XJT (P ) = x§·�K¡x�self-delimilting§S"aq/§

ùp�kÏ^cMã(Å"

½Â16.0.57.£cMKolmogorovE,5½Â¤

K(x) := min
P
{l(P )|U (P ) = x}, K(x|y) := min

U (P,y)=x
{l(P )|U (P ) = x}

Ù¥K(x) = K(x|∅)

½n16.0.58. 1.£þ.¤K(x) ≤ l(x) + 2 log l(x), K(n) ≤ l(n) + 2 log log l(n)

2.KraftØ�ª%º

Σx2
−K(x) ≤ 1

3.£e.¤é�õêx§K(x) ≥ l(x)

4.K(x|y) ≤ K(x) ≤ K(x, y)

5.K(xy) ≤ K(x, y) ≤ K(x) +K(y|x) ≤ K(x) +K(y)��"

·�uy�
aquDÚ&EØ��êª"�c[ïÄ�uy§3&EØ

�I(X;Y ) = I(Y ;X)±9H(XY ) = H(X) +H(Y |X)§3�{&EØ¥Ñvk"

,	·�uy§�3Ø�Ø S�§ù
S�®²vk?Û/ª�5Æ5{z)

¤§�§S§¤±S��{��±^5Ýþ�Å§Ý"Ïd§�{�q¡��{

�Å�"

3þ¡�½Â¥·�vk�9�x��Ý§eb½O�Å®²��x��Ý§

K·��±½Â3®�l(x)^�e�^�KolmogorovE,5KU (x|l(x))

½Â16.0.59. KU (x|l(x)) = minP :U (p,l(x))=x{l(P )}
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CHAPTER 16. cME,5

½n16.0.60. XJU´Ï^ã�Å§Ké?ÛÙ¦ã�ÅA±90§1Gx§k

KU (x) ≤ KA + CA

Ù¥CA�xÃ'"¤±

KU (x|l(x)) = min
P :U (p,l(x))=x

l(P )

≤ min
P :U (p,l(x))=x

(l(P ) + CA ) ≤ KA (x) + CA

y²µ�A (PA ) = x§=3O�ÅAþ§SPA��Ñ½�<ÑiÎGx"dUÏ

^�§�±�[½�ýO�ÅA§Ø��Ù§S�P = SA PA§Ù¥SA�Ï^ã

�Åc¡\�@��ã^u�ý§S§§w�UXÛ�ýA"Ïd

l(P ) = l(SA ) + l(PU ) = l(PU ) + CA

Ù¥l(SA ) = CA§¤±

KU (x) = min
P :U (p,l(x))=x

l(P )

≤ min
P :U (p,l(x))=x

{l(P ) + CA }

= KA (x) + CA

�

·�Ø��CA�.õ�§�Ø+No�§ù��Ý�xÃ'§¤±é¿©�

�x§·��±�Ñù�~ê�K�"l·��%/@�KolmogorovE,5�

Ï^ã�ÅÃ'"Ïd3Ï~?Ø¥§·�~~�ÑeIU"

½n16.0.61. K(x|l(x)) ≤ l(x) + c§=iÎG�^�E,5�uTiÎG�

�Ý"

y²µduO�Å¯k@Ò��l(x)§��^��(½§S5�<½O�Ñx"

“print the following 1-bits sequences:x1, x2, · · · , xl(x)”

Ïl�½§¤±ØI���iÎG�Ý5£±l"þã§S�Ý�l(x) + c"

�
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CHAPTER 16. cME,5

~16.0.62. (Kolmogorovþ�¤K(x) ≤ K(x|l(x)) + 2 log l(x) + c

y²µXJO�ÅØ��l(x)§K�ò�w�O�Å§¦�3�<l(x)'A�Ê

Å"·��^Xe��{�¤"�l(x) = n§�{´µòn��?�Ðm¥z'A

Eüg§,�§^015(åén�£±"Xd§Ò�±^2 log n + 25£±n¿

òl(x)Ï�O�Å§l

K(x) ≤ K(x|l(x)) + 2 log l(x) + c

�

^þ¡�ª�O�Å£±l(x)¿Øk�§·��^�k���{5£±l(x) =

n"Äk·�(½n��?�L«�Ýlog n§,�2�Ñn��?�¢S'A"XJ

^þ¡å“ÏÒ”�^�01�{5Ï�O�Åêilog n§I�^2 log log n+ 2��

?�§oOIlog n+2 log log n+2��?�"?�Ú�k�/�±^2 log log log n+

2'A5A�O�Ålog log n���§¤I��o'A 

log n+ log log n+ 2 log log log n+ 2§±daí§·�P

log∗ = log n+ log log n+ log log log n+ · · ·

þª¦Ú��ÑyÃ¿Â���"u´

K(x) ≤ K(x|l(x)) + log∗ l(x) + c
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1�ÔÙ KolmogorovE,5��à�

~17.0.63. 1. (n�0�¤�S�)XJO�Å®²��n§K§S“print the

specified number of zeroes0�nÃ'§K(00 · · · 0|n) = c"

2.(π�KolmogorovE,5) XJO�Å®�n§aq/§π�cn 

K(π1π2 · · · πn|n) = c

3.(��ên�KolmogorovE,5)XJO�Å®²����ên��?��

Ý§K�I�Jøù
'A�äN�=�§¤±§S�Ý�log n + c"XJØ

��n��Ý§KXc¤ã§

K(n) ≤ log∗ n+ c

®����?�S���Ýn§Ù¥¹kk�1§·�5�	§�E,5"�

Ýn§�¹k�1�S��Ck
n�"O�Å´Uìi;Sü�ù
S��§��<�

�U´Ù¥��§Ø���1i  §K

“Generate, in lexicographic order, all sequences with k ones;of these se-

quences, print the ith sequences”

Ò�±�<Ñ¤IS�§ù�§S¹2�CþkÚi"Ùo�Ý

l(p) = C + log k + logCk
n

≤ C + 2 log k + nH(
k

n
)

3þ¡Ø�ª¥§·�|^


1

n+ 1
2nH( k

n
) ≤ Ck

n ≤ 2nH( k
n

)

l·���e¡�Ún

Ún17.0.64. ��S��KolmogorovE,5÷v

K(x1x2 · · ·xn|n) ≤ nH(

∑n
i=1 xi
n

) + 2 log n+ c
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CHAPTER 17. KOLMOGOROVE,5��à�

½n17.0.65. {Xi}�*dÕá!ÓVÇ©Ù��ÅS�§Ù�Ó©Ù¼ê
�f(x), x ∈ Σ§Ù¥Σ�k¡i1L"Ïf(xn) =

∏n
i=1 f(xi)§K�3~êc¦�

H(X) ≤ 1

n

∑
xn

f(xn)K(xn|n) ≤ H(X) +
|Σ| log n

n
+
c

n

u´

E{ 1

n
K(xn|n)} → H(X)

y²µ1.kwe�"KolmogorovE,5´cME,5§¤±÷vKraftØ�ª"Ï

dù
�á§S���u&?è¥�èi§²þè�7L�u�§=

nH(X) = H(X1, X2, · · · , Xn) ≤
∑
xn

f(Xn)K(xn|n)

2.2wþ�"XJΣ���i1L§X1, X2, · · · , Xn´Õá�ãpCþθ

K(x1x2 · · ·xn|n) ≤ H(

∑n
i=1 xi
n

) + 2 log n+ C

2^��à5§��

EK(X1, X2 · · ·Xn|n) ≤ nH(θ) + 2 log n+ c

≤ nH(X) + 2 log n+ c

�

½n17.0.66. -X1, X2, · · · , Xn´UìÕá�ãpCþ£θ = 1
2
¤Ä��Õá!

Ó©ÙS�§K

P{K(X1X2 · · ·Xn|n) < n− k} < 2−k

y²µ

P{K(X1X2 · · ·Xn|n) < n− k

=
∑

x1x2···xn:K(x1x2···xn|n)<n−k

p(x1x2 · · ·xn)
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CHAPTER 17. KOLMOGOROVE,5��à�

=
∑

x1x2···xn:K(x1x2···xn|n)<n−k

2−n

= |{x1x2 · · ·xn : K(x1x2 · · ·xn|n) < n− k}| · 2−n

≤ 2n−k · 2−n = 2−k

�

d½nL²§�õêS��E,5�CÙ����Ý"

½Â17.0.67. 1.��S�x1x2 · · ·xn§XJK(x1x2 · · ·xn|n) ≥ n§K¡�´�

{�Å�"

2.��S�x1x2 · · ·xn · · ·§XJlimn→∞
K(x1x2···xn|n)

n
= 1§K¡�´Ø�Ø 

�"

½n17.0.68. XJx1x2 · · · xn · · ·´Ø�Ø �Ã���S�§K§÷v�ê
½Æ

lim
n→∞

1

n

n∑
i=1

xi =
1

2

=3Ø�Ø S�¥0, 1Ñy'~�Ó"

y²:-θn = 1
n

∑n
i=1 xi�x1x2 · · ·xn¥1Ñy�'~"·����^�ÝØ�u

nH(θn) + 2 log(nθn) + c

�§S5£±x1x2 · · ·xn"

n− Cn ≤ K(xn|n) ≤ nH(θn) + 2 log(nθn) + c

Ù¥limn→∞
Cn
n

= 0§c�nÃ'§�

1 ≥ H(θn) ≥ 1− 2 log n+ Cn + c

n

�n→∞�§H(θn)→ 1§=θn → 1
2

�
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1�lÙ �{�´Ø�O��

1970c§Chaitin^ênÜ6y²
�{�´Ø�O��µéØ��«Ï^�

�{§U
�Ñ?¿S���{�"

�ÄXe�Øµ/vk�é{´é�0"é²wù´���Ø§Ï�§g·�

'
§k�Ö¡��gë�"

2wPerry£=I�[ãÖ,+n
¤�ØµØUd�u30�=©üc�¤�

=�L�ªL«�����ê´�oº(”The least positive integer which is not

denoted by an expression in the English language containing fewer than thirty

words” )"

éu�{�ó§XJ§�±O�§K·��±^”�Ñ�{�≥ 1010�1

����iÎS�05�O�ATk1010���iÎ�§S§w,gñ"�)�

Ø��Ï´únzXÚ�Û�5"

KolmogorovE,5nØ�8�Ø3u�Ïé�)�½?¿S���á§S§

Ï�ùØ�U§3u§§Jø
�«nØ§�±5ïÄù
¯K"�{��Ø

�O�5§é&?è�ïÄ´���~���Â§ù`²n��Ï^?è�{

´Ø�U�"

��·��Ñ��Ø�Ø �~f"

½Â18.0.69. Ω =
∑

p:U (p)ÊÅ 2−l(p)§�Ò´�Ï^O�ÅÑ\þ!©Ù�

�?�iÎG�§O�ÅÊÅVÇ"

duÊÅ§S´ÃcM�§¤±Ù�Ý÷vKraftØ�ª

0 ≤ Ω ≤ 1

-Ωn = 0.w1w2 · · ·wn§ÙL«Ω�cn�'A"

Ωke�5�µ

1.ΩØ�O�"ÊÅ¯KØ��½§¤±vk�1��{5O�Ω"

2.XJΩ�cn'A®�§K·��±�½?Û^�un'A��êÆ½n�

ýb"�¢Ã�´ΩØ�O�"

3.Ω´�{�Å�"

½n18.0.70. Ω´Ø�Ø �§=�3��~êc§¦�éu��nk
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CHAPTER 18. �{�´Ø�O��

K(w1w2 · · ·wn) ≥ n− c

y²µXJ�Ñ
Ω�cn'A§·�Ò�±(½�Ý≤ n�?Û§S´ÄÊÅ"

q·��±|^K(w1w2 · · ·wn)'A�Ý�§SO�ÑΩ�cn'AΩn"�±�E

�ÜL�§§�¹¤k�ÝØ�un�ÊÅ§S±9�AÑÑiÎG"

U�ÝgSü�§·�é�1��Ø3ùÜLþ�iÎGx0"ù�iÎG

´äkKolmogorovE,5K(x0)��áiÎG"ù��<Ñx0 �§S�E,5

´K(Ωn) + c§¤±

K(Ωn) + c ≥ K(x0) > n

l

K(w1w2 · · ·wn) > n− c

�
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1�ÊÙ &EØuÐ{¤ÚyG

l�Ü©m©§·�5ùãXÛ?nlÑ�k¡¯Ô�&E¯K§ùãÏ&

+�þ�&EØ§=�à£½là¤JÑ�&EØ"±VÇ!ÚO�{5ïÄ&

E�þz§±�ê��{5ïÄ?è"&EØ´'u&E�nØ"@o�o´&

Eº�o´&E�ÆÚ&EØº

�o´&EºH/�<o¥�é“�ä{<�&E§8B�´�¢�”§��

&E��ÑÕÚ�E"3Ú9i;¥§)º´“,<�Ï�½w��SN!��!

�E”"2Â&E¿r&E�/ª!SN��Ñ�¹3S��2Â�&E"��

Eââ��&EÌ��&E�äNL�/ª"ÚO&EK´�«k²(½Â�

�Æ¶c§�SNÃ'§Õáu/ª"20V80c�±5§&E�Æ�¹ÂØä

*�§Ø�ÅìrO�Å�Æ�SNÚ��¹3S§�r&EEâ�9�¤k

�ÆnØ�¹3S�ª³"luÐÚ���*:5w§r&E�Æn)¤U�&

EEâ�éA�Ä:�Æ�´'�Ü·�"

&EØ�{�A^9Ù���¤J"

1.�Ñ&ÒØ "�å>{�IO��Ñ?è�Çl1972cCCITT G.711I

O¥�64kbit/sü$�1992cCCITT G.711IO¥�16kbit/s"3£ÄÏ&¥§î

³GSMIO��Ñ?è�Ç�13.2kbit/s§1989c{ICTIAIOK�7.95kbit/s"

¢�¿¥®U¢y600kbit/s�$�Ç�Ñ?è§AO´UÑ�£O�Ü¤�n�

E�(èìÙ�Ç�$u100bit/s,®�C&EØ�Ñ�4�"

2.ã�&Ò�Ø "

3.O�Å©��Ø 

4.�[{´¥êâDÑ�Ç�Jp"

5.ü$&EDÑ¤I�õÇ

6.O�Å�¥êâ��5��y"

7.O�Å¥�N�¯K"

8. ã�&Ò�E��ï

9. �ª©a¯K�ä©aì��O

· · · · · ·

�!&EØ´3�Ï�Ï&ó§¢�ÚnØïÄ�Ä:þuÐå5�"
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CHAPTER 19. &EØuÐ{¤ÚyG
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H(X) = −[
1

4
log

1

4
+

1

8
log

1

8
+

1

8
log

1

8
+

1

2
log

1

2
]

= 2 · 1

4
+ 3 · 1

8
+ 3 · 1

8
+ 1 · 1

2
=

7

4

£)Öµ���Å¯���Ù¢Ò´Ù&ElVÇþw²þ��^õ���

?�½n?���L«Ñ5"Ïdù�Kolmogorovïþ&E��Ý´����¤

§20.1 lÑ��½Â

�½Â���`³3lÑþ"

½Â20.1.1. �k��lÑ��ÅCþX, §kn��U��a1, a2, . . . , an, z

�¯��ÅÇ©ÙP = {(p1, p2, . . . , pn)}§Ù¥pi = P (ai),∀i"K½Â�ÅCþ�
��H�µ

H(p1, p2, . . . , pn) = −
N∑
n=1

pn log pn

��P�H(X) = H(P ) = H(−→p )§Ù¥−→p = (p1, p2, . . . , pn)

ÙêÆ�.µ (
X

P (x)

)
=

(
a1 a2 · · · an

p1 p2 · · · pn

)

5¿µ

1. log pn¢�log2 pn�{�.

2. 'A(bit)�binary ubit �§1'AL«I�1��?�êL«¶loge pn�

ü �BA¶log10 pn�ü �MA"

½Â20.1.2. 3�¥§·���±½Âü�¯����ÕE£&E�N¤�µ

Ie = − log2 pi(éê±2�.§ü ´'A(bit))

½ö

Ie = − ln pi(éê±e�.§ü ´BA(nats))
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~Xµ=�k26�i1§bXz�i13©Ù¥Ñygê²þ�{§z�i

1�ÕEþ�µ

Ie = − log2

1

26

Çi~^�k2500�§bXz�Çi3©Ù¥Ñygê²þ�{§z�Ç

i�&Eþ�µ

Ie = − log2

1

2500

�´��XÚ�²þ�Eþ§=µ

H(p1, p2, . . . , pn) = −
N∑
n=1

pn log pn

Ï�§Ú9åÆ¥£ã9åÆ��À�[ùúª/ª��§¤±§��¡�

/�0"&EØ¥��Vg�ÔnÆ¥�9åÆ�kX;��éX"À�[ù�

3Ùd3ÚOÔnÆ¥é��
éõ�ó�"&EØ¥����´É�éu"

XJü�XÚäkÓ����Eþ§X��^ØÓ©i��Ó�©Ù§du

´¤k���Eþ�\Ú§@o¥©©ÙA^�ÇiÒ'=©©Ù¦^�i1�

�"¤±Çi<M�©Ù�'Ù¦A^oNêþ��i1<M�©Ù�á"=¦

��ÇiÓ^ü�i1��m§Çi<M�©Ù��'=©i1<M�^��"

¢Sþz�i1Úz�Çi3©Ù¥Ñy�gê¿Ø²þ§Ïd¢Sê�¿

ØXÓþã§�þãO�´��oNVg"¦^Ö�ü��õ�©i§z�ü�

¤�¹�ÕEþ��"

~20.1.3. O��ÑÑ“0§10����¼ê�&E�"

):êÆ�.µ (
X

P (x)

)
=

(
0 1

p 1− p

)
K

H(X) = −p log p− (1− p) log(1− p) = H(p)
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H ′(p) = log
1− p
p

�±y²§p = 1
2
�§H(p)����"�p = 0�§Ï�

lim
p→0+

p log p = lim
p→0+

log p
1
p

= lim
p→0+

1
p

− 1
p2

= − lim
p→0+

p = 0

§

¤±½Â0 log 0 = 1 log 1 = 0"

�

0 0.5
p

1.0

H(p)/bit

1.0

~20.1.4. >ÀÅã�dî500�Úp600���:|¤"z:©ØÓ�Ý§b

��Ý©�10?"��ã���UG�ê8�10300000. XJù
ã�±�VÇÑ

y§KTã�&���

H(X) = log 10300000 ≈ 106

~20.1.5. ÂÑ
¦^ücoê�10000�"��ÂÑ
ÂÑ1000�üc��

�
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H(X) = log 100001000 ≈ 1.3× 104

~20.1.6. ���þ!M1��Ñy“�¡”��"-XL«��Ñy“�¡”�

�¤I�gê

H(X) =
∞∑
n=1

1

2n
log 2n =

∞∑
n=1

n
1

2n
=

1
2

(1− 1
2
)2

= 2

~20.1.7. ��âÚf§��:êÑy�VÇ��§=(
X

P (x)

)
=

(
1 2 3 4 5 6
1
6

1
6

1
6

1
6

1
6

1
6

)
K��

H(X) = −
6∑

n=1

pn log pn = log 6

��ÑÚf§��:ê�3�§ù�VÇ©ÙC�(
X ′

P (x′)

)
=

(
1 2 3 4 5 6

0 0 1 0 0 0

)
Ï�¯�®²(½§�C�

H(X ′) = 0

�3dL§¥§Á�ö¼��&Eþ�

H(X)−H(X ′) = log 6

~20.1.8. Ó��üâÚf§���:êÑy�VÇ��§̂ �ÅCþYL«

üâÚf¡þ�:ê�Ú�§k

(
Y

P (y)

)
=

(
2 3 4 5 6 7 8 9 10 11 12
1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

)
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K��

H(Y ) = −
11∑
n=1

pn log pn = 3.2744

��ÑÚf§��:ê�7�§Á�ö¼��&Eþ�H(Y ) = 3.2744.

�e�(½Úf�g�þ�:êX1X2, KE�3Ø(½5§Ï�§��U

´

(
X1 : 1 2 3 4 5 6

X2 : 6 5 4 3 2 1

)

6«�VÇ�¹��§���:ê�7�X1X2��d�5�log 36C�

H(X1X2) = −
6∑

n=1

1

6
log

1

6
= log 6

3dL§¥§Á�ö¼��&Eþ�

log 36− log 6 = log 6

§20.2 ��A5

1. é¡5

·K20.2.1.

H(p1, p2, · · · , pn) = H(p2, p3 · · · , pn, p1)

2. �K5

·K20.2.2. �þ�u�u""

H(−→p ) ≥ 0

��Ò¤á�¿�^�´Xkòz©Ù"
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c�Ü©y²: �{�µ5¿

H(−→p ) = −
N∑
n=1

pn log pn

0 ≤ pn ≤ 1§¤±log pn ≤ 0§�H(−→p ) ≥ 0"

�{�(T�{î�/`´��§�ù´&EØ�Ï^�{)µ∀x > 0,k

log x ≤ x− 1½ log
1

x
≥ 1− x

¤±

H(−→p ) = −
N∑
n=1

pn log pn ≥ −
N∑
n=1

pn(1− pn) ≥ 0

�

5¿§)ºXeµÏ�

ln(1 + x) = x− 1

2
x2 +

1

3
x3 + · · ·+ (−1)n−1xn + · · ·

ln(1 + x) ≤ x

lnx ≤ x− 1

log2 x =
lnx

ln 2

¤±þã��y²�´�
Xê§ù´&EØ�S.^{½Ï^�{"

��Ü©y²:dH(−→p )�½Â��§�Ò¤á�¿�^�´p(x) = 0½öp(x) =

1§�X�òz©Ù

�

½Â20.2.3. éu«�D, XJ∀α, β ∈ D,∀λ ∈ [0, 1] þk

λα + (1− λ)β ∈ D

K¡D���à�"£à�¥?ü:ë�þ�:�3Tà�¥"¤
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½Â20.2.4. XJéuà�þ�f(x)÷v'Xª

f(λα + (1− λ)β) ≤ λf(α) + (1− λ)f(β), ∀α, β ∈ D, ∀λ ∈ [0, 1]

K¡¼êf(x)�à¼ê"XJþª´î�Ø�ª§K¡¼êf(x)�î�à¼

ê"��¼êf¡�]¼ê§XJ−f�à¼ê"

x

y

O α

f(α)

f(λα + (1− λ)β)

λα + (1− λ)β

λf(α) + (1− λ)f(β)

β

f(β)

y = f(x)

x

y

O α

f(α)

λα + (1− λ)β

f(λα + (1− λ)β)

λf(α) + (1− λ)f(β)

β

f(β)

y = f(x)

~��î�à¼êkx2, ex, x log x§î�]¼êklog x,
√
x��"

·K20.2.5. �¼êé−→päk]5"

y²: (1)ky²VÇ¥þ�−→p = (p1, p2, · · · , pN)8Ü|¤��à�"

-−→pi = (pi1, pi2, · · · , piN)§Ù¥i = 1, 2§K

λ−→p1 +(1−λ)−→p2 = (λp11 +(1−λ)p21, λp12 +(1−λ)p22, · · · , λp1N +(1−λ)p2N)

w,�©þ�Ú�1§��à�"

(2) 2y²

H(λ−→p1 + (1− λ)−→p2) ≥ λH(−→p1) + (1− λ)H(−→p2)

Ï�

H(λ−→p1 + (1− λ)−→p2)− λH(−→p1)− (1− λ)H(−→p2)

= −ΣN
n=1(λp1n + (1− λ)p2n) log(λp1n + (1− λ)p2n)

+λΣN
n=1p1n log p1n + (1− λ)ΣN

n=1p2n log p2n
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= λΣN
n=1p1n log

p1n

λp1n + (1− λ)p2n

+ (1− λ)ΣN
n=1p2n log

p2n

λp1n + (1− λ)p2n

≥ ΣN
n=1{λp1n[1− λp1n + (1− λ)p2n

p1n

]}

+ΣN
n=1{(1− λp2n)[1− λp1n + (1− λ)p2n

p2n

]}

= λ(1− λ)ΣN
n=1(p1n − p2n) + λΣN

n=1(p1n − p2n)}

= 0

Ù¥^
úªlog 1
x
≥ 1− x

�

½n20.2.6. éulÑ��ÅCþ§�Ù�U����VÇ©Ù�§Ù��

����"=

maxH(X) = logN

Ù¥N�X�U����ê"

^.�KF¦ê�{�E¼ê

F (p1, p2, · · · , pN) = H(p1, p2, · · · , pN) + λ[ΣN
i=1pi − 1]

ép1, p2, · · · , pN©O¦�§��

−(1 + log pi) + λ = 0 ∀i

��

pi = 2λ−1

�<�å^�ΣN
i=1pi = 1,��

2λ−1 =
1

N
2�\�¼ê=���(Ø"
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§20.3 éÜ�!̂ ��

����ÅCþ(X, Y )�U����(ak, bj), k = 1, 2, · · · , K, j = 1, 2, · · · J§
ÙéÜVÇ©Ù�

(p(ak, bj))K×J

½Â20.3.1.

H(XY ) = −ΣK
k=1ΣJ

j=1p(ak, bj) log p(ak, bj)

¡H(XY )����ÅCþ(X, Y )�éÜ�§§´���ÅCþ(X, Y )�Ø(

½5Ýþ"

£�

p(ak) = ΣJ
j=1p(ak, bj)

p(bj) = ΣK
k=1p(ak, bj)

p(ak, bj) = p(ak)p(bj|ak) = p(bj)p(ak|bj)

Ïd

H(XY ) = −ΣK
k=1ΣJ

j=1p(ak, bj) log p(ak)p(bj|ak)

H(XY ) = −ΣK
k=1ΣJ

j=1p(ak, bj) log p(ak)− ΣK
k=1ΣJ

j=1p(ak, bj) log p(bj|ak)

H(XY ) = −ΣK
k=1ΣJ

j=1p(ak, bj) log p(ak)− ΣK
k=1p(ak)Σ

J
j=1p(bj|ak) log p(bj|ak)

= −ΣK
k=1p(ak) log p(ak) + ΣK

k=1p(ak)H(Y |ak)
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�k

H(XY ) = H(X) +H(Y |X)

½Â20.3.2.

H(Y |X) = ΣK
k=1p(ak)H(Y |ak) = ΣK

k=1p(ak)Σ
J
j=1p(bj|ak) log

1

p(bj|ak)

·�¡H(Y |X)�^��§§´X��ak^�eY��H(Y |ak)�²þ�§
H(Y |ak)¡�X��ak^�eY��

½n20.3.3. ó{KH(XY ) = H(X) +H(Y |X)§?�Ú/§

H(X1, X2, · · · , XN) =
n∑
i=1

H(Xi|Xi−1, · · · , X1)

= H(X1) +H(X2|X1) + · · ·+H(XN |XN−1, · · · , X1)

(�E$^cö=�)

����ÅCþ�ü�©þX, Y�pÕá�§

p(ak, bj) = p(bj)p(ak)

p(bj|ak) = p(bj)

Ïd

H(XY ) = H(X) +H(Y )

H(X|Y ) = H(X)

H(Y |X) = H(Y )

·K20.3.4. 3���¹e§H(XY ) ≤ H(X) +H(Y )
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y²:

H(XY )−H(X)−H(Y )

= −ΣK
k=1ΣJ

j=1p(ak, bj) log p(ak, bj) + ΣK
k=1p(ak) log p(ak) + ΣJ

j=1p(bj) log p(bj)

= ΣK
k=1ΣJ

j=1p(ak, bj) log
p(ak)p(bj)

p(ak, bj)

≤ ΣK
k=1ΣJ

j=1p(ak, bj)[
p(ak)p(bj)

p(ak, bj)
− 1] = 0

�

q�Ä�

H(XY ) = H(X) +H(Y |X) = H(Y ) +H(X|Y )

Ïd

H(X|Y ) ≤ H(X)

H(Y |X) ≤ H(Y )

ùL²^��3���¹eo´�uÃ^��"l�*þ`§du¯Ôo´

kéX�§Ïdé�ÅCþX�
)²þ5ùoU¦Y�Ø(½5~�"

5¿§^���uÃ^��´²þ¿Âþ�"é�ÅCþX�,�A½�§

Xak�§Y�Ø(½5��k�UO\!~�½ØC§ù�ûx = ak�§Y���

VÇ©Ù�¹"

XJXÚYk(½�¼ê§�X�±��(½Y§Kk

H(Y |X) = 0

u´

H(XY ) = H(X)
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§20.4 lÑp&E

�
0�p&E§·�Ú\�é��Vg"

½Â20.4.1. ½Â3Ó��i18ÜXþ�ü�VÇ©Ùp(x)Úq(x) ��é

�½Â�

D(p‖q) =
∑
x∈X

p(x) log
p(x)

q(x)
= Ep[log

p(x)

q(x)
]

·K20.4.2.

D(p‖q) > 0

��Ò¤á�¿�^�´P (x) = q(x)é¤kx ∈ X¤á"

y²:

−D(p‖q) = −
∑
x∈X

p(x) log
p(x)

q(x)

=
∑
x∈X

p(x) log
q(x)

p(x)

≤
∑
x∈X

p(x)(
q(x)

p(x)
− 1)

=
∑
x∈X

p(x)−
∑
x∈X

q(x) = 0

�

·�:'5�´p&E"p&E£Mutual Information¤´,�k^�&

EÝþ§§´�ü�¯�8Ü�m��'5"ü�¯�XÚY�p&E½Â�µ

½Â20.4.3.

I(X;Y ) = H(X)−H(X|Y )

½

I(Y,X) = H(Y )−H(Y |X)

·K20.4.4.

I(X;Y ) = I(Y ;X)
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y²:

I(X;Y ) = H(X)−H(X|Y ) = −ΣK
k=1p(ak) log p(ak)

+ΣK
k=1ΣJ

j=1p(ak, bj) log p(ak|bj)

= ΣK
k=1ΣJ

j=1p(ak, bj) log
p(ak, bj)

p(ak)p(bj)

= −ΣJ
j=1p(bj) log p(bj) + ΣK

k=1ΣJ
j=1p(ak, bj) log p(bj|ak)

= H(Y )−H(Y |X)

= I(Y ;X)

�

,	�«½Â

½Â20.4.5.

I(X;Y ) = ΣK
k=1ΣJ

j=1p(ak, bj) log
p(ak, bj)

p(ak)p(bj)

Ïd§I(X;Y ) = H(X) +H(Y )−H(XY )"

3���¹e§

·K20.4.6.

0 ≤ I(X;Y ) ≤ min(H(X), H(Y ))

y²:du

H(X) ≥ H(X|Y );H(Y ) ≥ H(Y |X)

¤±

I(X;Y ) ≥ 0
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du

H(X|Y ) ≥ 0;H(Y |X) ≥ 0

�

I(X;Y ) ≤ H(X)

I(X;Y ) ≤ H(Y )

¤±

I(X;Y ) ≤ min(H(X), H(Y ))

�

·K20.4.7. I(X;Y ) ≥ 0��Ò¤á�¿�^�´X, Y�pÕá"d�

H(X|Y ) = H(X), H(Y |X) = H(Y )

y²:5¿�I(X, Y ) = D(p(x, y)‖p(x)·p(y) ≥ 0)Ù¥�Ò¤á�¿�^�´p(x)·
p(y) = p(x, y)§=X, Y�pÕá"

�

·K20.4.8. �X, Yk(½'X�§XX�±��(½Y ,d�

H(Y |X) = 0

u´

I(X;Y ) = H(Y )

§20.5 õ��ÅCþe�p&E

n�!õ��ÅCþe�p&EÉ~E,"

(1)·��Ä�ÅCþÚ���ÅCþ�m�p&E"�ùn��ÅCþ�

�Ý¼ê©O´ (
X

P (x)

)
=

(
a1 a2 · · · an

p(a1) p(a2) · · · p(an)

)
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(
Y

P (y)

)
=

(
b1 b2 · · · bn

p(b1) p(b2) · · · p(bn)

)
(

Z

P (z)

)
=

(
c1 c2 · · · cn

p(c1) p(c2) · · · p(cn)

)
ÙéÜ©Ù�ÝÝ
�

(p(ak, bj, cl))K×J×L

�ìc¡���ÅCþ�m�p&E��{§·�½Â

I(X;Y Z) = H(X)−H(X|Y Z) = H(Y Z)−H(Y Z|X)

±9

I(X;Y Z) = H(X) +H(Y Z)−H(XY Z)

dc¡?Ø��

I(X;Y Z) = I(Y Z|X)

(2)^�p&E

3®��ÅCþZ�^�e§½Â�ÅCþXÚY�m^�p&E�

I(X;Y |Z) =
K∑
k=1

J∑
j=1

L∑
l=1

p(ak, bj, cl) log
p(ak, bj|cl)

p(ak|cl)p(bj|cl)

dd�±í�Ñ

I(X;Y |Z) = H(X|Z)−H(X|Y Z)

I(X;Y |Z) = H(Y |Z)−H(Y |Y Z)

I(X;Y |Z) = H(X|Z)−H(XY |Z) +H(Y |Z)
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I(X;Y |Z) = H(XZ)−H(Z)−H(XY Z) +H(Z) +H(Y Z)−H(Z)

= H(XZ) +H(Y Z)−H(XY Z)−H(Z)

�±y²

I(X;Y |Z) ≥ 0

|^^�p&E§�±réÜp&EÐmXeµ

I(X;Y Z) = H(X)−H(X|Y Z)

= H(X)−H(X|Y ) +H(X|Y )−H(X|Y Z)

= I(X;Y ) + I(X;Z|Y )

½Â20.5.1. ��ÅCþX, Y, Z�éÜ©Ù�p(x, y, z)§3�½^�ZeX

ÚY´�pÕá�§XJ

p(x, y|z) = p(x|z)p(y|z)∀x ∈ X, y ∈ Y, z ∈ Z

¤á"ù��¡X, Y, Z�¤ê¼ó§P�X → Y → Z

½n20.5.2. I(X;Y |Z) = 0§��Ò¤á�¿�^�´3�½Z^�eXÚ

Y�pÕá"

½n20.5.3. (p&E�ó{K)

I(X1, X2, · · · , xn;Y ) =
n∑
i=1

I(Xi;Y |Xi−1, Xi−2, · · · , X1)

y²:

I(X1, X2, · · · , xn;Y ) = H(X1, X2, · · · , xn;Y )−H(X1, X2, · · · , xn|Y )
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=
n∑
i=1

H(Xi;Y |Xi−1, Xi−2, · · · , X1)−
n∑
i=1

H(Xi;Y |Xi−1, Xi−2, · · · , X1, Y )

=
n∑
i=1

I(Xi;Y |Xi−1, Xi−2, · · · , X1)

�

½n20.5.4. XJX → Z → Y�¤ê¼ó§KkI(X;Y ) ≤ I(X;Z)9

I(X;Y ) ≤ I(Z;Y )

y²:

I(X;Z) = I(X;Y, Z)− I(X;Z|Y ) ≤ I(X;Y, Z)

= I(X;Z) + I(X;Y |Z) = I(X;Z)

�

½n20.5.5. £êâ?nØ�ª¤XJU → X → Y → V�¤ê¼ó§K

kI(U ;V ) ≤ I(X;Y )

(3)n��ÅCþ�m�p&Eþ½Â�

I(X;Y ;Z) =
K∑
k=1

J∑
j=1

L∑
l=1

p(ak, bj, cl) log
p(ak, bj)p(bj, cl)p(cl, ak)

p(ak)p(bj)p(cl)p(ak, bj, cl)

§�±z�

I(X;Y ;Z) =
K∑
k=1

J∑
j=1

L∑
l=1

p(ak, bj, cl) log
p(ak, bj)

p(ak)p(bj)

−
K∑
k=1

J∑
j=1

L∑
l=1

p(ak, bj, cl) log
p(cl)p(ak, bj, cl)

p(bj, cl)p(cl, ak)

= I(X;Y )− I(X;Y |Z)

aq/§k
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I(X;Y ;Z) = I(Y ;Z)− I(Y ;Z|X)

I(X;Y ;Z) = I(Z;X)− I(Z;X|Y )

~20.5.6. ¦y:��ÅCþXÚZÚOÕá�§k

I(X;Y ) ≤ I(X;Y |Z)

y²:d®�§��I(X;Z) = 0.|^þ¡(Ø§k

I(X;Y )− I(X;Y |Z) = I(Z;X)− I(Z;X|Y ) = −I(Z;X|Y ) ≤ 0

�

�X, Y, ZüüÚOÕá�§Ï�I(X;Y ) = I(Y ;Z) = I(I(Z;X) = 0§�k

I(X;Y |Z) = I(Y ;Z|X) = I(Z;X|Y )

5¿µI�`²�´§I(X;Y ;Z)�±�u0"

~20.5.7. kn���i1LA,B,C§Ù¥aiÚbj±�VÇÀJ0½1§��p

ÚOÕá§b½XJaiÚbj���§ck�0�¶XJaiÚbjØ���§ck�1�

aibjck 000 001 010 011 100 101 110 111

p(aibjck)
1
4

0 0 1
4

0 1
4

1
4

0

p(ai|bjck) 1 0 0 1 0 1 1 0

p(aibj|ck) 1
2

0 0 1
2

0 1
2

1
2

0

p(aibj)
1
4

1
4

1
4

1
4

1
4

1
4

1
4

1
4

p(ai)
1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2


k

(1) I(A;B) = 0

(2) I(A;B|C) = 1

(3) I(A;B;C) = I(A;B)− I(A;B|C) = −1
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5¿µ38ÜÚ&E�mkX,«aq�'X

CB

A

H(Y ) H(Z)

H(X)

H(X;Y )

H(X;Y ;Z)

§20.6 p&E�5�

I(X;Y ) = ΣK
k=1ΣJ

j=1p(ak, bj) log
p(ak, bj)

p(ak)p(bj)

du

p(ak) =
J∑
j=1

p(ak, bj)

p(bj) =
K∑
k=1

p(ak, bj)

�2¢SA^¥·�~ò

I(X;Y ) = ΣK
k=1ΣJ

j=1p(ak, bj) log
p(ak, bj)

p(ak)p(bj)

= ΣK
k=1ΣJ

j=1p(ak)p(bj|ak) log
p(bj|ak)∑K

i=1 p(ai)p(bj|ai)

�¤
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I(X;Y ) = ΣK
k=1ΣJ

j=1p(ak)q(bj|ak) log
q(bj|ak)∑K

i=1 p(ai)q(bj|ai)

u´I(X : Y )Ò¤
�ÅCþX �VÇ¥þ−→p = (p(a1), p(a2), · · · , p(ak))Ú
^�VÇÝ
Q = (q(bj|ak))K×J�¼ê§P�I(−→p ,Q)

·K20.6.1. I(−→p ,Q)´−→p�]¼ê"

y²:

I(X;Y ) = H(X)−H(Y |x) = H(Y )−
∑
x

p(x)H(Y |X = x)

�p(y|x)�½�§p(y)´p(x)��5¼ê§H(Y )´p(y)�]¼ê,�´p(x)�

]¼ê§1��´p(x)��5¼ê§l§���E,´p(x)�]¼ê"

�

·K20.6.2. I(−→p ,Q)´Q�à¼ê"

y²:�½p(x)§�Äü�ØÓ�=£VÇp1(y|x)Úp2(y|x)§éA��^�©Ù

pλ(y|x) = λp1(y|x) + (1− λ)p2(y|x)

9éA�éÜ©Ù

pλ(x, y) = p(x)pλ(y|x) = λp1(x, y) + (1− λ)p2(x, y)

9'uY�>S©Ù

pλ(y) = λp1(y) + (1− λ)p2(y)

XJ�qλ(x, y) = p(x)pλ(y)�p(x)Úpλ(y)�¦È©Ù§K

qλ(x, y) = λq1(x, y) + (1− λ)q2(x, y)

Ù¥q1(x, y) = p(x)p1(y), q2(x, y) = p(x)p2(y)§Ï�p&E´éÜ©Ù'u

>S©Ù�¦È©Ù��é�§=
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I(X;Y ) = D(p‖q))

duI(X;Y )£=�é�D(p‖q)¤́ (p, q)�à¼ê§l´^�©Ùp(y|x)�

à¼ê"

�

§20.7 �¼ê/ª���5

½Â20.7.1. �´÷veª�¼êfÒ¡�äk�\5

f(p1, p2, · · · , pN) = f(p1 + p2 + · · ·+ pK , pK+1, · · · , pN)

+(p1 + p2 + · · ·+ pk)f(p′1, p
′
2, · · · , p′K)

Ù¥

p′k =
pk

p1 + p2 + · · ·+ pK
, k = 1, 2, · · · , K

½n20.7.2. �lÑ�ÅCþ��ÝÝ
�

(
a1 a2 · · · aN

p1 p2 · · · aN

)
¼êf(p1, p2, · · · , pN)´�ÅCþØ(½5�þÝ§XJd¼êäkëY5!

�VÇ��üNO¼ê5!�\5§K∃~êC7k

f(p1, p2, · · · , pN) = −C
N∑
n=1

pn log pn

y²:(1) �Ä�ÅCþX�VÇ©Ù��¹§d�pn = 1
N

(n = 1, 2, · · · , N)

-f( 1
N
, 1
N
, · · · , 1

N
) = g(N)§

d�\5��

g(MN) = f(
1

MN
,

1

MN
, · · · , 1

MN
)
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= g(M) + ΣM
i=1

1

M
g(N)

= g(M) + g(N)

Kk

g(sm) = mg(s)

g(tm) = ng(t)

w,§·��±ÀJm,n§¦�÷v

sm ≤ tn < sm+1

ü>�éê

m log s ≤ n log t ≤ (m+ 1) log s

ü>Ø±n log s§

m

n
≤ log t

log s
<
m+ 1

n

�

|m
n
− log t

log s
| < 1

n

d�VÇ��üNO¼ê5��§

mg(s) ≤ ng(t) ≤ (m+ 1)g(s)

ü>Ø±ng(s)§�

m

n
≤ g(t)

g(s)
<
m+ 1

n

�
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|m
n
− g(t)

g(s)
| < 1

n

�k

| g(t)

g(s)
− log t

log s
| < 2

n

dus, t?¿§n�?¿�§

g(t)

g(s)
=

log t

log s

=�3,�~êC¦�

g(t) = C log t

(2)�ÄX��V©Ù§�d�VÇ�knê��¹§d�VÇ�L«�

pn =
mn∑N
n=1mn

Ù¥mn��ê"-M =
∑N

n=1mn§d�\5§g(M)�±�¤

g(M) = f(p1, p2, · · · , pn) +
N∑
n=1

png(mn)

u´

f(p1, p2, · · · , pn) = g(M)−
N∑
n=1

png(mn)

= C logM −
N∑
n=1

pnC logmn

= C logM(
N∑
n=1

pn)− C
N∑
n=1

pn logmn

K

f(p1, p2, · · · , pn) = −C
N∑
n=1

pn log
mn

M
= −C

N∑
n=1

pn
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(3)�ÄX��V©Ù§�d�VÇ�Ãnê��¹§�âÃnê�±^kn

ê%C§�±y²

f(p1, p2, · · · , pn) = −C
N∑
n=1

pn

�

kéõaq(J§~Xµ

Ún20.7.3. XJ¢¼êf(x)(1 ≤ x <)÷v±e^�µ

(1) f(x) ≥ 0

(2) f(x)üNO

(3) f(x · y) = f(x) + f(y)

K�kþ¡½n�(Ø"

y²: �E¦ £̂3¤§é?Ûg,ê§k

f(xk) = f(x · xk−1) = f(x) + f(xk−1) = · · · = xf(x)

lf(1) = 0"?du(1)Ú£2¤§éu?¿x > 1, f(x) > 0§éu?¿�

u1�x, y§éu?¿g,êk§o�é��K�ên§¦�

0 < yn ≤ xn < yn+1

ü>�éê¿Ø±k log y§

n

k
≤ log x

log y
<
n+ 1

k

,��¡§d£2¤��

nf(y) ≤ kf(x) ≤ (n+ 1)f(y + 1)

½

n

k
≤ f(x)

f(y)
<
n+ 1

k

�k
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|f(x)

f(y)
− log x

log y
| < 1

k

�k →∞�

f(x)

f(y)
=

log x

log y

=�3,�~êC¦�

f(x)

log x
=
f(y)

log y
= C

½

f(x) = C log x

�

o�§ÄuVÇ½�¿Âþ�½Â����"

§20.8 ëY�ÅCþe���p&E

�ëY�ÅCþX��U��3��¢ê�þ§=x ∈ (−∞,+∞)§ÙVÇ

�Ý¼ê�p(x)§XJòX���©��∆x��«m§KX��3�«m(xi, xi+

∆x)�VÇCq�p(xi)∆x§u´§��C��

H∆x(X) = −Σ+∞
i=−∞p(xi)∆x log(p(xi)∆x)

�∆x→ 0�§

lim
∆x→0

H∆x(X) = lim
∆x→0

[−Σ+∞
i=−∞p(xi)∆x log(p(xi)∆x)]

= −
∫ +∞

−∞
p(x) log p(x)dx− lim

∆x→0
log ∆x

∫ +∞

−∞
p(x)dx

= −
∫ +∞

−∞
p(x) log p(x)dx− lim

∆x→0
log ∆x
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5¿§þª¥����4���Ã¡�"�1��E,k�½�d�Ú¿Â§

�

½Â20.8.1. �à��½ÂëY�ÅCþe��(Ù�¡��©�)�

h(x) = −
∫ +∞

−∞
p(x) log p(x)dx

½Â20.8.2. éÜ�©�½Â�

h(XY ) = −
∫ ∫

p(x, y) log p(x, y)dxdy

½Â20.8.3. ^��©�½Â�

h(X|Y ) = −
∫ ∫

p(x, y) log p(x|y)dxdy

= −
∫
p(y)dy

∫
p(x|y) log p(x|y)dx

§20.9 �O&E

�O&E(discrimination information)§q¡���!Kullback�!�é�!

��ÑÝ!K-Lê�"

lÑ�ÅCþ��/

��ÅCþX��U���{a1, a2, · · · , ak}§�X�VÇ©Ù�¹�b�H1

ÚH2k'§=3b�H1e§X�VÇ©Ù�(
X

P1(x)

)
=

(
a1 a2 · · · ak

p1(a1) p1(a2) · · · p1(aK)

)
3b�H2e§X�VÇ©Ù�(

X

P2(x)

)
=

(
a1 a2 · · · ak

p2(a1) p2(a2) · · · p2(aK)

)
,	§b�H1ÚH2¤á�VÇ©O�p(H1)Úp(H2)§Kk
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p(H1|ak) =
p(H1)p1(ak)

p(H1)p1(ak) + p(H2)p2(ak)

p(H2|ak) =
p(H2)p2(ak)

p(H1)p1(ak) + p(H2)p2(ak)

Ù¥p1(ak) = p(ak|H1)Úp2(ak) = p(ak|H2)§�

log
p2(ak)

p1(ak)
= log

p(H2|ak)
p(H1|ak)

− log
p(H2)

p(H1)

þªm>1��´®�X�ak�§b�H2ÚH1�éêq,'§m>1��´

��X�ak�§b�H2ÚH1�éêq,'"�±wÑ§éêq,'log p2(ak)
p1(ak)

fÐ

�uX3�akc�b�H2ÚH1�éêq,'��"

éêq,'log p2(ak)
p1(ak)

3b�H2e�êÆÏ"¡��O&E§P�I(p2, p1;X)§

=

I(p2, p1;X) =
K∑
k=1

p2(ak) log
p2(ak
p1(ak)

3ØI��²�ÅCþ��¹e§�O&EI(p2, p1;X)��{P�I(p2, p1)"

�O&EI(p2, p1)´��OH2ÚH1é�ÅCþX3H2b��©Ùe?1

*	¤²þ�����uH2�&Eþ"��±n)�µ*	öéX �
)d©

Ùp1(x) → p2(x)�¤¼��&Eþ§d�p1(x)��uk�VÇ©Ù§p2(x)K´

*	�¤����VÇ©Ù"

5¿§�O&EI(p2, p1)´k���§�q¡���ÑÝ§Ï�I(p2, p1) 6=
I(p1, p2)"

3dÄ:þ§·��±½Âü�VÇ©Ù�m�ÑÝ�

J(p2, p1;X) = I(p2, p1;X) + I(p1, p2;X)

~20.9.1. �k�ÅCþX, Y, Z§þ��u{0, 1}§®�I(X;Y ) = 0§

I(X;Y |Z) = 1§¦y: H(Z) = 1§H(XY Z) = 2"

y²:

I(X;Y |Z) = 1 = H(X|Z)−H(X|Y Z) = H(Y |Z)−H(Y |XZ)
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Ï�0 ≤ H(X|Z), H(Y |Z) ≤ 1�

H(X|Z) = H(Y |Z) = 1, H(X|Y Z) = H(Y |XZ) = 0�

H(XZ) = H(Z) +H(X|Z) = H(Z) + 1 = H(Z) +H(Y |Z) = H(Y Z)

H(XY Z) = H(Y Z) +H(X|Y Z) = H(Y Z) = H(XZ)

Ï�1 = H(X|Z) ≤ H(X) ≤ 1

�H(X) = H(Y ) = 1

l H(XY ) = H(X) +H(Y )− I(X;Y ) = H(X) +H(Y ) = 2

l H(XY Z) ≥ H(XY ) = 2

H(XY Z) = H(Y Z) ≤ H(Y ) +H(Z) ≤ 2

Ïd H(XY Z) = 2, h(Z) = 1

~20.9.2. ®�12�¥¥k��þ�O�¥Ø��§�Ø��§´��´

"̂ �eU²3gUéÑù�g¬º

U²k3«G�§=²ï§�§��§¤±z¡�g�Ø�Ø(½5�log3§

12�¥¥�Ø�¥(���§���) �Ø(½5�µ− log 1
12

1
2

= log 24"

Ï�3 log 3 > log 24§�3gUéÑg¬"

äN�{µ
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1�g¡l�§XJ²ï§̀ ²¯K¥3v¡�o�¥§1�Úlùo�¥

¥<Ñn���>§,�><n��~¥§XJ²§K¥Ò´v¡L�@�¥§

ÄK¥3<þ5�n�¥p§�XJùn�¥'n��~¥§̀ ²k¯K�

¥§ÄK�"1nÚ�Bln�¥<ü�Ñ5¡§XJ²§Ò´{e�@�§X

JØ²§K�â1�Ú�Ñ�¥´�´���¯K¥´:�´��@�"

XJ1�gØ²ï§KPe=o�§=o��"1�glo��¥¥<

Ñn�§2\þ����>�¥��>§m>�{e���>�¥\n��~

¥§ù�XJ�>§K¯K¥3�>�n�¥¥§�§'ÊÏ¥§Ï�m

>´n�¥´�~¥§{e@�XJ´'�~¥�{§AT´m�§Ø´�

�"XJm>§K¯K¥Ò´m>@����>�¥"XJ²ï§̀ ²Ø¤

k¡þ¥�~§̄ K¥Ø´¥§´�¥§�3n��<þ¡��>¥¥"

ù�1ng¡´Ò®�=n�¥k¯K§�¯K´ �´ �§�B<

ü�¥�¡§XJ²ï§̀ ²¥´v¡�@�§XJØ²ï§K�â1�Ú�Ñ

�(Ø§éÑ �§½ �@�¥Q�"

120ÙSK

1.��ÅCþXÚY�éÜ©Ù�: p(X = 0, Y = 0) = p(X = 0, Y = 1) = p(X =

1, Y = 1) = 1
3
§�p(X = 1, Y = 0) = 0. q��ÅCþZ = X ⊕ Y§Á¥⊕�

�2Ú§¦

1) H(X), H(Y );

2) H(X|Y ), H(Y |X),H(X|Z);

3) I(X;Y ), H(XY Z)"

2.��ÅCþX���gu8Ü{a1, a2, · · · , ak}§®�p(X = ak) = a§Áy

²µ

(1) H(X) = −a log a− (1− a) log(1− a) + (1− a)H(Y )§Ù¥Y���g

{a1, a2, · · · , ak−1}§�kp(Y = ai) = p(X=ai)
1−ai , i = 1, 2, · · · , k − 1

(2)H(X) ≤ −a log a− (1− a) log(1− a) + (1− a) log(k − 1)"

3.��ÅCþX, Y, Z��þ�g8Ü{0, 1}§Á�ÑéÜVÇ©Ù�¢~§¦
Ù÷vµI(X;Y ) = 0bit, I(X;Y |Z) = 1bit"

4.��ÅCþX, Y, Z§ÁX�ÑéÜ©Ù�ü�¢~§¦Ù^�p&E©Ù

÷vµ

(1) I(X;Y |z) > I(X;Y )¶
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(2) I(X;Y |z) < I(X;Y )"

5.®��ÅCþXÚY�éÜVÇ©Ùp(ak, bj)÷vµ

p(a1) =
1

2
, p(a2) = p(a3) =

1

4
, p(b1) =

2

3
, p(b2) = p(b3) =

1

6

Á¦U¦�H(XY )������éÜVÇ©Ù"

6.��ÅCþX, Y, Z÷vp(xyz) = p(x)p(y|x)p(z|y)§¦yµ

I(XY ) ≥ I(X;Y |Z)

7. ¦yµH(XY Z) = H(XZ) +H(Y |X)− I(Y ;Z|X)

8.¦yµI(X;Y ;Z) = H(XY Z)−H(X)−H(Y )−H(Z)+I(X;Y )+I(Y ;Z)+

I(Z;X)

9.X, Y ��ÅCþ§�Y = f(X), ÁyH(Y ) ≤ H(X)¶��=�é¤kV

ÇØ�0�x(x ∈ X), f´V��§�Ò¤á.

163



1���Ù &��Ç!P{ÝØ 

�Ù:ï?&?è§&ïÄ�)n��¡µ

1)&ï�: &EØ¤'%�¥%SN´&Ò����&E�m�'X"

2)&ÑÑ&Ò¥��&E��Ç�O�—-^�Ç!P{ÝL«

3)&ÑÑ&E�k�L«–^·��&Òk�/L«&ÑÑ�&E´<

�a,��¯K§ùÒ´&?è�¯K"

Ï&XÚ�|¤ã

& �uxì &Ò
ux&  �E �Éì&Ò

�É & ��E

C (

&�ÑÑ�¡��E(messgae)§L²�E��´ØU��x�&�DÑ

�§�EÏ~I�²Luxì�C�âU=�¤·u&�DÑ�&Ò"

3���¹e§�EÚ&ÒQ´�p«Oq´�péX�"��¡§�EÚ

&Ò�½Â�¹ÂØÓ"ÂÑ
Âx��ã#ª!�ã¹�§±#Ô��ãy

�§ÑAT´�E"�&�ÑÑ��wX´��mCz�,�Ônþf(t) ½

��m!�m �Cz�,�Ônþf(x, y, t)�¡�&Ò"l&EØ�*:5w§

&�ÑÑÃØ´wX�E§�´wX&Ò§þ¹k&E"Ïd�E!&Ò!&

EÑ�±`´&�ÑÑ§½ö`§�Ñ´&�n��¡"

§21.1 &�.�&?è

&���êÆ�.AT�)n�¡µ

1) &Ò���8Ü

2) &Ò�����8Ü

3) &Ò3������©Ù¼êx

�â&ÑÑ&Ò¤éA��ÅL§�±�ÑØÓ�&�."~X§�â
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�ÅL§äk��ÅCþc�´ÄÕá©�Õá�Å&£½¡�ÃPÁ&¤

ÚØÕá�Å&£½¡�kPÁ&¤¶�â�ÅL§´Ä²�©�²£

ð¤&Ú�²£�ð¤&"

,	§�AÏ��ÅL§�éAqkAÏ�&�."Xpd&§ê��

Å&��"·��¡ò:0�ê��Å&"

?è�@�¹Â´ò��&E�i1S�½ÎÒS�N��,�«i1S

�½ÎÒS�"�5§?è*Ð�lÑê�½ëYê��m�N�"

?è��.µ

?èì

?è

i1S�

i1L

èi1S�

èi1L

lnØþù§?è´S��S��N�"�âØÓ�©|�ª9Ù���N

�'X�±�¤ØÓ(��è§X©|è!äè"

©|è´�ò?èì�i1S�Úèi1S��g©¤|§N�´3©|

�Ä:þÕá?1�§=�½�i1|��/(½
�½�èi1|"©|è

�±©�½��½�©|è!½��C�©|è!C��½�©|èÚC��C

�©|è"

äè´�?èìÑÑ�èi1Ø==´d�cÑ\�i1û½§��U�

±c�i1½èi1k'"äè�N�'X�±^äã�Ù/\±L«"äè

��©�½��½�äè!½��C�äè�"��±UìÙ¦A:�¤Ù¦A

Ï�äè§XN�'X�ØC�äè¡�wÄ©|è§äk�5A5�wÄ©|

è¡�òÈè�"

§21.2 lÑð&��Ç!P{Ý

½Â21.2.1. �&i1L´lÑ�§&Ò�����´lÑ��ð&

Ò¡�lÑð&"
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�lÑð#�i1L�{a1, a2, . . . , aK}§&�ÑÑS�^

{· · · , u−2, u−1, u0, u1, u2, · · · , ui, · · · }

5L«"�âð�ÅL§�½Â§&ÑÑS����k��VÇ©Ù��m

¶�ÀJvk'X§=k

P (ui, ui+1, · · · , ui+N = A) = P (uj, uj+1, · · · , uj+N = A)

Ù¥�A?�A½�i1S�"

éu¤k�Ý�N�S�ui, ui+1, · · · , ui+N , ·��±òù��S�w¤�

��ÅCþ"T�ÅCþ���H(U1U2 · · ·UN), ²þz�i1��L«�

HN(U) =
1

N
H(U1U2 · · ·UN)

½Â21.2.2.

H∞(U) = lim
N→∞

HN(U)

·K21.2.3. éuÕá�ð&§=ÃPÁð&§Kk

H(U1U2 · · ·UN) =
N∑
i=1

H(Ui) = NH(Ui), i = 1, 2, · · · , N

Ïd

H∞(U) = HN(U) = H(Ui) = H(U1) = H1(U)

¯¢þ

H(XN) = H(X1X2 · · ·XN)

= −
r∑
i1

r∑
i2

· · ·
r∑
iN

p(ai1ai2 · · · aiN ) log p(ai1ai2 · · · aiN )

= −
r∑
i1

r∑
i2

· · ·
r∑
iN

p(ai1ai2 · · · aiN ) log p(ai1)p(ai2) · · · p(aiN )
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= −
r∑
i1

r∑
i2

· · ·
r∑
iN

p(ai1ai2 · · · aiN ) log p(ai1)

−
r∑
i1

r∑
i2

· · ·
r∑
iN

p(ai1ai2 · · · aiN ) log p(ai2)

· · ·

−
r∑
i1

r∑
i2

· · ·
r∑
iN

p(ai1ai2 · · · aiN ) log p(aiN )

= −
r∑
i1

p(ai1) log p(ai1)

−
r∑
i2

p(ai2) log p(ai2)

· · ·

−
r∑
iN

p(aiN ) log p(aiN )

= H(X1) +H(X2) + · · ·+H(XN) = NH(X)

½n21.2.4. éu���ð&§eH1(U) <∞, K

H∞(U) = lim
N→∞

H(UN |U1U2 · · ·UN−1)

y²: 1)kyH∞(U)�3"

a) d&�ð5§��

H(UN−1|U1U2 · · ·UN−2) = H(UN |U2U3 · · ·UN−1) ≥ H(UN |U1U2 · · ·UN−1)

ùL²H(UN |U1U2 · · ·UN−1)�XNO�~�§u´
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NHN(U) = H(U1) +H(U2|U1) + · · ·+H(UN |U1U2 · · ·UN−2)

= H(Un) +H(UN |UN−1) + · · ·+H(UN |U1U2 · · ·UN−1)

≥ NH(UN |U1U2 · · ·UN−1)

b),��¡

NHN(U) = H(UN |U1U2 · · ·UN−1) +H(U1U2 · · ·UN−1)

= H(UN |U1U2 · · ·UN−1) + (N − 1)HN−1(U)

Ïd

NHN(U) ≤ HN(U) + (N − 1)HN−1(U)

=

HN(U) ≤ HN−1(U)

Ïd

{HN(U)}N

´üNeüS�"

2)y²

H∞(U) = lim
N→∞

H(UN |U1U2 · · ·UN−1)

Ï

(N +M)HN+M(U) = H(U1U2 · · ·UN−1) +H(UN |U1U2 · · ·UN−1) + · · ·

+H(UN+M |U1U2 · · ·UN−1UN · · ·UN+M−1)

(N +M)HN+M(U) ≤ (N − 1)HN−1(U) + (M + 1)H(UN |U1U2 · · ·UN−1)
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½

HN+M(U) ≤ N − 1

N +M
HN−1(U) +

M + 1

N +M
H(UN |U1U2 · · ·UN−1)

�½N , -M →∞§

H∞ ≤ H(UN |U1U2 · · ·UN−1) ≤ HN(U)

2-N →∞§�

H∞ ≤ lim
N→∞

H(UN |U1U2 · · ·UN−1) ≤ H∞

�

¿Âµ1)&ÑÑc�i1m���'X´&Ò��&Eþ~��Ì��

Ï"2){HN(U)}NüNeü§þ.�< H1(U)"

½Â21.2.5. P{Ý½Â�logK −H∞(U)

�éP{Ý½Â�1− H∞(U)
logK

§21.3 ì?�Ó©�5�½�?è

�!ì?�Ó©�5½n(H{5½n)

½n21.3.1. �u = u1u2 · · ·un´lÑÃPÁ&ÑÑ�?�A½S�§Ké
?��ε > 0Úδ > 0§o�3�êN0§¦���N ≥ N0§k

P{| log p(u)

N
+H∞(U)| < ε} > 1− ε

y²:∗∗�S�u = u1u2 · · ·un¥�i1ak��gê�nk(k = 1, 2, · · · , K)"l

p(u) =
K∏
k=1

p(ak)
nk

log p(u) =
K∑
k=1

nk log p(ak)
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,��¡

H∞(U) = H1(U) = −
K∑
k=1

p(ak) log p(ak)

¤±

log p(u)

N
+H∞(U) = −

K∑
k=1

(
nk
N
− p(ak)) log p(ak)

ò

nk
N

= p(ak) +4k

�\þª§¿-4max = maxk|4k|§��

| log p(u)

N
+H∞(U)| = |

K∑
k=1

4k log p(ak)|

≤ 4max

K∑
k=1

| log p(ak)|

ù�§XJ3¤k�US�¥§k�Ü©S�Ù4max÷v

4max ≤
δ∑K

k=1 | log p(ak)|
KTS�u=U÷v

| log p(u)

N
+H∞(U)| < δ

·�r÷vþª�S�¡�;.S�§¿òÙ8ÜP�G§=

G = {u) : | log p(u)

N
+H∞(U)| < δ}

Ø÷vþþª�S��8ÜP�G1"w,§G�Ö8G
C´G1�f8§e¡

�OS�á\ü�8ÜG1ÚG¥�VÇ"

éuG1§���3���l§¦�

|nl
N
− p(ak)| ≥ 4max
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XJr÷vþª��¹P�El§KG1¥¤kS��VÇ�Ú�

P (∪Kl=1El) ≤
K∑
l=1

P (El) ≤ K max
l
p(El)

Uì�ê½Æ§�Nv
��§éu?Ûl�o�±k���êN0§¦�

�N ≥ N0§k

P (El) = P (|nl
N
− p(ak)| ≥ 4max) <

ε

K
,∀ε > 0

=nl
N
�VÇÂñ�p(al)"ù�·���G1¥S��VÇ�uε

P (∪Kl=1El) < ε

¤±G¥S��VÇ�Ú�u1− ε"
�

�!&�½�?è½n

1.�o´½�?èº

½�?è´½��½�©|?è�{¡"�lÑÃPÁ&�i1L�

{a1, a2, · · · , aK}§i1oê�K¶èi1L�{b1, b2, · · · , bJ}§i1oê�J§K
½�?è´ò��N�iN����M�èi"

2.�o´lÑÃPÁ&�Ng*Ð&º

¤¢�lÑÃPÁ&�Ng*Ð&ºÒ´ù���&µ��&i1

L�{a1, a2, · · · , aK}§�A�VÇ©Ù�p(ak) : k = 1, 2, · · · , K§KTlÑÃP
Á&�Ng*Ð&�´��ÃPÁ&§Ùi1LkKN�i1§z�Ng

*Ði1dN��&i1|¤§l*Ði1�VÇ�ÙéA�N��&

i1�VÇ�È"

½n21.3.2. ��Ç�H∞(U)�lÑÃPÁð&�©¤��N�i1

|§¿^��M�èi1|?1?è§èi1L����J§Ké?¿�½�

êεÚδ§��Nv
�§�÷vØ�ª

M

N
log J > H∞(U) + δ
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Ki1|vkgCA½èi�VÇP0�±�uε.

y²:∗∗dìC�Ó©�½n§lÑÃPÁ&ÑÑ¥;.S��VÇ÷v^�

2−N(H∞(U)−δ) > p(−→u ) > 2−N(H∞(U)+δ)

�;.S�8Ü¥�S�ê8NG§Kk

1 ≥
∑
u∈G

p(−→u ) > NG2−N(H∞(U)+δ)

NG2−N(H∞(U)−δ) >
∑
u∈G

p(−→u ) > 1− ε

�;.S�8ÜG¥�S�ê8NG�

NG <
1

2−N(H∞(U)+δ)
= 2N(H∞(U)+δ)

�â½n�^�M
N

log J > H∞(U) + δ§·��±ÀJδ§¦Ù÷v

M log J ≥ N(H∞(U) + δ)

d=

JM ≥ 2N(H∞(U)+δ)

Ù¥§JM´�Uèi�oê"dª`²é;.S�8Ü¥�z�S���

�±k��éA�èi"3e5��´8ÜGC¥S�§§�k�U©Ø�èi"

�´§�âìC�Ó©�½n§�i1S��ÝNv
��§GC¥S��VÇ

�Ú�±�u?��ε§Ïd&i1|vkgCA½èi�VÇP0�±�uε"

�

§21.4 lÑÃPÁ&�C�?è

½Â21.4.1.£�AÉ�¤µ3i|�è¥§XJ¤kèiþpÉ§K¡dè

i|��AÉ�"
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~21.4.2. s1, s2, s3, s4 ��è�0, 11, 00, 01"d��AÉ�"

½Â21.4.3. ��üÂ�Èè§�áud�è�èi3��G�èS�¥§Ø

7�ëìTèi��Y�èÎÒB�ÈÑ�§K¡TüÂ�Èè�=��Èè"

½Â21.4.4. 3��C�è¥§XJvk��èi´Ù§èi�cM§Kù

�C�è¡�cMè"

½n21.4.5. (KraftØ�ª)¹K�&i1�&�^J�i1�èi1L

?1C�?è�§èi��Ý�l1, l2, · · · , lK�cMè�3��=�KraftØ�ª

K∑
k=1

J−lk ≤ 1

¤á"

y²:(1)7�5µòèi��Ý�l1, l2, · · · , lK�cMè�3��l�J�äþ§�
l ≥ maxk lk§31l�þkJ

l�(:"u´§��lk�èi3J�äþv�1l �þ

�

J l−lk�(:§K�èioOvK�1l�þ�(:ê�uJ l§=

K∑
k=1

J l−lk ≤ J l

l
K∑
k=1

J−lk ≤ 1

¿©5µ�l1 ≤ l2 ≤ · · · ≤ lK§3l1����(:��èi§¿vKÙ��ä

{§lv�J l−l1��f§�eJ l − J l−l1

Xde�§�lk��§���(:��èi§¿vKÙ��ä{§lv

�J l−lk��f§�e

J l − J l−l1 − · · · − J l−lk

�lK��§AT�e

J l −
K∑
k=1

J l−lk
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��f§d
K∑
k=1

J−lk ≤ 1

�±��

J l −
K∑
k=1

J l−lk ≥ 0

�

0

1

00(a1)

01(a2)

10

11(a4)

100(a3)

101

1010

1011

10100(a5)

10101(a6)

10110(a7)

10111(a8)

cMè���ä

½n21.4.6. ?Û���Èèþ÷vKraft Ø�ª§=

K∑
k=1

J−lk ≤ 1

Ù¥§K, J©O´i1Úèi1�oê§lk(k = 1, 2, · · · , K)´���Èè�è

i�Ý"

y²:

(
K∑
k=1

J−lk)r = (
K∑

k1=1

J−lk1 )(
K∑

k2=1

J−lk2 ) · · · (
K∑

kr=1

J−lkr )

=
K∑

k1=1

K∑
k2=1

· · ·
K∑

kr=1

J−(lk1+lk2+···+lkr )
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Ù¥lk1 + lk2 + · · · + lkr�±w¤dr�èi|¤�S�¥�èi1oê"

�k1, k2, · · · , kr©O�H1, 2, · · · , K�§ÒU�)�U�¤��ÜS�"
�ù
S�¥¹i�èi1�S��ê�ri§Ki��'�i ∈ [1, rlmax]§Ù

¥lmax = maxk lk"�k

(
K∑
k=1

J−lk)r ≤ (
rlmax∑
i=1

riJ
−i)

duTè´���Èè§Kù
èi1S��½pØ�Ó§=��i�èi

1�S��oêriØ�U�LJ
i§

K∑
k=1

J−lk ≤ (
rlmax∑
i=1

J iJ−i)
1
r = (rlmax)

1
r → 1

�

§21.5 C�?è��`?è

XJ&i1�VÇTÐ�J−lk(k = 1, 2, · · · , K)§=

(
a1 a2 · · · aK

J−l1 J−l2 · · · J−lk

)
KéT&?è���À^kJ�i1�èi1L§¿éVÇ�J−lk�i

1���Ý�lk�èi§=�±¦èi�Ý�i1VÇ�����·�§l

¦&�P{Ý��n��Ø "

½Â21.5.1. ²þè�

l =
K∑
k=1

lkp(ak)

½n21.5.2. (�à1�½n) �^J�i1�èi1Lé�Ç�H∞(U)�l

ÑÃPÁð&?1C�?è�§XJVÇ�p(ak)�&i1¤éA�è�

�lk§K²þè�7½÷v

H∞(U)

log J
≤ l ≤ H∞(U)

log J
+ 1
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?�Ú/§�·��ÄÙNg*Ð&?è�§�lN�Ng*Ð&�i

1¤éA�²þè�§Kk

NH∞(U)

log J
≤ lN ≤

H∞(U)

log J
+ 1

l

H∞(U)

log J
≤ lN
N
≤ H∞(U)

log J
+

1

N

Kk

lim
N→∞

lN
N

=
H∞(U)

log J

y²:d®���

H∞(U)− l log J = H1(U)− l log J

= −
K∑
k=1

p(ak) log p(ak)− log J
K∑
k=1

lkp(ak)

=
K∑
k=1

p(ak) log
J−lk

p(ak)

�Ä�g,éê��/§Kklog x ≤ x− 1§�\þª§��

H∞(U)− l log J ≤
K∑
k=1

p(ak)(
J−lk

p(ak)
− 1) =

K∑
k=1

J−lk −
K∑
k=1

p(ak)

éþªA^Kraft Ø�ª§Kk

H∞(U)− l log J ≤ 1− 1 = 0

,��¡§XJ·��èi�lk§¦Ù÷v

J−lk ≤ p(ak) ≤ J−(lk−1), k = 1, 2, · · · , K

éþª��>Ø�ª¦Ú§Kk

176



CHAPTER 21. &��Ç!P{ÝØ  21.5. C�?è��`?è

K∑
k=1

J−lk ≤
K∑
k=1

p(ak) = 1

�Ò´`§ù«?è÷vkraftØ�ª§¤±^Ù�EcMè´�U�§éþ

þªm>Ø�ª¦Ú§Kk

K∑
k=1

p(ak) log p(ak) <
K∑
k=1

p(ak) log J−(lk−1)

=

H∞(U) <
K∑
k=1

p(ak)(1− lk) log J = (1− l) log J

�

�EcMè��{ü�{´1952cJÑ�Huffman�{"

½n21.5.3. éu�½�lÑÃPÁ&§�3���`���è"ÙVÇ

��u)�ü��EéA�èi7½����Ý��§Ó�ü�èi�m�k�

�� è���ØÓ"

y²:�lÑÃPÁ&�.�(
X

P (x)

)
=

(
a1 a2 · · · aK

p(a1) p(a2) · · · p(aK)

)

Ø��

p(a1) ≥ p(a2) ≥ · · · ≥ p(aK)

´�

l1 ≤ l2 ≤ · · · ≤ lK

£ÄK§�p(am) > p(an), lm > ln,m < n§Kò§�éA�èi?1��§

���á�cMè§��`ègñ"¤

1)dp(a1) ≥ p(a2) ≥ · · · ≥ p(aK)§´�p(aK−1) ≥ p(aK)���§ÙéAè

ilK−1 ≤ lK���"XJlK−1 6= lK§ducMèØ�3èi�O�è�cM§

òaKéA�èi�"ãvK§¦§����=����á�?è§gñ
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2)XJ3ù
���èi¥§=¦Ø�Ä��� §§��|¤�pØ�Ó§

K�±�Kù
èi¥���� §��EU�p«O!�Ø¬��áèi�

��èi§ù�Ò���á�èi§gñ"

�

��lÑÃPÁ&�.�(
X

P (x)

)
=

(
a1 a2 · · · aK

p(a1) p(a2) · · · p(aK)

)

 ~&´�é�&ü�VÇ��ö ~¤��ÎÒ�#&§÷v(
X

P (x)

)
=

(
a′1 a′2 · · · a′K−2 a′K−1

p(a1) p(a2) · · · p(aK−2) p(a′K−1) = p(aK−1) + p(aK)

)

½n21.5.4. �C ′´,&² ~���� ~&��`cMè§òC ′¥

d�&¥���VÇ�ü�i1 ~���i1¤éA�èi��\0Ú1§�

��&���VÇ�ü�èi§Ù{èiØC§Kù����èéC´�`

�"

y²: CÚC ′÷v {
lk = l′k k = 1, 2, · · · , K − 2

lk = l′K−1 + 1 k = K − 1, K
(21.1)

C�²þè��

l =
K−2∑
k=1

p(ak)l
′
k + (l′K−1 + 1)(p(aK−1) + p(aK))

= l′ + p(aK−1) + p(aK)

¤±l′�á��Ñl�A��á"£¯¢þ§��^�yXeµb�C k�á

è§Ù²þè��lmin§�

lmin < l

KUìþ¡½n§k

lmin = l′′ + p(aK−1) + p(aK) < l′ + p(aK−1) + p(aK)
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�l′′ < l′§gñ"¤

�

~K

(
X

P (x)

)
=


i1 a1 a2 a3 a4

VÇ 1
2

1
4

1
8

1
8

èi 0 10 110 111


&�Ç�

H∞(U) = H1(U) =
7

4

²þè�l = 7
4

�éP{Ý= 1− H∞(U)

l log J
= 1−

7
4

7
4

log 2
= 0

~21.5.5. �k���VÇlÑ&§i1�s1, s2, · · · , s6"Ù?è©O�

00, 01, 100, 101, 110, 111§ ~�{Xe

S1
1

6

S2
1

6

S3
1

6

S4
1

6

S5
1

6

S6
1

6 111

110

1

3

1

6

1

6

1

6

1

6

I

101

100

1

3

1

3

1

6

1

6

II

01

00

1

3

1

3

1

3

III

11

10

2

3

1

3

IV

0

1

1.5¿d?�P{Ý�c¡½Â�«O2.T&�¤±��ù��P{Ý§

´Ï�log p(ak)þ��ê"���¹e§�Ø�ù:"

��Huffman?è�{µ
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£1¤òK�&ÎÒUìVÇ©ÙP (ai)���§±4~gSü�§�p1 ≥
p2 ≥ · · · ≥ pK

(2) òVÇ���ü�ÎÒÜ¿§��¹K − 1�ÎÒ� ~&"

(3)Ec¡�Ú½§�� ~&��2�ÎÒ§òùü�ÎÒ©O^0Ú1L

«§,�l���? ~&m©§ þ�£§Ò��éA�?è"

§21.6 lÑÃPÁ&�C�äè

C�?è�ÏL*Ð&5U?Ø �J")ûù¯K�,	�«�{Ò

´æ^äè"äè´�èiØ=��c�i1û½§��±c�i1½èi

1k'"3äè¥§?èìòÑ\��Ã���&i1S�N���Ã���

èi1S�§lèi1S�¥Ã{üÕ©Ñèi"

§21.6.1 �âè(EliasJÑ)

��lÑÃPÁ&�.�(
X

P (x)

)
=

(
a0 a1

p(a0) = 0.6 p(a1) = 0.4

)

8�:ò&uÑ�ÑÑS���éAu[0, 1]¥���¢êρ

1)ò[0, 1]©¤ü�«m§��«m[0, 0.6)Úm�«m(0.6, 1]§XJ&uÑ

�1��i1u1 = a0§K·�ò�½Â�ρ7½á3[0, 0.6]¥"¿½Â�[A1, B1]

XJu1 = a1§Kρ7½á3[0.6, 1]¥"¿½Â�[A1, B1]

2)XJ&uÑ�1��i1u2 = a0§K·�ò�½Â�ρ7½á3[A1, B1]

���«mA2, B2¥§=A1 = A2§B2 = A1 + 0.6(B1 − A1).

XJu2 = a1§Kρ7½á3[A1, B1]�m�«mA2, B2¥§=B1 = B2§A2 =

A1 + 0.6(B1 − A1).

3)Ud�{½Âe�§=XJ3&ÑÑ1n− 1�ÎÒ�§XJρ¤3�«
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m�

[An−1, Bn−1]

K�un = a0§k {
An = An−1

Bn = AN−1 + 0.6(BN−1 − AN−1)
(21.2)

K�un = a1§k {
An = AN−1 + 0.6(BN−1 − AN−1)

Bn = BN−1

(21.3)

Uìù��{§S��VÇfÐ�uρ¤3«m��Ý"�S��Ã¡S�

�§ρ¤3«m��:"

w,§þãρ�±^�?�ê5L«§=�±ò&i1S�L«¤èiL

�{0, 1}���äè"�&ÑÑ1N�i1�§&i1S��VÇ�
p(u1u2 · · ·uN) =

∏N
n=1 p(un)§èiÑÑ´d�ANÚBNü:�?�L«¥���

Ü©"d�

1

2m
>

N∏
n=1

p(un) >
1

2m+1

§21.6.2 �âè£�¡�{ìè¤��35

�âè��35�±^\ÈVÇ©Ù\±`²"

��lÑÃPÁ&�.�(
X

P (x)

)
=

(
a1 a2 · · · aK

p(a1) p(a2) · · · p(aK)

)
^8ÜØ¥~^�{òi1UÙ�IüS§¿P�a1 > a2 > · · · > aK .½

Âak�\ÈVÇ�

F (ak) =
∑
ai≥ak

p(ai)
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2½Â?��\ÈVÇ�

F (ak) =
∑
ai>ak

p(ai) +
1

2
p(ak)

Ï~�¹e§\ÈVÇ�ê��i1´��éA�§Ïd§�±òF (ak)�

�èi.F (ak)éA���?�ê§�Ùv
�� ê§¦��ak��éA=�"

��lk 5L«F (ak)§=�bF (ak)clk�ê:��clk��ê"K

F (ak)− bF (ak)clk < 2−lk

�lk = dlog2
1

p(ak)
e+ 1�§k

F (ak)− F (ak) =
1

2
p(ak) > 2−lk

�

F (ak)− bF (ak)clk < F (ak)− F (ak) =
1

2
p(ak)

ù`²Cq�bF (ak)clk uF (ak−1)�F (ak)�m"ÏddF (ak)lk ulkÚ�

�S§��^lk(bit)5£ãxk®v

"�dè�=�è"

a1 a2 ak

F (ak)

F (ak)

P (ak)

1

aK

ã \È©Ù¼ê
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~K: ��lÑÃPÁ&�.�

ak p(ak) F (ak) F (ak) F (ak)�?�L« lk èi Huffman?è

a1 0.25 0.25 0.125 0.001 3 001 10

a2 0.50 0.75 0.5 0.010 2 10 0

a3 0.125 0.875 0.8125 0.1101 4 1101 110

a4 0.125 1.00 0.9375 0.1111 4 1111 111



~K: ��lÑÃPÁ&�.�

ak p(ak) F (ak) F (ak) F (ak)�?�L« lk èi Huffman?è

a1 0.25 0.25 0.125 0.001 3 001 01

a2 0.25 0.5 0.375 0.011 3 011 10

a3 0.205 0.70 0.60 0.10011 4 1001 11

a4 0.15 0.85 0.775 0.1100011 4 1100 000

a5 0.15 1.00 0.925 0.1110110 4 1110 001


þ¡ü�~fL²§�âè�JØÐ"

éu��N�&i1S�§Ó��±\±üS"

§21.7 lÑ�ê��Å&��Ç

·�ïÄ�a�é{ü��lÑð&§3ùa&¥§&3,���

uÑi1�VÇØ�Ti1k'	§��dc�k��i1k'"·�½ÂùA

�i1���G�§K&3,���uÑi1�VÇØ�Ti1k'	§��

T��&¤?�G�d'§�&L��G�Ã'§Ï�ò5�G���û

uy3�G�9Ù�uÑ�i1"ò5��y3ÚL�u)éX§��y3�G

��(½§ò5�G�Ø2¬�L�kéX"ùa&Ò´ê��Å&"

§7.1ê��Åó�Ä�Vg

�&i1L�{a1, a2, · · · , aK}§&ÑÑS��u1u2 · · ·uN"XJ&Ñ
Ñ?�i1�VÇ��dc�m�i1k'§K�òdm�i1|¤��«�U

�S�·¶�G�{1, 2, · · · , S}§Ù¥S = Km"�����G�P�s1s2 · · · sN"
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&3��ndG�i?\��n+1�G�j�VÇ¡�=£VÇ§P�qij(n)§

=qij(n) = P (sn+1 = j|sn = i)"

XJqij(n)�nÃ'§K¡�àg�ê��Åó"

q
(m)
ij (n) = P (sn+m = j|sn = i)

�mÚ=£VÇ"

àg�ê��Åó�±^ÙG�=£ã5L«"XJq
(n)
ij > 0§K¡i�±�

�j¶XJü�G��±�p��§K¡dG��Ï¶XJ��G�²LeZÚ

±�oU��,�Ù¦G�§�ØUlÙ¦G��£§K¡dG��LÞ�¶�

��Ulg��£g�ØU��Ù¦?ÛG��G�¡�áÂ�¶XJ²L

k�Ú�´@��£�G�¡�~��¶3~��¥§k
G�=�nU�,�

êd�ê�§âkq
(n)
ij > 0§K¡dG��±Ï5�¶�±Ï5�!~��G�¡

� {G�"

XJG�¥�,�f8¥�?Û�G�ÑØU��Tf8±	�?ÛG�§

K¡Tf8�48§48¥Øg�	2vkÙ¦48�48¡�Ø���½Q�

�"5¿§éu��Q��ê��Å&ó§l?��G�Ñu§²Lk¡Ú

��Ù¦?Û��G��VÇÑ´��"

��Ø���!�±Ï�!G�k��ê��Åó§ÙnÚ=£VÇq
(n)
ij 3n→

∞ �ªu��ÚÐ©G�Ã'�4�VÇp(j)§§´÷v�§|

p(j) =
∑
i

p(i)qij,
∑
i

p(j) = 1

���)¶¡p(j)�ê��Åó���²©Ù§�p(j)Ò´XÚ?uG

�j�VÇ"¤±��ê��Åól��Q��!H{�G�8ÜÑu§²Lv


���m±�§dê��Åó�ðÚH{�"

½n21.7.1. H∞(U) =
∑S

j=1 P (j)H(U |s = j)

duê��Å&i1©ÙØþ!±9&i1S�c�m��å'X§¦

�ê��Å&��Ç��"
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�ó©i´ê��Å&�¢~"±=©�~§Ùi1�VÇ©ÙØþ!§

�z��i1��)VÇ�Éc¡i1�K�"�3Ö7��Ù"�uy<M

Ø�§k�U/ÏmÞ�SN5ßÿ��"=©i1�u)VÇ3�Äc5��

mi1��ÒCzØ�"ù`²^��5�ê��Å&5Cq¢S�=©&

Ò®²v
°(
"

§21.7.1 lÑê��Å&�?è½n��`?è

½n21.7.2. (ê��Å&�C�?è½n) �^J�i1�èi1Lé�

Ç�H∞(U) �lÑê��Å&?1C�?è�§Ù²þè�l7½÷v

H∞(U)

log J
≤ l ≤ H∞(U)

log J
+

1

N

Ù¥N´&i1©|��Ý"

~21.7.3. k��lÑðH{ê��Å&"d&kn�i1a, bÚc§Ó

�kn«G�1,2Ú3§d&��Ú=£VÇXeµ

q11 = 1
3
, q12 = 1

3
, q13 = 1

3

q21 = 1
4
, q22 = 1

2
, q23 = 1

4

q31 = 1
4
, q32 = 1

4
, a33 = 1

2

3�«G�ei1a, bÚc�VÇ©O�

P (a|s = 1) = P1(a) = 1
3
, P1(b) = 1

3
, P1(c) = 1

3

P (a|s = 2) = P2(a) = 1
4
, P2(b) = 1

2
, P2(c) = 1

4

P (a|s = 3) = P3(a) = 1
4
, P3(b) = 1

4
, P3(c) = 1

2

dT&�²©Ù�§|

p(j) =
3∑
i=1

p(i)qij,
3∑
j=1

p(j) = 1

�±)�

P (1) =
3

11
, P (2) =

4

11
, P (3) =

4

11

ð�i1a, bÚc�VÇ©O�
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P (a) =
3∑
i=1

p(i)qi(a) =
3

11
,

P (b) =
3∑
i=1

p(i)qi(b) =
4

11
,

P (c) = 1− P (a)− P (b) =
4

11

Kdê��Å&��Ç�

H∞(U) =
3∑
j=1

P (j)H(U |s = j)

=
3

11
log 3 +

4

11
log 2

3
2 +

4

11
log 2

3
2

(1)XJd&w¤ÃPÁ&§�é²��i1UÙVÇ?1C��

Huffman?è§K��

a→ 01

b→ 00

c→ 1

d�²þè��l = 18
11
"

(2)XJUê��Å&?1C��Huffman?è§K3ØÓG����Ùè

iÚ²þè�Xe

G�1�§k

a→ 1, b→ 00, c→ 01, l1 =
5

3

G�2�§k

a→ 10, b→ 0, c→ 11, l2 =
3

2

G�3�§k

a→ 10, b→ 11, c→ 0, l3 =
3

2
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d�o�²þè��l = p(1)l1 + p(2)l2 + p(3)l3"

5¿µr

p(j) =
∑
i

p(i)qij,
∑
i

p(j) = 1

�¤Ý
�/ª§½NO��{B�:"�W = (p(1), p(2), · · · , p(Km))§P =

(qij)§l��

WP = P

=

W (P − I) = 0,
∑
i

p(i) = 1

1

a :
1

3

b :
1

3

2

a :
1

4

b :
1

2

3

c :
1

2

c :
1

4

b :
1

4

a :
1

4
c :

1

3

121ÙSK

1.��ÅCþ±�V�M«�U�"

(1) ÁX�Ñd&��`��cMè¶

(2) M�Û��§²þè�L = log2M"

2.�k����ê��Å&X§Ù&ÎÒ8�{0, 1}§̂ �VÇ©O�

p(0/00) = p(1/11) = 0.8
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p(1/00) = p(0/11) = 0.2

p(0/01) = p(0/10) = p(1/01) = p(1/10) = 0.5

ÁXO�d&��Ç"

3. �kê��Å&Xeã§Á¦:

k��lÑðH{ê��Å&"d&kn�i1a, bÚc§Ó�kn«

G�1,2Ú3§

G�1�2kü^´»§�^�)i1b§ÙVÇ�1
4
§,	�^�)i1a§Ù

VÇ�1
2
¶G�2�2k�^´»§�)i1b§ÙVÇ�1

2
¶G�1�3��)i1c§

ÙVÇ�1
4
¶G�3�1��)i1a§ÙVÇ�1¶G�2�3��)i1c§ÙVÇ

�1
2
"

Á¦µ(1)&��Ç¶

(2)&�k�?è9²þèi�"

4. �lÑÃPÁ&�i1L�{ai}, i = 1, 2, · · · , 7§�i1�ÑyVÇ
�0.3, 0.25, 0.15, 0.1, 0.1, 0.05, 0.05§ÁX�E��Ún�Huffman ?è"

5.�klÑÃPÁ&�i1L9��i1�VÇXeL¤«§W�eL

ak p(ak) F (ak) F (ak) F (ak)�?�L« lk èi

a1 0.25

a2 0.25

a3 0.20

a4 0.125

a5 0.125

a6 0.005
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1���Ù &�Nþ9Ùk�|^

&�=&EDÑ�Ï�"&EDÑ�ÔnÏ�§X>C!1n!>ÅDÙ�

�m!1Å�´��"&EØ¥ïÄ�&���)@
�
3�mþò&E?1

DÑ�&�§XU�!1��"

§22.1 &��.�©a

(1)UÑ\!ÑÑ&Ò3ÌÝÚ�mþ���©aµlÑ&�(½êi&�)!

ëY&��"

(2)UÑ\!ÑÑ�m�PÁ55y©µkPÁ©a!ÃPÁ©a�"&�Ñ

Ñ��&�T���Ñ\k'�Ù¦���Ñ\Ã'§́ ÃPÁ�"

(3)UÑ\!ÑÑ&Ò�m�'X´Ä(½5y©µkD(&�!ÃD(&�

�

§22.2 lÑÃPÁ&�9&�Nþ

Ñ\X�gi1LAX = {a1, a2, · · · , aK}§

ÑÑY�gi1LBY = {b1, b2, · · · , bJ}"Ñ\/ÑÑ�ÚO'X^q(bj|ak)¤
|¤�Ý
QL«"

Q =


q11 q12 · · · q1J

q21 q22 · · · q2J

· · · · · ·
qK1 qK2 · · · qKJ


½

b1 b2 · · · bJ
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Q =

a1

a2

...

aK


q11 q12 · · · q1J

q21 q22 · · · q2J

· · · · · ·
qK1 qK2 · · · qKJ


Ý
Q¡�c�=£Ý
"��&�dÑ\i1L!ÑÑi1L!&�Ý


nÜ©(½"

a1

a2

...

aK

→ Q(Y |X)→

b1

b2

...

bJ

~22.2.1. ü��{ü&�: ��é¡&�

Q1 =

(
1− ε ε

ε 1− ε

)
Ù¥ε ¡��ØDÑVÇ

��íØ&�

Qb =

(
1− ε 0 ε

0 1− ε ε

)

1− ε
a1 b1

ε

b2

ε

a2
1− ε

1− ε
a1 b1

ε

b3

ε

a2
1− ε

b2

ã4)1 ��é¡&� ã4)2 ��íØ&�

·K22.2.2. éuz��&�§bXp(a1), p(a2), · · · , p(aK)®�§K

p(b1), p(b2), · · · , p(bJ)�±ÏLeª¦�"
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p(a1)q11 + p(a2)q21 + · · ·+ p(aK)qK1 = p(b1)

p(a2)q12 + p(a2)q22 + · · ·+ p(aK)qK2 = p(b2)

· · · · · ·
p(a1)q1J + p(a2)q2J + · · ·+ p(aK)qKJ = p(bJ)

(22.1)

��§XJ®�ÑÑi1�p(b1), p(b2), · · · , p(bJ)9&�Ý
Q§KØ�½U

¦�p(a1), p(a2), · · · , p(aK)"

·K22.2.3. |^��dúª��

p(ai|bj) =
p(bj|ai)p(ai)

p(bj)

~22.2.4. �½����&�A = {0, 1}, B = {0, 1}±9

Q =

(
2
3

1
3

1
10

9
10

)
2�p(a = 0) = 3

4
, p(a = 1) = 1

4

)µ

p(b = 0) =
3

4
× 2

3
+

1

4
× 1

10
=

21

40

p(b = 1) =
3

4
× 1

3
+

1

4
× 9

10
=

19

40

9

p(a = 0|b = 0) =
3
4
× 2

3
21
40

=
20

21

p(a = 1|b = 1) =
1
4
× 9

10
19
40

=
9

19

9

p(a = 1|b = 0) = 1− 20

21
=

1

21
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p(a = 0|b = 1) = 1− 9

19
=

10

19

�

�&�Ñ\àÑ\S�x1x2 · · ·xN§ÑÑà�ÑÑ�y1y2 · · · yN§KÑ\�Ñ
Ñà�p&E�I(X1X2 · · ·XN ;Y1Y2 · · ·YN)"��&EDÑ�Ï�§·�F"Ï

L�&Eþ�õ�Ð§¤±���¹e§·�½Â

½Â22.2.5. &�Nþ�

C = lim
N→∞

1

N
max I(X1X2 · · · , XN ;Y1, Y2, · · · , YN)

&�NþL«ÏL&��±DÑ���&Eþ"£ÃPÁ��±{z"¤

½n22.2.6. éulÑ�ÃPÁ&�k

I(X1X2 · · · , XN ;Y1, Y2, · · · , YN) ≤
N∑
n=1

I(Xn;Yn)

�Ò¤á��=�Ñ\S��Õá�ÅS�£=&´lÑÃPÁ¤"

y²µ

q(y|x) = q(y1y2 · · · , yN |x1x2 · · · , xN) =
N∏
n=1

q(yn|xn)

I(X1X2 · · · , XN ;Y1, Y2, · · · , YN) = I(X;Y) = H(Y)−H(Y|X)

H(Y) = H(Y1) +H(Y2|Y1) + · · ·+H(YN |Y1Y2 · · ·YN−1) ≤
N∑
n=1

H(Yn)

H(Y|X) =
N∑
n=1

H(YN |XN)

¯¢þ§éulÑ�ÃPÁ&�k
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H(Y|X) = −
∑
−→x ,−→y

p(x1x2 · · · , xN , y1y2 · · · , yN) log(
N∏
n=1

q(yn|xn))

= −
N∑
n=1

∑
x,y

p(x,y) log q(yn|xn)

= −
N∑
n=1

∑
xn,yn

p(xn, yn) log q(yn|xn)

=
N∑
n=1

H(Yn|Xn)

Ïd§élÑÃPÁ&�§

I(X;Y) ≤
N∑
n=1

I(Xn;Yn)

��=�Ñ\S��Õá�ÅS�£=&´lÑÃPÁ¤,

p(x) =
N∏
n=1

p(xn)

d�

p(y) =
∑
x

p(x)q(y|x)

=
∑
x

N∏
n=1

p(xn)
N∏
n=1

q(yn|xn)

=
∑
x

N∏
n=1

p(xn)q(yn|xn)

=
N∏
n=1

p(yn)

�
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H(Y) =
N∑
n=1

H(Yn)

lk

I(X,Y) =
N∑
n=1

I(Xn;Yn)

�

íØ22.2.7. lÑ�ÃPÁ&�&�Nþ

C = max−→p
I(−→p ,Q)

Ù¥−→p�Ñ\i1�VÇ©Ù"

y²µÏ�

I(X;Y) ≤
N∑
n=1

I(Xn;Yn)

�&ð�§

I(Xn;Yn) = I(X;Y ) =
K∑
k=1

J∑
j=1

p(ak)q(bj|ak) log
q(bj|ak)∑K

i=1 p(ai)q(bj|ai)

§��±L«�I(−→p ,Q). Ïd

I(X;Y) ≤ NI(−→p ,Q)

�

C = max−→p
I(−→p ,Q)

ù�ê��L
ÏLTlÑÃPÁ&�DÑ&E����Ç"

�

lTíØ��§élÑÃPÁ&�ó§¦&�Nþ§��¦I(−→p ,Q)���

�"d12Ù�§I(−→p ,Q)´p(x)�þà¼ê§́ q(y|x)�eà¼ê§�I(−→p ,Q)�
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éup7k���4���3§T4��Ò´���"ù����k3e¡ü�

^�eâU��µ

(1) &�Ñ\�i1S����Õá��ÅS�§=�¦&´lÑÃPÁ

�"

(2) &�Ñ\i1�VÇ©Ù�¤k�U¥U¦p&EþI(−→p ,Q)����

��©Ù"

�,ùØ´`&�NþdÑ\i1�VÇ©Ùû½"AT`§&�Nþò�

�ûu&��c�=£VÇÝ
"

§22.3 lÑÃPÁ&�Nþ�O�

¦I(−→p ,Q)3�å^�

{ ∑K
k=1 p(ak) = 1

p(ak) ≥ 0
(22.2)

e����"

½n22.3.1. �f(x)´½Â3¤k©þþ�K��Ã�¥þ�mþ���e

à¼ê§M = min f(x) ´3d�mþ����, Kx = x∗�U��d���M�

¿©7�^�´

∂f(x)

∂xn
|x=x∗ = 0 �xn > 0�

∂f(x)

∂xn
|x=x∗ ≥ 0 �xn = 0�

y²µf(x)��©eà§XJ4�:Ø3>.þ§KÙ4��=����"

∂f(x)

∂xn
|x=x∗ = 0 �xn > 0�

XJ4�:3>.þ§KÙ¿©7�^�´f(x)÷dxn = 0�©þ�S�Ù

�O\§=
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∂f(x)

∂xn
|x=x∗ ≥ 0�xn = 0�

�

5¿µ1) éA��þà¼ê§�Iòþ¡Ø�Ò��=�"

2)I(−→p ,Q)´þà¼ê§Ïd·�k

½n22.3.2. (lÑÃPÁ&�Nþ½n) éc�=£VÇÝ
�Q�lÑÃ

PÁ&�§ÙÑ\i1�VÇ©Ùp∗U¦I(−→p ,Q)�����¿©7�^�´

I(x = ak;Y )|p=p∗ = C,�p∗(ak) > 0�

I(x = ak;Y )|p=p∗ ≤ C,�p∗(ak) = 0�

Ù¥

I(x = ak;Y )|p =
J∑
j=1

q(bj|ak) log
q(bj|ak)
p(bj)

´&i1Dx�²þp&E§Ò´ù�&��&�Nþ"

y²µ®�&�Nþ´3�å^�

K∑
k=1

p(ak) = 1

eI(−→p ,Q)����"Uì.�KF¦ê{§½Â

g(p) = I(−→p ,Q)− µ(
K∑
k=1

p(ak)− 1)

´�g(p)E´þà¼ê§¤±

∂g(p)

∂p(an)
|p=p∗ = 0 �an > 0�

∂g(x)

∂p(an)
|p=p∗ ≥ 0 �an = 0�
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∂g(p)

∂p(an)
=

∂

∂p(an)
[
K∑
i=1

p(ai)
J∑
j=1

q(bj|ai) log
q(bj|ai)
p(bj)

]− µ

=
J∑
j=1

q(bj|ak) log q(bj|ak)−
J∑
j=1

q(bj|ak) log p(bj)

−
J∑
j=1

p(bj)
q(bj|ak)
p(bj)

log e− µ

=
J∑
j=1

q(bj|ak)
log q(bj|ak)

log p(bj)
− log e− µ

= I(x = ak;Y )− log e− ν

Ïd

I(x = ak;Y ) = µ+ log e,�p(ak) > 0�

I(x = ak;Y ) = µ+ ≤ e,�p(ak) = 0�

-C = log e+ µ§=�¤�(J"d�

I(X;Y ) = ΣK
k=1p(ak)I(x = ak;Y ) = C

�

d½n¤�(J�±k��é{ü��*n)"ÏL&�DÑ�p&Eþ

I(X;Y )´I(x = ak;Y )�²þ�"XJ,�ak�Dx�p&EI(x = ak;Y )'Ù

¦i1�Dx�p&Eþ�§·�Ò�^Jpp(ak)��{¦o�&EþO\"�

�·�Jpp(ak)�§I(x = ak;Y )7,~�§ù´Ï�

I(ak;Y ) = I(X;Y ) =
K∑
k=1

J∑
j=1

q(bj|ak) log
q(bj|ak)

ΣK
i=1p(ai)q(bj|ai)

�p(ak)O\�§q(bj|ak)Ò�\�Cp(bj)"Ïd^d�{�EN�Ñ\i1
�VÇ©Ù§�ª7,¦�¤ki1�p&EI(x = ak;Y )��§d�N��7

��ª�§p&EþI(X;Y )����"
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§22.4 ,
{ü�¹e&�Nþe�)

½Â22.4.1. ¤¢é¡&�§=�&�§ÙÑÑi1�8Ü�±y©�eZ

f8Ü§éuz�f8Üó§Ùc�VÇÝ
¥z�1Ñ´Ù§1�����

ü�"z��qÑ´Ù§����ü�"

5¿µé¡&��&�Ý
Ø�½´êÆ¥�é¡Ý
"

½n22.4.2. éué¡�lÑÃPÁ&�§�Ñ\i1�VÇ=��&�N

þ"

y²µ�&��Ñ\i1�V©Ù§=p(ak) = 1
K
, ∀k

I(x = ak;Y ) =
J∑
j=1

q(bj|ak) log
q(bj|ak)
p(bj)

=
J∑
j=1

q(bj|ak) log
q(bj|ak)

1
K

∑K
i=1 q(bj|ai)

òÑÑi1©¤eZf8§3z�f8ÜSÜ§ÙÑÑi1�VÇp(bj)´�

Ó�, ù´Ï�

p(bj) =
1

K

K∑
i=1

q(bj|ai)

¤±

q(bj|ak)I(x = ak; y = bj) = q(bj|ak) log
q(bj|ak)
p(bj)

¤|¤�Ý
ÓQÝ
k�Ó�A5§=3ÑÑi1y©��Af8ÜS

Ü§Ù�1£½��¤Ñ´Ù§1£½��¤���ü�"lk

q(bj|ak)I(x = ak; y = bj), i = 1, 2, · · · , n

é¤±�kþ��§u´I(x = ak;Y )þ��.

�

~22.4.3. ¦��é¡&�Ú��íØ&��&�Nþ"
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{ü�¹e&�Nþe�)

)µéu��é¡&�§k

p(b1) =
2∑
i=1

p(ak)q(b1|ak) =
1

2

p(b2) = p(b1) =
1

2

I(x = ak;Y ) =
2∑
j=1

q(bj|ak) log
q(bj|ak)
p(bj)

= (1− ε) log
1− ε

1
2

+ ε log
ε
1
2

= 1−H(ε)

¤±

C = 1−H(ε)

éu��íØ&�§

p(b1) =
2∑
i=1

p(ak)q(b1|ak) =
1

2
(1− ε)

p(b2) =
2∑
i=1

p(ak)q(b2|ak) =
1

2
(1− ε)

p(b3) = ε

I(x = ak;Y ) =
3∑
j=1

q(bj|ak) log
q(bj|ak)
p(bj)

= (1− ε) log
1− ε

1
2
(1− ε)

+ ε log
ε

ε
= 1− ε

¤±

C = 1− ε

�

~K1µ�küÎÒ�lÑ&�§Ù&�Ý
�

a1 a2 · · · ar
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Q =

a1

a2

...

ar


1− ε ε

r−1
· · · ε

r−1
ε
r−1

1− ε · · · ε
r−1

· · · · · ·
ε
r−1

ε
r−1

· · · 1− ε


KT&�¡�ré¡&�"

H(Y |X) = Σr
i=1Σr

j=1p(ai)p(aj|ai) log p(aj|ai)

= −p(a1){p(a1|a1) log p(a1|a1) + · · ·+ p(ar|a1) log p(ar|a1)}

−p(a2){p(a1|a2) log p(a1|a2) + · · ·+ p(ar|a2) log p(ar|a2)}

· · ·

−p(ar){p(a1|ar) log p(a1|ar) + · · ·+ p(ar|ar) log p(ar|ar)}

= p(a1)H(1− ε, ε

r − 1
,

ε

r − 1
, · · · , ε

r − 1
)

+p(a2)H(
ε

r − 1
, 1− ε, ε

r − 1
, · · · , ε

r − 1
)

· · ·

+p(ar)H(
ε

r − 1
,

ε

r − 1
,

ε

r − 1
, · · · , 1− ε)

= H(1− ε, ε

r − 1
,

ε

r − 1
, · · · , ε

r − 1
)

= H(ε) + ε log(r − 1)

¤±
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{ü�¹e&�Nþe�)

C = max
p(x)
{I(X;Y )} = max

p(x)
{H(Y )−H(Y |X)}

= max
p(x)
{H(Y )−H(ε) + ε log(r − 1)}

= max
p(x)
{H(Y )} −H(ε)− ε log(r − 1)

= log r −H(ε)− ε log(r − 1)

~K2µ�küÎÒ�lÑ&�§Ù&�Ý
�

0 1

Q =
0

1

(
3
4

1
4

1
4

3
4

)
aq/§

C = log 2−H(
1

4
)

~K3µ�küÎÒ�lÑ&�§Ù&�Ý
�

b1 b2 b3 b4

Q =

a1

a2

a3

a4


0 0 1 0

1 0 0 0

0 0 0 1

0 1 0 0


dK�§T&����ÃD(&�§l�É�Y§���±(½X§�X�

(½Y§÷vH(X|Y ) = H(Y |X) = 0§�k

C = max{I(X;Y )} = max{H(X)−H(X|Y )} = max{H(X)} = log 4 = 2

~K4µ�küÎÒ�lÑ&�§Ù&�Ý
�
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b1 b2 b3

Q =

a1

a2

a3

a4

a5

a6



1 0 0

1 0 0

0 1 0

0 1 0

0 0 1

0 0 1


dK�§T&��8¿5ÃD(&�§÷vH(Y |X) = 0§�k

C = max{I(X;Y )} = max{H(Y )−H(Y |X)} = max{H(Y )} = log 3

ÎÒ��&�Nþ�§k

p(b1) = p(b2) = p(b3) =
1

3

|^�VÇúª�

���&�Nþ��Ñ\ÎÒVÇ©ÙØ��§X��

p(b1) = p(a1) + p(a2) =
1

3

p(b2) = p(a3) + p(a4) =
1

3

p(b3) = p(a5) + p(a6) =
1

3

���&�Nþ��Ñ\ÎÒVÇ©ÙØ��

~K5µ�küÎÒ�lÑ&�§Ù&�Ý
�

b1 b2 b3 b4 b5 b6 b7 b8 b9 b10

Q =

a1

a2

a3


0.1 0.2 0.3 0.4 0 0 0 0 0 0

0 0 0 0 0.3 0.7 0 0 0 0

0 0 0 0 0 0 0.4 0.2 0.1 0.3
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dK�§T&��u�.ÃD(&�§÷vH(X|Y ) = 0§�k

C = max{I(X;Y )} = max{H(X)−H(X|Y )} = max{H(X)} = log 3

ÎÒ��&�Nþ�§k

p(a1) = p(a2) = p(a3) =
1

3

~K6µ �k��lÑ&�§Ù&�Ý
�

P =

(
p− ε p− ε 2ε

p− ε p− ε 2ε

)

¦&�Nþ.

)µù´é¡&�§��V���&�Nþ"

p(b1) = p(b2) = 1
2
− ε, p(b3) = 2ε.

I(x = a1; y) = I(x = a2; y) = (p − ε) log(p − ε) + (p − ε) log(p − ε) − (1 −
2ε) log(1

2
− ε).

~K7µ =©26�i1¥z�±0.5�VÇE�¤§��§±0.5�VÇC¤

e��i1"¦&�Nþ

)µ

I(X;Y ) = H(Y )−H(Y |X) = H(Y )− 1

�C = max(H(Y )− 1) = log 26− 1 = log 13

§22.5 ���¹e&�Nþ�)

cJ^�µ|Q| 6= 0

Ï�C = I(x = ak;Y ) =
∑J

j=1 q(bj|ak) log
q(bj |ak)

p(bj)
§k = 1, 2, · · · , K, �

J∑
j=1

q(bj|ak) log q(bj|ak) = C +
J∑
j=1

q(bj|ak) log p(bj), k = 1, 2, · · · , K
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l�����§|



∑J
j=1 q(bj|a1) log q(bj|a1) = C +

∑J
j=1 q(bj|a1) log p(bj)∑J

j=1 q(bj|a2) log q(bj|a2) = C +
∑J

j=1 q(bj|a2) log p(bj)

· · · · · ·∑J
j=1 q(bj|aK) log q(bj|aK) = C +

∑J
j=1 q(bj|aK) log p(bj)

p(b1) + p(b2) + · · ·+ p(bJ) = 1

(22.3)

d�§|¹K + 1��§§��ê�p(b1), p(b2), · · · , p(bJ) 9C"



p(a1)q11 + p(a2)q21 + · · ·+ p(aK)qK1 = p(b1)

p(a2)q12 + p(a2)q22 + · · ·+ p(aK)qK2 = p(b2)

· · · · · ·
p(a1)q1J + p(a2)q2J + · · ·+ p(aK)qKJ = p(bJ)∑K

k=1 p(ak) = 1

(22.4)

dd�±)Ñp(ak), k = 1, 2, · · · , K
?�Ú/§

−H(Y |x = ak) = C
J∑
j=1

q(bj|ak) +
J∑
j=1

q(bj|ak) log p(bj), k = 1, 2, · · · , K

=

−H(Y |ak) =
J∑
j=1

q(bj|ak)[C + log p(bj)], k = 1, 2, · · · , K

-

βj = C + p(bj), j = 1, 2, · · · , J

Ïd

Q


β1

β2

· · ·
βJ

 = −


H(Y |a1)

H(Y |a2)

· · ·
H(Y |aJ)
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Ïd 
β1

β2

· · ·
βJ

 = −Q−1


H(Y |a1)

H(Y |a2)

· · ·
H(Y |aJ)


�

p(bj) = 2βj−C

q
J∑
j=1

2βj−C = 1

�

C = log2(
J∑
j=1

2βj)

~Kµ�kü�lÑ&�§Ù&�Ý
©O�

P =

[
1 0
1
3

2
3

]

Q =

(
0.50 0.25 0.125 0.125

0.25 0.50 0.125 0.125

)
¦§��&�Nþ.

)µ(1)-ε = 1
3
,[

β1

β2

]
= −P−1

[
0

ε log 1
ε

+ (1− ε) log 1
1−ε

]
= − 1

1−ε

[
1− ε 0

−ε 1

][
0

H(ε)

]

=

[
−1 0

1
2
−3

2

][
0

log 3− 2
3

]

�C = log(1 + 23H( 1
3

)) = log(1 + 2−
3
2

log 3+1)
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(2)ù´é¡&�§��V���&�Nþ"

C = I(X, Y ) = H(Y )−H(Y |X) =
5

4
− 3

4
log 3

§22.6 ?é&�Ú¿é&��&�Nþ

1. ?é&�=�±n)¤Gé&�"&�1�ÑÑTÐ�&�2�Ñ\"

2. ?é&��&�NþO��{µ�N�&�?é§�&��c�=£VÇ

Ý
©O�Q1, Q2, Q3, · · · , QN"|^?é&��Ñ\!ÑÑ|¤ê��Åó�

±y²§o�?é&��c�=£VÇÝ
�

Q = Q1Q2Q3 · · ·QN =
N∏
n=1

Qn

~22.6.1. ¦N��Ó���é¡&�|¤�&�?é�&�Nþ"

)µ�ü���é¡&��c�=£VÇÝ
�

Q0 =

(
1− ε ε

ε 1− ε

)

N��Ó���é¡&�|¤�&�?é�c�=£VÇÝ
�Q = QN
0 "

duQé¡§�^��C�=z�é�Ý
§=

T−1Q0T = Λ =

(
1 0

0 1− 2ε

)

Ù¥

T =

√
2

2

(
1 1

−1 1ε

)
= T−1

¤±

Q = QN
0 = TΛNT−1
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= T

(
1 0

0 (1− 2ε)N

)
=

1

2

(
1 + (1− 2ε)N 1− (1− 2ε)N

1− (1− 2ε)N 1 + (1− 2ε)N

)

Ù�ØD4VÇ�

1

2
[1− (1− 2ε)N ]

�Ù&�?é�&�Nþ

CN = 1−H(
1

2
[1− (1− 2ε)N ])

�N →∞�§&�?é�c�=£VÇÝ
�

lim
N→∞

Q =

(
1
2

1
2

1
2

1
2

)

d�Ù&�?é�&�Nþ�

lim
N→∞

CN = 1−H(
1

2
) = 0

�

3.¿é&�n«�ªµÑ\¿�&�!¿^&�!Ú&�"

§5.3.1 Ñ\¿�&�§=Ñ\à�^�¿é&��&�Nþ£éJ¦¤

I(X;Y1Y2 · · ·YN) = I(X;YN) + I(X;Y1|YN) + · · ·+ I(X;YN−1|Y1Y2 · · ·YN)

L²¿�&��&�Nþ�½�uÙ¥?¿��|¤&��&�Nþ

I(X;Y1Y2 · · ·YN) ≤ H(X)−H(X|Y1Y2 · · ·YN) ≤ H(X)

d�¿�&��&�Nþ���þ.
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§22.6.1 ¿^&��&�Nþ£=²1|Ü&��&�Nþ¤

¿^&��VÇA�µ

p(y1y2 · · · yN |x1x2 · · ·xN) =
N∏
n=1

p(yn|xn)

Ïd

I(X;Y) = H(Y)−H(Y|X) = H(Y)−
N∑
n=1

H(Yn|Xn)



H(Y) ≤
N∑
n=1

H(Yn)

¤±

I(X;Y) ≤
N∑
n=1

[H(Yn)−H(Yn|Xn)] =
N∑
n=1

I(Xn;Yn)

¿^&��&�Nþ�

C = max
p(x)

I(X;Y) = max
N∑
n=1

I(Xn;Yn) ≤
N∑
n=1

Cn

§22.6.2 Ú&��&�Nþ

�Ú&�kN�|¤&�§ec�=£VÇÝ
©O�Q1, Q2, Q3, · · · , QN§

1n�&�Ñ\i1oê�Kn,ÑÑi1oê�Jn§=£VÇÝ
�qn(bjn|akn),

K

Q =


Q1

Q2

· · ·
QN


�1n�&��¦^VÇ�pn(C)�§K1n�&�¥

In(akn ;Y ) =
Jn∑
jn=1

qn(bjn|akn) log
qn(bjn |akn)

pn(C)
∑Kn

i=1 pn(ai)qn(bjn|ai)
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In(akn ;Y ) = Cn + log
1

pn(C)
= C

q

N∑
n=1

pn(C) = 1

Ú&��&�Nþ�

C = log
N∑
n=1

2cn

d�

pn(C) = 2cn−C

§22.7 ÑÑi1VÇ©Ù��5

½n22.7.1. ¦p&E��&�Nþ�ÑÑVÇ©Ù����"?Û��ù

�ÑÑVÇ�Ñ\VÇÑU¦�p&Eþ��&�Nþ"

½n22.7.2. 3��&�Nþ�§XJÑ\VÇ©Ù¥äk0VÇ�i1oê

����§Kd��0VÇ����(½§�ù
�0VÇ�Ñ\i1oêØ¬�

ÑÑÑi1�oê"

§22.8 &�Nþ�S��{

&�9&�Nþ�&EØÄ�Vg��§��Ï&nØÚó§ïÄ�Ä�¯

K��"�Ù8�3uïá'u&�!&�Nþ�ïÄ�{§¿vk�9XÛ¢

yù
�."éulÑÃPÁ&�ó§Ù&�Nþ�k��){µS�{"

½n22.8.1. �&��c�=£Ý
�Q = (Q(yj|xi)K×J)§P 0´?��Ñ\

i1���Ð©VÇ©Ù§Ù¤k©þP 0(xk) 6= 0"UìeªØä/éVÇ©Ù

?1S�§�#µ

P r+1 = P r(xk)
βk(P

r)∑K
i=1 P

r(xi)βi(P r)

Ù¥
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βk(P
r) = exp[I(X = xk;Y )]|P=pr

= exp{
J∑
j=1

Q(yi|xk) log
Q(yi|xk)∑K

i=1 P
rQ(yi|xk)

}

dd¤�I(P r, Q)S�Âñu&�NþC"£dL§�±�¤�{±B?§¢

y¤

e¡�Ñ&�Nþ�S��{£�±?¿�ClÑ&��&�Nþ¤

I(X;Y ) = H(X)−H(X|Y )

= −ΣK
k=1p(ak) log p(ak) + ΣK

k=1ΣJ
j=1p(ak, bj) log p(ak|bj)

´�I(X;Y )´'up(ak)Úp(ak|bj)�þà¼ê"k�½p(ak)§¦I(−→p ,Q)'

up(ak|yj)�4�"3�å^�
∑

k p(ak|yj) = 1§j = 1, 2, · · · , Je�^�4�"�

F = I(−→p ,Q)−
∑
j

λj
∑
k

p(ak|bj)

∂F

∂p(ak|bj)

=
∂

∂p(ak|bj)
[−ΣK

k=1p(ak) log p(ak)

+ΣK
k=1ΣJ

j=1p(ak)p(bj|ak) log p(ak|bj)−
∑
j

λj
∑
k

p(ak|bj)]

=
p(ak)p(bj|ak)
p(ak|bj)

− λj

2-Ù�0§�

λj =
p(ak)p(bj|ak)
p(ak|bj)
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p(ak|bj) =
p(ak)p(bj|ak)

λj

k�å^�
∑

k p(ak|bj) =
∑

k
p(ak)p(bj |ak)

λj
= 1§¤±

λj =
∑
k

p(ak)p(bj|ak)

Ïd§¦�¦I(−→p ,Q)��4��p(ak|bj)∗�

p(ak|bj)∗ =
p(ak)p(bj |ak)∑
k p(ak)p(bj |ak)

(22.5)

3¦�p(ak|bj)∗�§2�½p(ak|bj)§¦I(−→p ,Q)'up(ak)�4�§�å^�

´
∑

k p(ak) = 1

�9Ï¼ê�

G = I(−→p ,Q)− λ
∑
k

p(ak)

= −ΣK
k=1p(ak) log p(ak) + ΣK

k=1ΣJ
j=1p(ak)p(bj|ak) log p(ak|bj)− λ

∑
k

p(ak)

∂G

∂p(ak)
= − log p(ak)− 1 +

∑
j

p(bj|xk) log p(ak|bj)− λ

2-Ù�0§�

− log p(ak)− 1 +
∑
j

p(bj|xk) log p(ak|bj)− λ = 0

¤±

p(ak) = exp[
∑
j

p(bj|xk) log p(ak|bj)− λ− 1] =
exp(

∑
j p(bj|xk) log p(ak|bj))

exp(1 + λ)

|^�å^�
∑

k p(ak) = 1�
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∑
k

p(ak) =
∑
k

exp(
∑

j p(bj|xk) log p(ak|bj))
exp(1 + λ)

= 1

¤±

exp(1 + λ) =
∑
k

exp(
∑
j

p(bj|xk) log p(ak|bj))

1 + λ = log
∑
k

exp(
∑
j

p(bj|xk) log p(ak|bj))

¤±¦�I(−→p ,Q)��4��p(ak)
∗�

p(ak)
∗ =

exp(
∑
j p(bj |xk) log p(ak|bj))∑

k exp[
∑
j p(bj |xk) log p(ak|bj)] (22.6)

�

−
∑
k

p(ak) log p(ak) +
∑
k

p(ak)
∑
j

p(bj|xk) log p(ak|bj) = 1 + λ

�

I(−→p ∗, Q∗) = 1 + λ = log
∑

k exp[
∑

j p(bj|ak) log p(ak|bj)] (22.7)

| £̂22.5¤!£22.6¤!£22.7¤n�ªfB�é&�Nþ?1S�O�"

�{Xeµ

1.Ð©z−→p = (p1, p2, · · · , pK)�þ!©Ù§S�Oêìi = 0, C(0) = −∞§�
éØ�ε

2.

ϕ
(i)
kj =

p(bj|ak)p(i)
k∑

k p(bj|ak)p
(i)
k

3.

p
(i+1)
k =

exp[
∑

j p(bj|xk) logϕ
(i)
kj ]∑

k exp[
∑

j p(bj|xk) logϕ
(i)
kj ]
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4.

C(i+1) = log{
∑
k

exp[
∑
j

p(bj|xk) logϕ
(i)
kj ]}

5.XJ |C
(i+1)−C(i)|
C(i+1) ≤ ε§KO\17Ú

6.-i+ 1→ i§?\Ú½2

7.ÑÑp
(i+1)
k ÚC(i+1)§¿ÊÅ

'ulimi→∞ |C(i+1) − C(i)| = 0�y²Ñ�"

122ÙSK

1. �&�Ý
�

[P ] =

[
1
2

1
4

1
8

1
8

1
4

1
2

1
8

1
8

]
¦&�Nþ.

2.�&�Ý
�

[P ] =

[
1 0
1
4

3
4

]
¦&�Nþ9��&�Nþ��Ñ\VÇ©Ù.

3.�lÑÃPÁ&�Ý
©O�

P =

[
1 0

ε 1− ε

]

Q =

(
p− ε p− ε 2ε

p− ε p− ε 2ε

)
Ù¥p+ p = 1,¦§��&�Nþ.

213



1��nÙ &�?è

��VÇØ�0�§&�ÑÑ¿Ø��"k?è!2Dx§¿3�Éàæ^Ü

·�Èè§Ò�U¢yÃØ�DÑ"ù�(Ø^½nî�/Lã±��¡�&�

?è½n"

§23.1 &�?èVã

&�?è�&?è��Ñ´�«?è§&?è��^3uØ P{Ý±

��&E�k�L«"&�?è3uJp&EDÑ��|Z6Uå±Or&

EDÑ���5"�«Oå�§cö¡�&è§�ö¡�&�?è"

I�Ýºeã&�?è�Ï&XÚ|¤�.

&�&�?èì
x

&?èì
u

&�Èèì
y

&�û

C (

½Â23.1.1. 3©|è¥§Ñ\&��Ñ\S�· · ·u−1, u0, u1 · · · , k�©|§
~XL�Ñ\i1�|§,�éz�|Ñ\i1��A�èi"XJ?èìÑ\i

1�kM«�U�|Ü§·�^m = 0, 1, 2, · · ·M −1L«§�A�èi^cm·

¶§K&�è?èì¤�¤�ó�´d

{0, 1, 2, · · · ,M − 1}�c0, c1, · · · , cM−1���N�§d�?è¼ê"

I�5¿�´µèi²L&�DÑ�3�Éà���uxèi�Ý�Ó�&

�ÑÑi1S�y§dy�¡��É¥þ"&�ÈèìÒ�âd�É¥þ?1µ�

¿ÑÑm̂. du&�¥�3D(§dm̂é�UØÓu�5ux�èim,ù�Èè

u)��"²þ�Èè��VÇ´ïþ&EDÑ�þ�Ì��I"

3©|è¥§z��èi������U&Eþ�logM"XJèi��N ,
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èii1L����AX§K&���&E��Ç�^ÙèÇ

R = logM/N

L«"

�|AX | = 2§M = 2K�§

R = K/N(bit/i1)

§23.1.1 Eè

3±{0, 1}�Ñ\ÑÑi1���é¡&�¥§

Q1 =

(
1− ε ε

ε 1− ε

)
�
Jp&EDÑ��(Ç§·�~òÑ\�z��i10½1,�EÑnH§

=Ñ\000½111"ù«è¡�Eè"

Ñ\000§�É�000�VÇ�(1− ε)3, ��VÇ�1− (1− ε)3

§23.2 &�ÈèOK

1.�.µux�´�Éèi−→cm = (cm1 , cm2 , · · · , cmN )§3&��ÑÑà�É

¥þ�m¥��É¥þ−→y = (y1, y2, · · · , yN)"

~X§3Eè¥§ux�´�Éèè�000§111"�É¥þ�mY�

{000, 001, 010, 100, 011, 101, 110, 111}.

2. Èè�{µòY©�MpØ���f8ÜYm,m = 0, 1, · · · ,M−1§òYm¥

�−→y�È�m½−→cm.

3. Èè¼êµ

g(−→y ) = m � −→y ∈ Ym

4.lnØþù§����VÇ�µ�ÈèÐ��IO"
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�!n�Èè

1.ÈèOKµ��É¥þ�−→y�§�g,��{Ò´ò−→y�È�¦�p(−→cm|−→y )

���@�−→cm.=

p(g(−→y )|−→y ) = max
m

p(−→cm|−→y )

5¿µp(−→cm|−→y )´��=£VÇ"

2.XÛO�²þ�Èè��VÇ

1) éz�m,O�

p(−→cm|−→y ) =
p(−→y |−→cm)p(−→cm)

p(−→y )

2)Ù¥

p(−→y ) =
M−1∑
m=0

p(−→cm)p(−→y |−→cm)

3)

Pe|−→y = 1− p(−→cm|−→y )

4)

Pe =
∑
−→y

p(−→y )Pe|−→y =
∑
−→y

p(−→y )(1− p(−→cm|−→y )) = 1−
∑
−→y

p(−→y )p(−→cm|−→y )

5¿µn�Èè�¦��=£VÇp(−→cm|−→y )§§�6uÑ\�©Ùp(−→cm)"

Ïd§�Ñ\©ÙUC�§n�ÈèìÒ��
Ùn�5"

�!��q,Èè

1.ÈèOKµ��É¥þ�−→y�§�g,��{Ò´ò−→y�È�¦�p(−→y |−→cm)

���@�−→cm.=

p(−→y |g(−→y )) = max
m

p(−→y |−→cm)
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2.XÛO�²þ�Èè��VÇ

1)

Pe|m =
∑
−→y ∈Y Cm

p(−→y |−→cm)

Ù¥Y C
m ´Ym�Ö8"

2)

Pe =
∑
m

p(−→cm)Pe|m

�Ñ\èi�VÇ©Ù�§k

p(−→cm|−→y ) =
1

Mp(−→y )
p(−→y |−→cm)

Ïd

max
m

p(−→cm|−→y ) = max
m

1

Mp(−→y )
p(−→y |−→cm) =

1

Mp(−→y )
max
m

p(−→y |−→cm)

ù��c�=£VÇ���m�du��=£VÇ���m§ü«OK�

d"

n!Eè

1. éu±{0, 1}�Ñ\ÑÑi1���é¡&�¥§

Q1 =

(
1− ε ε

ε 1− ε

)
Ù¥ε < 1

2

2.uxèi²LDÑ�kl�i1u)���VÇ�εl(1 − ε)3−l.Uì��q

,OKÈè§ATò�É¥þÈ¤�Ù�O���èi§=

Y0 = {000, 001, 010, 100}
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Y1 = {111, 110, 011, 101}

K²þ�Èè��VÇ�

Pe =
∑
m

p(−→cm)Pe|m = p(000)Pe|0 + p(111)Pe|1 =
1

2
Pe|0 +

1

2
Pe|1

= Pe|0 = Pe|1 =
3∑
l=2

C l
3(ε)l(1− ε)3−l = 3ε2 − 2ε3

~23.2.1. �k��lÑÃPÁ&�§Ù&�Ý
�

P =


1
2

1
2

0

0 1
2

1
2

1
2

0 1
2


eÑ\i1�VÇ�p(a1) = 2

3
§p(a2) = p(a3) = 1

6
§¦n�Èè��Èè¼

ê§¿O�Ù²þÈè�ØVÇ.

)µ(1)p(b1) = 5
12
§p(b2) = 5

12
§p(b3) = 1

6

(2)p(a1|b1) = 4
5
§p(a2|b1) = 0§p(a3|b1) = 1

5
§�q(b1) = a1

(3)p(a1|b2) = 4
5
§p(a2|b2) = 1

5
§p(a3|b2) = 0§�q(b2) = a1

(4)p(a1|b3) = 0§p(a2|b1) = 1
2
§p(a3|b1) = 1

2
§�q(b3) = a2

(5) Pe = 1− 5
12
· 4

5
− 5

12
· 4

5
− 1

6
· 1

2
= 1

4

�

~23.2.2. �k��lÑ&�§Ù&�Ý
�

P =


1
2

1
3

1
6

1
6

1
2

1
3

1
3

1
6

1
2


�&´�V&�§U��q,ÈèOKÀJÈè¼ê§¿O�Ù²þÈ

è�ØVÇ.

)µ

p(b1) = a1
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CHAPTER 23. &�?è 23.3. éÜ;.S�ÚéÜìC�Ó©�½n

p(b2) = a2

p(b3) = a3

(3) Pe = 1− 1
3
· 1

2
− 1

3
· 1

2
− 1

3
· 1

2
= 1

2

�

§23.3 éÜ;.S�ÚéÜìC�Ó©�½n

�(X;Y)´��N��ÅS�é§

p(x;y) =
∏N

n=1 p(xn, yn)§K3ù
�ÅS�¥é÷ve�^��S�é�

¡�éÜ;.S�:

| 1
N

log p(x) +H(X)| < δ

| 1
N

log p(y) +H(Y )| < δ

| 1
N

log p(xy) +H(XY )| < δ

ª¥δ´?¿��ê"éÜ;.S���N�¤éÜ;.S�8§P�G"

½n23.3.1. (éÜìC�Ó©�½n)��ÅS�é(X;Y)�p(x;y) =
∏N

n=1

p(xn, yn)§Ké?¿��äδ > 0§·�oUé�v
��N¦��NS�é�8

Ü�©¤÷ve�^��8ÜG9ÙÖ8GC:

(1) P (X;Y) ∈ GC < δ

P (X;Y) ∈ G > 1− δ

(2) |G| ≤ 2N(H(XY )+δ)

|G| ≥ (1− δ)2N(H(XY )−δ)
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23.4. &�?è½n§=�à1�½n CHAPTER 23. &�?è

(3) �(X′;Y′)´�pÕá��ÅS�é§�§�(X;Y)k�Ó�>�©Ù§

=

P{(X′;Y′) = (x;y)} = p(x)p(y)

K

P{(X′;Y′) ∈ G ≤ 2−N(I(X;Y )−3δ)

P{(X′;Y′) ∈ G ≥ (1− δ)2−N(I(X;Y )+3δ)

§23.4 &�?è½n§=�à1�½n

1948c§�à3¦Í¶�Ø©¥�Ñ
eãk'&EDÑ��Ä�½n–&

�?è½nµ

½n23.4.1. �à1�½n:�&�Nþ�C§&��&EDÑÇ�R§ε > 0�

?¿��ê§K��R < C,o�3èi��N , èiê�M = 2NR�©|è¦&

�Èè���²þ�ØÈèVÇPe < ε"

�à���Ñ�ù�½n�y²Øéî�§�3y²¥¤^��Å?è��

{K3±��î�y²¥���æ^"

123ÙSK

1.�k��lÑ&�§Ù&�Ý
�

P =


0.50 0.25 0.25

0.25 0.50 0.25

0.25 0.25 0.50


�&´�V&�§U��q,ÈèOKÀJÈè¼ê§¿O�Ù²þÈ

è�ØVÇ.
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1��oÙ �5©|è

§24.1 Å�è©a

Å�è©�äèÚ©|è"

äè©���5èÚ�5èäè"

©|è�©���5èÚ�5è"

�5è©�Ì�è!�Ì�è!òÈè"

Å�è

äè

��5è

©|è

�5è

Ì�è �Ì�è òÈè

Å�Å

�Øè

Åâu

�Øè

Å�Å�

âu�Øè

ã6)1 Å�è©aã

§24.2 �5©|èVã

©|è?èÚ½µ(1)ò&ÑÑS�©�k �|��E|¶(2)òk �E

C����n�èi"
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24.3. )¤Ý
!����Ý
 CHAPTER 24. �5©|è

(n, k)�5©|è§XJè�ê��GF (q)§X��q��{0, 1, · · · , q − 1},Ù
¥q��ê§K�E|�kqk��E"

�â�êÆ¥½n§GF (q)¥§q = pm, p��ê"�!¥·�~�p�2.

½Â24.2.1. ��=�qk�n¥þ�8ÜC�¤n��5�m���k�f�

m�§C¡��5©|è"

§24.3 )¤Ý
!����Ý


�n��m�k�f�m§P�V k
n§q�

−→v1 ,
−→v2 , · · · ,−→vk�V k

n�Ä§�
−→vi =

(vi1 , vi2 , · · · , vin)§K-

G =


−→v1

−→v2

· · ·
−→vk

 = (vij)k×n

G¡�)¤Ý
"÷v^�

H−→x T = 0⇔ −→x ∈ C

�Ý
H¡�����Ý
"H−→x T = 0 ½−→x HT = 0¡������§|"

~24.3.1.

G1 =


1 0 1 0 1 1

1 1 0 1 0 1

1 1 1 0 0 0



G2 =


1 0 0 1 1 0

0 1 0 0 1 1

0 0 1 1 0 1


�Ó��(6, 3)è�)¤Ý
"

-�E−→m = (m1,m2, · · · ,mk), d
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CHAPTER 24. �5©|è 24.4. �5è�ål!þÚu�!Å�Uå

(m1,m2, · · · ,mk)G = (m1,m2, · · · ,mk)


−→v1

−→v1

· · ·
−→vk

 = m1
−→v1 +m2

−→v1 + · · ·+mk
−→vk

�¤kèiþ�±^þª��"

3�~¥§G2)¤�è´XÚè§Ùck èi��E���Ó"



�E ^G1���è ^G2���è

000 000000 000000

001 111000 001101

010 110101 010011

011 001101 011110

100 101011 100110

101 010011 101011

110 011110 110101

111 100110 111000


·K24.3.2.

GHT = 0

r(G) + r(H) = n

Ù¥G,H�1�mp���Öf�m½"z�m

·K24.3.3. XJG = (Ik, A) , KH = (−AT , In−k)

§24.4 �5è�ål!þÚu�!Å�Uå

½Â24.4.1. 1) èi��"©þê8¡�Ç²þ§X−→vi = (1101001)§KÇ

²þw(−→vi ) = 4"
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24.4. �5è�ål!þÚu�!Å�Uå CHAPTER 24. �5©|è

2)üèim�ØÓÎÒê¡�Ç²ål§~X−→vj = (0000011)§KÇ²å

ld(−→vi ,−→vj ) = 4

3)���5è, XJpÉ�èi�Ç²ål¥ê����¡���Ç²å

l§P�dmin"

4)3�"è¥§þ��ö¡���Ç²þ§P�wmin"

½n24.4.2. dmin = wmin

½n24.4.3. w(−→vi ) + w(−→vj ) ≥ w(−→vi +−→vj )

½n24.4.4. d(−→vi ,−→vj ) + d(−→vj ,−→vk) ≥ d(−→vi ,−→vk)

½n24.4.5. e�5èC´H�"z�m§Kéz��þ�w�è¥§H¥

k�A���5�'¶��§H ¥XJkw��5�'§@oÒk�A�þ

�w���è¥"

y²µ �H = {h1, h2, · · · , hn}, �−→v = (v1, v2, · · · , vn) ∈ C�w(−→v ) = w, =

¥−→vkw�©þ�1.

H−→v T = 0 = −→v HT = −→v {h1, h2, · · · , hn}T

= v1h
T
1 + v2h

T
2 + · · ·+ vnh

T
n = 0

�H¥kw��5�'.

��§½,"

�

íØ24.4.6. �5©|è���þ�wmin�¿�^�´µ����Ý
�

?¿wmin − 1 ��5Ã'§kwmin��5�'"

½n24.4.7. ��ål�dmin��5©|è§XJ^uuÿ§�õ�uydmin−
1 �Ø¶XJ^uÅ��Ø§�õ�±uy[dmin−1

2
] �Ø"

224
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�ÚÈè�{

y²µ3uÿ�Ø�§��u)� �è¥þØ�u�Ø@�,��N^èiÒ

�±uy��"duN^èim�ål���udmin§¤±¹� êt ≤ dmin−1�

�ÉèiØáuN^èi"ÏdÑ�±uy�Ø"

N´wÑµXJz�èiÑy�VÇÑ� 1
M
§K�Éö��ÐÈè�{´r

�É¥þ−→yÈ�−→y�C�èi"b½d(u, v) = dmin.XJ&�Ú\�� ê≤ t§

�ux�èi�−→v§K�É¥þR´Ø¬�L±−→v�¥%§±t��»�¥¡�"
�R?uA�, �N´�u�·§��(Èè�^�´

d(u,A) = t ≤ d(A, u)− 1

Ïdd(u,A) ≥ t+ 1.Ï

dmin = d(v, A) + d(A, u) ≥ 2t+ 1

��(Ø

UV

t

A

ã6-2 ^��ålÈè�Å�«¿ã

UV

t

A

t′

B

ã6-3 ^��ålÈè�Å�!u�«¿ã

§24.5 �8!IO
�ÚÈè�{

(n, k)�5Å�è¥�èi¡�N^èi§�2k§Ù{�2n − 2k�èi�B

^èi"ux��N^èi§�É�%´?Û��n¥þ"

Èè�{µ2n�n¥þ©�2k�pØ����8ÜD1, D2, · · · , D2k§z�

�¹k��èi"
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�ÚÈè�{ CHAPTER 24. �5©|è

�G�+§H �G��+§(G, ∗)

½Â24.5.1. g �G¥?¿����§h1, h2, · · ·´H¥��§g ∗ H = {g ∗
h1, g ∗ h2, · · · }¡�H3G¥�����8"�8¥�>1�����8Ä"H¥
�1����5½�G¥�ð��e"

3?è¥^�´��+§Ïd��8�um�8§{¡�8"�G¥��

�g1, g2, · · ·

H h1 = e h2 h3 · · ·
�8 g1 ∗ h1 g1 ∗ h2 g1 ∗ h3 · · ·
�8 g2 ∗ h1 g2 ∗ h2 g2 ∗ h3 · · ·
· · · · · · · · · · · · · · ·

½n24.5.2. +G�ü���gÚg′áuf+H�Ó���8⇔ g−1 ∗ g′ ∈ H"

½n24.5.3. ü��8½ö��½öpØ��"

�&�Ñ\ÚÑÑi1L���þ�GF (q)¥���§èi��N§XJ&

�D(´\5�§K�É¥þ−→y�

−→y = (y0, y1, · · · , yN−1) = −→c +−→z

= (c0, c1, · · · , cN−1) + (z0, z1, · · · , zN−1)

ª¥−→z´�ÅD(¥þ§−→z�äNê�¡����ª½��ã�"−→c´ux
èi"

½Â24.5.4.

−→s = −→y ·HT = (−→c +−→z )TH 6= 0

−→s¡���ª"

e¡´(n, k)�5èIO
�"ù´1�«Èè�{"
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�ÚÈè�{

D1 D2 D3 · · · D2k

N^èi v1 = E1 v2 v3 · · · v2k

B^èi E2 E2 + v2 E3 + v3 · · · E2 + v2k

· · · · · · · · · · · · · · · · · ·
E2n−k E2n−k + v2 E2n−k + v3 · · · E2n−k + v2k

Ù¥v1 = E1��"è§z�1Ñ´���8§z��Ñ´��f8Di, Di¥

z���þ�È�−→vi§5¿ù«Èè�{´���"

��É¥þ
−→
Rá38ÜDiÚ�8Ej§=

−→
R =

−→
Ej +−→vi . �¢SÂ��

−→
R´u

xèi−→v��Øã�
−→
E�Ú§=

−→
R =

−→
E + −→v"�¦ÈèÑÑ−→vi = −→v§K7L

¦
−→
Ej =

−→
E . ��§�(Èè�kû^��µ�´¢S&��Øã�áu�8Ä

�§Èè´�(�§ÄKÒ´�Ø�"Ïd�
¦Èè¦�U�(§ATr¢S

&�¥�ª�Ñy��Øã����8Ä"3�ØVÇ�u1
2
�BSC&�¥§Ò

´�ÀJB^èi¥þ���¥þ���8Ä"

G =


1 0 0 0 1 1

0 1 0 1 0 1

0 0 1 1 1 0


Ù(6, 3)�5èIO
�

000000 001101 010011 011110 100110 101011 110101 111000

000001 001100 010010 011111 100111 101010 110100 111001

000010 001111 010001 011100 100100 101001 110111 111010

000100 001001 010111 011010 100010 101111 110001 111100

001000 000101 011011 010110 101110 100011 111101 110000

010000 011101 000011 001110 110110 111011 100101 101000

100000 101101 110011 111110 000110 001011 010101 011000

100001 101100 110010 111111 000111 001010 010100 011001

1�«�{µ

�(6, 3)�5è�����Ý
�
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H =


1 0 1 1 0 0

1 1 0 0 1 0

0 1 1 0 0 1


1) �

−→
R = (100011)§�â

−→
RHT = (101)

2) (x1, x2, x3, x4, x5, x6)HT = (101)¦�§|�Ï)

3)éÑþ��ö���8Ä"��(001000)

4)ÑÑèi§=Èè�−→v =
−→
R + (001000) = (101011)

�

124ÙSK

1.ÁXy²µ��=�����Ý
H�d− 1�þ�5Õá�è���þ

â�u�ud"

2. ÁXy²µ(n, k)�5è���þd÷v

n− k ≥ d− 1

3.ÁXy²µ

£¬¤���5è¥èiþ7½��óê½Ûó��"

£¤(n, k)�5è�²þèiØLN
2

.

4.-C´����Ý
�H = [BIn−k]�(n, k)�5è§Ù¥B�(n− k)× kÝ

. e1 ≤ t ≤ k, èCt�����Ý
�Ht = [BtIn−k], Bt�(n− k)× (k − t)Ý

, Bt´ÏLí�B�ct����.y²µ

(a) Ct´dC�ct��Iþ�0�í�ù
�I��Üèi�¤.

(b) Ct´��(n− t, k − t)�5è.

(c) dmin(Ct) ≥ dmin(C), =èCt���Ç²ål≥ C���ål.

5.�k�5©|è�����Ý
�

H =


1 0 1 1 1 0 0

1 1 0 1 0 1 0

0 1 1 1 0 0 1


£1¤�Ñ�ÉS��R = (1000001)��Ø�ª§¿Èè¶£2¤�ÑÙ)¤Ý


.

228



CHAPTER 24. �5©|è 24.5. �8!IO
�ÚÈè�{

6.��5è�����Ý
�H,��Ç²ål�dmin,Kdmin = rank(H) +

1.éí?��o?

7.�H��5èC�����Ý
,KC��UÅ�� �Ø§��=�H¥

vk�"�§�vk���Ù¦���ê"��oº

8.�H��5èC�����Ý
, èC���þWmin�Ûê. �E��

#��5èC1, ¦�§�����Ý
[H1]�111�1, 1, · · · , 1, 1, §����

��1, 0, · · · , 0§§��e��H"
(a). y²C1´(n+ 1, k)�5è"

(b). y²C1¥z�è¥�þþ�óê"

(c). y²C1���þ�Wmin + 1"

9. �C�ê�GF (q)þ(n, k)�5è, xj ∈ C, XJ�xjÇ²ål�i�èi�

ê�Ai,K

(a), Ai�´Ç²þ�i�èi�ê§��oº

(b), Ç²åld(x, y) = i�èié(x, y)��ê�õ�§��oº

10.ò16��VÇÑy��E�E��5©|è"
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1��ÊÙ Ì�è

Ì�è´�5©|è����~�fa§31957cPrange.Nm©ïÄ"d

u§´3î��y��ênØÄ:þuÐå5�§Ù?èÚÈè>´{ü´1§

�Å�Uå�r§§´8cïÄ�¤Ù!A^�2���aè"ÉÀ�ü��

ÏµÙ?èÚ��ª�O��±^�«£ M�ì5¢y¶k��õ��ê(�

�±^5{zÈè�{"

§25.1 Ì�è�½Â9A5

½Â25.1.1. (n, k)�5èC�?Û��èi−→v = (vn−1, vn−2, · · · , v0)Ì��

££½Ì�m£¤� §���
−→
v(1) = (vn−2, vn−3, · · · , v0, vn−1) ∈ C, K¡�5

èC�(n, k)Ì�è"

~25.1.2.

G1 =

(
1 0 2 0

1 1 2 2

)

ù�èi�9�èi�−→c 1 = (1020), 2−→c 1 = (2010), −→c 2 = (1122),
−→c 1 + −→c 2 = (2112), 2−→c 1 + −→c 2 = (0102), 2−→c 2 = (2211), −→c 1 + 2−→c 2 =

(0201),

2−→c 1 + 2−→c 2 = (1221), −→c 0 = (0000)

§´��Ì�è§dÌ�����L�
−→c 1 → 2−→c 1 + −→c 2, 2−→c 1 → −→c 1 + 2−→c 2,

−→c 2 → −→c 1 + −→c 2,
−→c 1 + −→c 2 →

2−→c 2, 2−→c 1 +−→c 2 → 2−→c 1, 2−→c 2 → 2−→c 1 + 2−→c 2,
−→c 1 + 2−→c 2 → −→c 1, 2−→c 1 +

2−→c 2 → −→c 2

�

´�−→v = (vn−1, vn−2, · · · , v0)Ì��££½Ì�m£¤i ,

−→
v(i) = (vn−1−i, vn−2−i, · · · , v0, vn−1, · · · , vn−i)

ïáèi�õ�ª�m���éA£g��e��o{ü�èi�^E,�

L«ºÙ8�3uÚÑ�oº¤µ
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CHAPTER 25. Ì�è 25.1. Ì�è�½Â9A5

−→v = (vn−1, vn−2, · · · , v0)↔ v(x) = vn−1x
n−1 + vn−2x

n−2 + · · ·+ v1x+ v0

�

v(i)(x) = vn−i−1x
n−1 + · · ·+ v1x

i+1 + v0x
i + vn−1x

i−1 + · · ·+ vn−i

¢Sþþªm>�

xiv(x)mod(xn − 1)

�

xiv(x) ≡ v(i)(x)mod(xn − 1)

¯¢þ§XJ−→v = (vn−1, · · · , v1, v0)§Kv(x) = vn−1x
n−1 + · · · + v1x +

v0§xv(x) = vn−1x
n+· · ·+v1x

2+v0x§Ì�m£� ¤��þéAõ�ªv
(1)(x) =

vn−2x
n−1 + · · ·+ v0x+ vn−1"lxv(x)− v(1)(x) = vn−1(xn − 1)�y"

±���Bå�§·���¡xiv(x)´��èõ�ª§mod(xn− 1)�$�

´Øó��"2�èõ�ª�Xêþ�guGF (2)§\{Ò´~{"−x + 1 =

x+ 1 = x− 1 = −x− 1"

½n25.1.3. 3(n, k)Ì�è¥§�3����"��$gèõ�ªg(x)"

y²µ1)þ��´Ä1õ�ª"£3GF (2)þâé"¤

2)�g(x) = xr+gr−1x
r−1+· · ·+g1x+g0Úg

′(x) = xr+g′r−1x
r−1+· · ·+g′1x+g′0§

�ü�ØÓ��$gèõ�ª§

K

g(x) + g′(x) = (gr−1 + g′r−1)xr−1 + · · ·+ (g1 + g′1)x+ (g0 + g′0)

£�â�5è�µ45§g(x) + g′(x)éA��þáuC¤

Ùgê�$

∂(g(x) + g′(x)) < ∂g(x)
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gñ�

�

½n25.1.4. 3(n, k)Ì�è¥§-g(x) = xr+gr−1x
r−1 +· · ·+g1x+g0�(n, k)

Ì�è��"��$gèõ�ª§Kgê�u�un − 1�?¿��õ�ª�è

õ�ª��=�§´g(x)��ª"

y²µ¿©5µ�âèõ�ª�½Â§g(x), xg(x), · · · , xn−r−1g(x)E,´èõ�

ª§�éw,§�´�5Ã'�"qÏ�C�Ì�è§

(mn−r−1x
n−r−1 +mn−r−2x

n−r−2 + · · ·+m1x+m0)g(x)

E,´èõ�ª,ùÒ`²g(x)��ªE,´èõ�ª"

7�5µ�y²gê≤ n − 1�?¿��õ�ª�èõ�ª7½´g(x)��

ª"

��v(x) = a(x)g(x) + b(x)§Ù¥∂(b(x)) < ∂(g(x))"

Ï�a(x)g(x)E,´èõ�ª§v(x) − a(x)g(x) = b(x)E,´èõ�ª§

�∂(b(x)) < ∂(g(x))§�âþã½n§b(x) = 0.

�

íØ25.1.5. g(x))¤Ì�è§Ïdg(x)¡�3(n, k)Ì�è�)¤õ�ª"

½n25.1.6. (n, k)Ì�è¥g(x) �gê= n− k �g0 6= 0�g0 = 1.

y²µv(x)�gê�u�un − 1�?¿��èõ�ª,��3m(x)¦�v(x) =

m(x)g(x)§Ù¥∂(m(x)) ≤ n− r − 1.

�v(x) = (mn−r−1x
n−r−1 +mn−r−2x

n−r−2 + · · ·+m1x+m0)g(x)

ÏÙXê�guGF (2)§�(n, k)Ì�è�oê�2n−r§�(n, k)Ì�èq´

�5è§Ùê�2k.�2n−r = 2k, ¤±r = n− k"

�y{§�g0 = 0§Kg(x) = x(xr−1 + gr−1x
r−2 + · · · + g2x + g1), ò§éA

�èiÌ��£n− 1g§��xr−1 + gr−1x
r−2 + · · · + g2x + g1E,´èõ�ª§

�Ùgê�ur"gñ

�

½n25.1.7. (n, k)Ì�è�)¤õ�ªg(x)�½´xn − 1�Ïª"
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y²µ�	xkg(x), §�èõ�ª",��¡§

xkg(x) ≡ g(k)(x)mod(xn − 1)

=

xkg(x) = g(k)(x) + xn − 1

�g(k)(x)E,´èõ�ª§

=g(k)(x) = m(x)g(x),

xn − 1 = (xk −m(x))g(x)

�

½n25.1.8. XJf(x)�xn−1�n−kgÏª, Kf(x))¤��(n, k)Ì�è"

y²µØ��f(x) = xn−k + fn−k−1x
n−k−1 + · · ·+ f1x+ f0, Ù¥f0 = 1.�

xn − 1 = f(x)h(x)

(1).�âÌ�è�½Â§XJf(x)�)¤��(n, k)Ì�è§K
−→
f ,D

−→
f ,

· · · , Dk−1−→f 7½E´èi£D´���£�f¤

f(x)↔
−→
f = (0, · · · , 0, 1, fn−k−1, · · · , f1, f0)

xf(x) ≡ f (1) ↔ D
−→
f = (0, · · · , 0, 1, fn−k−1, · · · , f1, f0, 0)

· · ·

xk−1f(x) ≡ f (k−1) ↔ Dk−1−→f = (1, fn−k−1, · · · , f1, f0, · · · , 0)

(2).XJf(x)�)¤��(n, k)Ì�è§K

G =


0 · · · 0 0 1 fn−k−1 · · · f1 f0

0 · · · 0 1 fn−k−1 · · · f1 f0 0

· · · · · · · · · · · · · · · · · · · · · · · ·
1 · · · 0 0 fn−k−1 f1 f0 · · · 0
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25.1. Ì�è�½Â9A5 CHAPTER 25. Ì�è

7½�)¤Ý


(3).eyDk−→f d
−→
f ,D

−→
f , · · · , Dk−1−→f )¤=�"Ïd·��I�y²xkf(x)

�±dxk−1f(x), xk−2f(x), · · · , xf(x), f(x)�5L«=�"

xkf(x)− xn + 1 = xkf(x)− f(x)h(x)

= (xk − h(x))f(x)

= f(x)(bk−1x
k−1 + · · ·+ b1x+ b0)

(4).aq�±yDk+1−→f ,Dk+2−→f , · · ·�±d
−→
f ,D

−→
f , · · · , Dk−1−→f )¤"

�

XÛÏé��(n, k)Ì�è�)¤õ�ªg(x)?�éxn + 1�Ïª©)§z�

õ�Q�õ�ª�¦È§,�2ÀJÙ¥�(n− k)gõ�ª§½Ù¥A�õ�ª

Ü¿¤�(n− k)gõ�ª��)¤õ�ª"

n xn + 1�Ïª©)

7 3.15.13

9 3.7.111

15 3.7.31.23.37

17 3.471.727

21 3.7.15.13.165.127

23 3.6165.5343

25 3.37.4102041

27 3.7.111.1001001

31 3.51.45.75.73.67.57

63 3.7.15.13.141.111.165.155.103.163.133.147.127

þL^8?�5L«õ�ªXê§~Xx3 +x2 + 1��?�L«�001101§Ù

l?��15"£g��e§XJv�\L�§XÛ3�?�e©)Qº¤
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CHAPTER 25. Ì�è 25.2. Ì�è�)¤Ý
Ú����Ý


n=7�Ì�è�)¤õ�ª

(n,k) g(x)

(7,6) x+ 1

(7,4) x3 + x+ 1½x3 + x2 + 1

(7,3) (x+ 1)(x3 + x+ 1)½(x+ 1)(x3 + x2 + 1)

(7,1) (x3 + x+ 1)(x3 + x2 + 1)

§25.2 Ì�è�)¤Ý
Ú����Ý


-−→g = (0, · · · , 0, 1, gn−k−1, · · · , g1, g0)§2Ú\£ ÏfD, l��)¤Ý




G =


Dk−1−→g
Dk−2−→g
· · ·
−→g


~25.2.1. �g(x) = x3 + x+ 1��(7, 4)�)¤õ�ª§−→g = (0001011)§

G =


1 0 1 1 0 0 0

0 1 0 1 1 0 0

0 0 1 0 1 1 0

0 0 0 1 0 1 1


Ï�g(x)�xn − 1�n − kÏª§�kxn − 1 = g(x)h(x). dg(x)�±�Ñ)

¤Ý
§@odh(x)´Ä�±������Ý
º

Ï

g(x)h(x) ≡ 0mod(xn − 1)

�	���¹§�

c(x) = a(x)b(x) = 0mod(xn − 1)

Kc(x)��g��XêÑ�u0§�cj(x)�xj�Xê,,	a(x), b(x)Uìü�

ü�§K
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25.2. Ì�è�)¤Ý
Ú����Ý
 CHAPTER 25. Ì�è

cj = an−1bj+1 + · · ·+ aj+1bn−1 + ajbn + aj−1b1 + · · ·+ a1bj−1 + a0bj

(5¿þª¥m>eI�Ú�j)§§��ue¡ü��þ�SÈ

cj = (an−1, an−2, · · · , a0) · (bj+1, · · · , bn−1, b0, b1, · · · , bj−1, bj) = 0

5¿
−→a ↔ a(x) = an−1x

n−1 + an−2x
n−2 + · · ·+ v0

−→
b∗ ↔ b∗(x) = b0 + · · ·+ bn−2x

n−2 + bn−1x
n−1

Ù¥b∗(x)¡�b(x)�p�õ�ª"½Â�b∗(x) = xn−1b(x−1) �ØØ
−→
b∗XÛ

Ì�£ §−→a�
−→
b∗þ��"Ón��

−→g Dλ−→h∗ = 0, λ = 0, 1, · · · , n− 1

dd��§Dλ−→h∗3G�1�m�"z�m¥§=
−→
h∗�^5)¤H.

−→
h∗dh(x)=

z5"h(x)�����õ�ª"§�)¤�èp�éóè"

~25.2.2. (7, 4) Ì�è�g(x) = x3 + x2 + 1, dux7 + 1 = (x + 1)(x3 +

x + 1)(x3 + x2 + 1),¤±h(x) = (x + 1)(x3 + x + 1) = x4 + x2 + x + 1 l

h∗(x) = x4 + x2 + x+ 1�

H =


1 0 1 1 1 0 0

0 1 0 1 1 1 0

0 0 1 0 1 1 1


125ÙSK

1.£1¤�Ì�èdg(x) = x8 + x7 + x6 + x4 + 1)¤§¦Ù)¤Ý
����

�Ý
.

£2¤k��(n, k)Ì�è§dg′(x))¤§n�Ûê�x+ 1Ø´g′(x)�Ïª§Á

y�1�¥þ���èi.
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CHAPTER 25. Ì�è 25.2. Ì�è�)¤Ý
Ú����Ý


2.�GF (2)þ§�g(x) = x3 + x2 + 1§(1)¯g(x)��o�±��)¤õ�ª

^u�E(7, 4)Ì�è;(2) ¦Ù)¤Ý
; (3)�x7 + 1 = g(x)h(x), ¦h∗(x)9��

��Ý
; (4)��ÉS��0010011�§¯�ÉS�´Äk�§��oº(5)¦T

Ì�è���ål.

3.C��GF (2)þ���(n, k)Ì�è, ν ∈ C��"è¥§C ′�±ν�ÄÏL
?¿gÌ��£Ú¥þ\{���µ48Ü,

(1) ¯C ′´ÄÌ�è§��oº

(2)¯C ′´Ä�uCºÛ���º��oº
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1��8Ù òÈè

�Ù0�äè¥�òÈè"òÈè1955cdEliasJÑ§1957c

WozencraftJÑS�Èè�{"1963cMassey��Èè�{§�«�ê�{§Ù

Ì�A:��{{B§Èèò�´�½�§¦nØr�¢^"1967cViterbiJÑ

��q,�{§2�A^uy�Ï&"·�ò3���?�Ñ\&�þA^ùa

è§=Ñ\&�Ñ\i1L�k��GF (2)"òÈè��5©|èkéõaq�

?§Ù�O==3uÙ)¤Ý
���´k��þ�õ�ª",	òÈè�Èè

�c�êâk'"duòÈè��{éõ§?��á�§·�ÀJ
´uêÆX

Æ)n)��ª§� �uêÆnØ�¡��£�ª"

òÈèkn«½Â�{µõ�ªÝ
{!IþÝ
{!£ M�ì{

§26.1 õ�ªÝ
{

��(n, k)òÈèCCÓ�5©|è���dk × n)¤Ý
5L«"

~26.1.1.

G =
(
x2 + 1 x2 + x+ 1

)
´��(2, 1)CC�)¤Ý
"·�¡�CC1

~26.1.2.

G =

(
1 0 x+ 1

0 1 x

)
´��(3, 2)CC�)¤Ý
"·�¡�CC2

½Â26.1.3. 1) PÁµM = max ∂(gij)

2) �å�ÝµK = M + 1

3) �ÇµR = k/n

CC1�M = 2, K = 3, R = 1
2
.

CC2�M = 1, K = 2, R = 2
3

Ó�5©|è��§òÈè�k�E!èi§Ù½ÂXe"kõ�ª

I = (I0(x), I1(x), · · · , Ik−1(x))
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CHAPTER 26. òÈè 26.2. IþÝ
{

�õ�ª�E§“èi”�
−→
C = (c0(x), c1(x), · · · , cn−1(x))§��nõ�ª§üö

'X÷v

−→
C = I ·G

£)ÖµùL²¼ê��^u?è"¤

~26.1.4. 3CC1¥§XJõ�ª&E�I = (x3 +x+ 1), õ�ªèi�
−→
C =

(x5 + x2 + x+ 1, x5 + x4 + 1)

~26.1.5. 3CC2¥§�õ�ª&E�I = (x2 +x, x3 +1), õ�ªèi�
−→
C =

(x2 + x, x3 + 1, x4 + x3)

§26.2 IþÝ
{

3O�Åþ§ù��èiÚ�EÑ´Ø�D�§Ï�x����UkÃ¡ §

Ïd�ïá��éA'X½?è"̂ �ê¥�Ý
g�§òXêüÕ<Ñ5�¤

�þ=�§3&EØ¥d�{¡�'AIþ"

XJõ�ªèi
−→
C = (c0(x), c1(x), · · · , cn−1(x))§Ù¥Cj(x) = Cj0 + Cj1x +

Cj2x
2 + · · · , K

−→
C�Iþ

−→
C = (C00 , C10 , · · · , Cn−10 , C01 , · · · , Cn−10 , · · · )

=�gü�c0(x), c1(x), · · · , cn−1(x))ù
õ�ª�~ê�§�g�§�g���

�Xê"

AO/§)¤Ý
�Iþ/ª���d�{�Ñ"�CC�PÁ�M§w

,G =
∑M

v=0Gvx
v§KÙIþ)¤Ý


G =


G0 G1 G2 · · · GM 0 0

0 G0 G1 G2 · · · GM 0

0 0 G0 G1 G2 · · · GM

· · · · · · · · · · · · · · · · · · · · ·


~26.2.1. CC1õ�ª)¤Ý


G =
M∑
v=0

Gvx
v = [1, 1] + [0, 1]x+ [1, 1]x2
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26.2. IþÝ
{ CHAPTER 26. òÈè

õ�ª)¤Ý
�CC�Iþ)¤Ý


G =


1 1 0 1 1 1

1 1 0 1 1 1

1 1 0 1 1 1

· · · · · · · · · · · · · · · · · · · · ·


õ�ª&E�I = (x3 +x+1)�Iþ�(1101)¶õ�ªèi�

−→
C = (x5 +x2 +

x+ 1, x5 + x4 + 1)��Iþ�(111010000111)

~26.2.2. CC2õ�ª)¤Ý


G =

(
1 0 1

0 1 0

)
+

(
0 0 1

0 0 1

)
x

õ�ª)¤Ý
�CC�Iþ)¤Ý


G =



1 0 1 0 0 1

0 1 0 0 0 1

1 0 1 0 0 1

0 1 0 0 0 1

1 0 1 0 0 1

0 1 0 0 0 1

· · · · · · · · · · · · · · · · · · · · ·


õ�ª&E�I = (x2 + x, x3 + 1)�Iþ�(01101001)¶õ�ªèi�

−→
C =

(x2 + x, x3 + 1, x4 + x3)��Iþ�(010100100011001)

nØþw&Eõ�ª�±k?¿p�gê"�3¢SA^¥ù´Ø�U�§

XÓ�O�©Û��§zgÑ7Lò�½¢SO��gê"

½Â26.2.3. CC�Lg�ä½ÂXeµ∀i∂(Ii(x)) ≤ L− 1"

·�{ü���eèÇ"d
−→
C = I ·G§3

−→
C = (c0(x), c1(x), · · · , cn−1(x))¥§

z�©þgê≤ M + L − 1§I = (I0(x), I1(x), · · · , Ik−1(x))�kL'A§�è

iCdn(M + L)'AL«"lI �
−→
C�?è±Iþ�{�L«�
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CHAPTER 26. òÈè 26.3. £ M�ì{

−→
C = I ·GL

ùpIþÝ
GL´c¡ãG��ä§ãXeµ

G =



G0 G1 G2 · · · GM

G0 G1 G2 · · · GM

G0 G1 G2 · · · GM

· · · · · · · · · · · · · · · · · · · · ·
G0 G1 G2 · · · GM


5¿dÝ
�1ê!�ê�kL!n(M +L)§Ïd��òÈè�Lg�ä�±

w¤(n(M + L), KL)�5©|è§ÙèÇ�

R =
kL

n(M + L)

.

§26.3 £ M�ì{

òÈè�¤±�~¤õ3u£ M�ì§�«{ü�>´"4·�!ü�e

§´XÛO�õ�ª¦{�"§kn«Ü6��µ>uì!\{ì!~ê¦{ì"

>uì�k0!1ü«G�§�k&Ò�§>uì�SNUì�Þ��l>uìÑ

Ñ§ÏL>´��e�>uì§3ùpÊ�§��e���"\{ì´òü�Ñ

\ÎÒ?1�2\{�ìä"¦{ì§�,O�¦{
§òÑ\&Ò0§1¦±~

êa§�a = 1�§¦{ìå���^§�a = 0�§�,´ä´
"

>uì

+

\{ì ¦{ì
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~XµO�I(x)g(x)�¦ÈC(x) = c0 + c1x+ · · ·+ cn1x
n−1§N´��

c0 = I0g0

c1 = I0g1 + I1g0

c2 = I0g2 + I1g1 + I2g0

· · · · · ·

cn−1 = Ik−1gn−k

10��§Ñ\�I0§£�ìSN�[0, 0, · · · , 0]§ÑÑ�I0g0¶

11��§Ñ\�I1§£�ìSN�[I0, 0, · · · , 0]§ÑÑ�I0g1 + I1g0¶

· · · · · ·

1j��§Ñ\�Ij§£�ìSN�[Ij1 , · · · , I1, I0, 0, · · · , 0]§ÑÑ�I0gj+· · ·+
Ijg0

· · · · · ·

q2

+

q1

+

q0

Ñ\

qn−k−1

+

qn−k

+ ÑÑ

õ�ª¦{>´

·�Ì�´ùã�n§��Bå�§·��Ä{ü�.§�O��CC1?è

ì§±�Â&E�I = (I0, I1, · · · )��Ñ\§�)?è6�
−→
C = (c00, c10, c01, c11)§

Ù¥IÚ
−→
C÷v

C0(x) = c00 + c01x+ · · · = (x2 + 1)(I0 + I1x+ · · · ) = (x2 + 1)I(x)

C1(x) = c10 + c11x+ · · · = (x2 + x+ 1)(I0 + I1x+ · · · ) = (x2 + x+ 1)I(x)
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N´wÑ§

{
C0j = Ij + Ij−2, j = 0, 1, · · ·
C1j = Ij + Ij−1 + Ij−2

(26.1)

ù���k3�>uì�£ M�ì=�¢y"£)Öµ/ÏuÔn5��±

¢yéõ?è"EâC����·�¤

Ij−1Ij Ij−2I

+ C0 = (C00, C01, · · · )

+ C1 = (C10, C11, · · · )

§26.4 G�!�ãÚViterbiÈè{

r£�ì?èì�=�G�½Â��m>ü�>uì�SN§=Ij−1, Ij−2§

�ko«G�µ00§01§10§11"?èì�É��Ñ\Ij�§�G�C�,��G

�(Ij−1, Ij−2)§¿�)ÑÑC0j ÚC1j"Ïd§£�ì?èì�=�G��±dG

�ã5£ã"

�ko«G�µa, b, c, d, ©O�L00, 01, 10, 11. laC�a�§Ñ\�0§ÑÑ

�00¶laC�c�§Ñ\�1§ÑÑ�11; lcC�d�§Ñ\�1§ÑÑ�10; ldC

�b�§Ñ\�0§ÑÑ�10; lbC�a�§Ñ\�0§ÑÑ�11; lbC�c�§Ñ\

�1§ÑÑ�00; lcC�b�§Ñ\�0§ÑÑ�01; ldC�d�§Ñ\�1§ÑÑ

�01.

ã¥o��µ�o«G�¶�G�C�,�G��§0Ñ\éA�´¢>§1Ñ

\éA�´J>§>þ�ü�êiL«§d�?èì�ÑÑ"~X§lG�c(10)C

�G�d(11)�>§£�ìSN�(110)§T>´J�§Ñ\�1, ÑÑ�C0j =

1, C1j = 0§>þ�êi�10"

243
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10 c01b

(11)

00 a

(00)

(11)(01)

(00)

(10) (10)

11

(00)

(01)

d

�âG�ã§®�Ñ\S�Ò���ÑÑS�"~X§Ñ\�1101001§·

�r�´»�acdbcbac, ÑÑK�11101000011111¶Ñ\�0110· · ·�§ÑÑS�
�000111101011 · · · .

Ú?ëþ�m5U?G�ã"·�Ò�±£±ÑG�Cz�;,"3��ã

¥§G�a, b, c, d��I,P�j§L«1j���G�"�Ij¡��½�Ý"�j�

G���j + 1�G�d�^>ë�§��=�G�ã¥�3��ë�Xü�G

��>"

j = 0§£�ì�SN�[I0, 0, 0], Ïdå©G��a = 00"~Xµ�AuÑ

\6110110 · · ·�ÑÑ6�(111010000111)§�d´»a0c1d2b3c4b5a6 · · ·�;,�
Ñ"

5¿µÑ\6�Ñ\'AI0, I1, I2, I3, I4, I5, ��o�)8>´»º£�ì3�

���SN�[I0, 0, 0],[I1, I0, 0]§[I2, I1, I0]§[I3, I2, I1]§[I4, I3, I2]§

[I5, I4, I3]§[0, I5, I4]§[0, 0, I5]"3�ã¥�l>�Au?èì8éÑÑ"ù�)º


��oÏL�ã�?�´»§��ü��Ñ´¢>"£5¿µÈèò�2��m

ü "¤

e¡·�)ºXÛ^�ãÈÑCC"
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CHAPTER 26. òÈè 26.4. G�!�ãÚVITERBIÈè{

'X§�CC1�L = 6�ä^u�ØVÇp < 1
2
�BSCþ§·��¯K´�·

�Â�´?¿��S�§~XR = [1011001110111100]�§·�XÛlVÇþ?

1Èè"ù�è�(16, 6)�5©|è¶��q,Èèì7L364�èi¥é��

�3Ç²ål¿Âþ��CuR = [1011001110111100]�S�"

�{�µ���64�èi'�"d�{l�{þwO�þ�§'��"

�{�µãØ¥�á´»{§̂ ViterbiÈè{

·�òR = [1011001110111100]�3�ã��þ�"éuz^´»§�X§

a0a1a2c3b4c5d6b7a8, ·�O�§éA�ÑÑ(0000110100101011)��É¥þR =

[1011001110111100]Ç²ål§d�1 + 2 + 2 + 1 + 1 + 1 + 1 + 2 = 11.¿r§

��T´»�IÒ"64�èi�Au�ãþ�64�´»"Ïd¯K¢Sþ=z�

éa0�a8�á´»¯K"

ViterbiÈè{�'�µ

�²L�
¥m:la0�a8�áål�P§¥m:xòP©�üã§P1ÚP2"

w,P1´a0�x��á´»§P2´x�a8��á´»"

la0�a8�á´»�a0a1c2b3a4c5d6a7a8, �Ý�4§Èèì�ÑÑ�010010.

Vierbi�{´é��q,Èè��«{z§§Ø´3�ãþ'�¤k´»§

´�Â�ã§'��ã§ÀJ�ãk��Ç²ål�èã§l�ï
@
Ø

�U�´»§~�
O�þ§ÏdA^2�"

Ù)KÚ½Xe£±�K�~¤µl11�m©§48ö�Xeµ1. kéÑa0

�a1 �¤k�Ý�1 �´»§�K�k1 ^§=a0a1§ù��éG�ãþa �a >

þ�êi§¿ÓR �cü '�§wkA ØÓ§Ø���t§KPd(a0, a1) = t§

^¢�ë�£ÏG�¥a �a �>�¢�¤§¿3e¡��ãc1 ?IP�t"

2. Ó11Úaq§éÑa0 �b1 �¤k�Ý�1 �´»§�Kk0 ^,�oÑØ

�"

3.Ó11Úaq§éÑa0 �c1 �¤k�Ý�1�´»§�Kk1^§=a0c1§ù

��éG�ãþa �c >þ�êi§¿ÓR �cü '�§wkA ØÓ§Ø�

��t§KPd(a0, c1) = t§3e¡��ã¥^J�ë�a0c1§¿3e¡��ãc1 ?

IP�t"
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4.aq/é�a0�d1��á´»"y3b�·�®²�¤
1m�§·�5

ö�1m+ 1�§kéÑsm �am+1 �¤k�Ý�1 �´»£s�U�a, b, c, d¥�

?��i1¤§Ø��k2 ^§~Xamam+1 Úcmam+1 §ù�©O�éG�ãþa

�a >þ�êiÚc �a >þ�êi§¿ÓR �12m+ 1, 2m+ 2 '�§wkA

 ØÓ§Ø���t1, t2§O�t1 + d(a0, am) Út2 + d(a0, cm)§���ö���á

´»ål§XJüö��§?�1^"£dViterbiÈè{�Ù�{Ün¤§̂ ¢�½

J�ë�am+1�d���áöam½cm£�âG�¥�A��>´Ä�¢>¤§¿

3e¡��ãam+1 ?IP�d���áål"

5.48ö���18�"�KATk8>§5¿��ü^>7L�¢>"

j = 0 1 2 3 4 5 6 7 8
d

c

b

a a0
0 1 3 3 2 3 4 4a8

1 1 3 3 3

2

2

3 3

3

2 4 4

2 2 3 3 4

126ÙSK

1.k��?èì§�ko«G�µa, b, c, d, ©O�L00, 01, 10, 11. laC

�a�§Ñ\�0§ÑÑ�00¶laC�c�§Ñ\�1§ÑÑ�11; lcC�d�§Ñ

\�1§ÑÑ�10; ldC�b�§Ñ\�0§ÑÑ�10; lbC�a�§Ñ\�0§ÑÑ

�11; lbC�c�§Ñ\�1§ÑÑ�00; lcC�b�§Ñ\�0§ÑÑ�01; ldC

�d�§Ñ\�1§ÑÑ�01. yÂ�&ER = (001100111100)§�dòÈè�^

uL = 4��äu�ØVÇp < 0.5���é¡&�§xÑG�ã§¿^Viterbiè

È�{�Ñd����q,èi9ÙéA��E.

2.3�GF (2)þ§G = [x+ 1, x2 + x+ 1], &Eõ�ªI(x) = [x+ 1]§¦§�

õ�ªèi9Iþ/ª.
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1��ÔÙ Ç²è!BCHè

§27.1 Ç²èÚ��è

Ç²31950cÄgJÑ"

Ç²è�ëêµ

è�µn = 2m − 1

&E êµ k = 2m −m− 1

Ù¥m�?ÛØ�u2��ê"��m�½§Ò�±�EÑäN�(n, k)Ç²

è§ù�±lïá����Ý
\Ã"l�5è�����Ý
�0���§Ý


��êÒ´è�n§1êÒ´m"Xm = 3§Ò�±�Ñn = 7§k = 4"Ïd

´(7, 4)�5è"

-hij�H¥1i11j����§
−→v = (v1, v2, · · · , v7)�TÇ²è�?�èi"

·���−→v HT = 0�§������§|§XJéHÝ
��1�±?¿��

 �§éè�(�ÎÃK�"H��� �CÄ�§��uèi��©þ�gS

�
�A�CÄ§ØL§ù�´/ª�ØÓ§èiþ©ÙØC§¤±3u�!Å

��Uå´���"

½Â27.1.1. 3Å�t��Ø�(n, k)è¥§��u�ut�¤k�Øã�ê8

�Ú�Ð�uIO
��8Äê2n−k§@où«èÒ¡���è"��è���

 ��
¿©|^§ÏdÇ²è´�Zè"

éuÇ²è§�Ð´t = 1���è§Ï�
∑1

i=0C
i
n = 1 + n = 2m = 2n−k§�

�§ØØm�Û�§Ç²èÑ´Å1 �Ø���è"éuÅ1 ��5`§Ù�

�ª�u�Ø �éA�H��¥þ"

�
Å���B§ò1�7��?��¤2?���H�éA�§=

H =


0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1
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27.1. Ç²èÚ��è CHAPTER 27. Ç²è!BCHè

ùÒ´�XÚ�(7, 4)Ç²è�����Ý
§XJ���XÚè§�N��

�gS5¢y§X

H =


0 1 1 1 1 0 0

1 0 1 1 0 1 0

1 1 0 1 0 0 1


k
H§Uì−→v HT = 0Ò�±��XÚè��� §eLÒ´�ìd�{�

��(7, 4)Ç²è



�E èi

0000 0000000

0001 0001111

0010 0010110

0011 0011001

0100 0100101

0101 0101010

0110 0110011

0111 0111100

1000 1000011

1001 1001100

1010 1010101

1011 1011010

1100 1100110

1101 1101001

1110 1110000

1111 1111111


e¡Þ��n?��Ç²è§±«§��mvk����O"

~27.1.2. ¦q = 3§m = 3�Ç²è�ëê9HÝ
ÚGÝ
"

�âÇ²è���½Âk

n =
qm − 1

q − 1
= 13, k = n−m = 10
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Ï�Ç²è´Å�� �Ø���è§¤±dmin = 3"�âHÝ
�5�§�

�?¿wmin − 1��5Ã'Ò1§¤±�±���ÑHÝ
Xe(Ø´���):

H =


1 1 1 1 1 1 1 1 0 0 1 0 0

0 0 1 1 1 2 2 2 1 1 0 1 0

1 2 0 1 2 0 1 2 1 2 0 0 1



G =



I10

: 101

: 102

: 110

: 111

: 112

: 120

: 121

: 122

: 011

: 012



§27.2 BCHè

3©|è¥§¿&�0Hocquenghem!ÆdBose!���pChaudhuri

31959cJÑBCHè§́ î8��¤uy��aéÐ�è"

BCHè��Eµ

Ç²è´Å1 ����è§§�z� ���−→s (x)ÑéAuH¥�,��"

XJÑyü ��§Ù−→s (x)éAu�A�ü��Ú"ùü��Ú�u,	�,

��§�Ã{¢yÅ�"BCHèÒ´3Ç²è�Ä:þ§O\HÝ
�1ê5J

pÅ�Uå"Ï~BCHè�©Û´lïá)¤õ�ªg(x)XÃ�"

�BCHè�)¤Ý
g(x)���β, β2, · · · , β2t ∈ GF (2m)§=ù2t���Ñ

´?Ûèiv(x) = vn−1x
n−1 + vn−2x

n−2 + · · ·+ v0 = 0��§Ù¥i = 1, 2, · · · , 2t§
�
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βn−1 βn−2 · · · 1

(β2)n−1 (β2)n−2 · · · 1
...

...
...

(β2t)n−1 (β2t)n−2 · · · 1




vn−1

vn−2

...

v0

 = 0

þªÒ´±Ý
/ª�Ñ�BCHè½Â§=H−→v T = 0"dõ�ªnØ��§

z��βiéA����õ�ªmi(x), �g(x)�ù2t���¹3
∏2t

i=1 mi(x)¥"Ó

�§g(x)�7L´èi�$gõ�ª§Ïdg(x)´m1(x),m2(x), · · · ,m2t(x)��

�ú�ª,=

g(x) = [m1(x),m2(x),m3(x), · · · ,m2t(x)]

= [m1(x),m3(x), · · · ,m2t−1(x)]

3þª¥§�Ø�)eI�óê���õ�ª§u´BCHè��{z�

H =


βn−1 βn−2 · · · 1

(β3)n−1 (β3)n−2 · · · 1
...

...
...

(β2t−1)n−1 (β2t−1)n−2 · · · 1


XJt = 1§Ò��Ç²è�HÝ
"

XJ§β = αk(1 ≤ k ≤ n− 1)´GF (2m)¥����§K����BCHè"�

�BCHè�èi�è�n = 2m− 1§���BCHè�èi�è��2m− 1�Ï

f"éu��BCHè§k���1§αn−1, αn−2, · · · , α0"

ùn����^§��A��modf(α){ªü¤�5L«§Ù¥f(α)�mg��

õ�ª"éu���BCHè§ÙHÝ
��Ó�?n"

~27.2.1. ¦n = 15, t = 2�BCHè�HÝ
§Ïn = 24 − 1 = 15§¤±dè

´���§m = 4§�f(α) = α4 + α + 1§Kdα4 = α + 19α15 = 1�HÝ
�
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H =



1 1 1 1 0 1 0 1 1 0 0 1 0 0 0

0 1 1 1 1 0 1 0 1 1 0 0 1 0 0

0 0 1 1 1 1 0 1 0 1 1 0 0 1 0

1 1 1 0 1 0 1 1 0 0 1 0 0 0 1

1 1 1 1 0 1 1 1 1 0 1 1 1 1 0

1 0 1 0 0 1 0 1 0 0 1 0 1 0 0

1 1 0 0 0 1 1 0 0 0 1 1 0 0 0

1 0 0 0 1 1 0 0 0 1 1 0 0 0 1


ùÒ´(n, k, d) = (15, 7, 5)���BCHè�����Ý
"

½n27.2.2. �(α0, α1, · · · , αn−1)´�GF (2m)¥�"����«üS§

-t ≤ 2m−1 − 1´����ê§@oÝ


H =



α0 α1 · · · αn−1

(α0)3 (α1)3 · · · (αn−1)3

(α0)5 (α1)5 · · · (αn−1)5

...
...

...
...

(α0)2t−1 (α1)2t−1 · · · (αn−1)2t−1


´UÅ�¤kþ≤ t��Ø�ª��êk ≥ n −m��?�è�����

Ý
"

y²µ
−→
C = (c0, c1, · · · , cn−1) ∈ Vn´��èi§��=�H

−→
C T = 0§ù��ue

ãciS��t��5�§��§|

n−1∑
i=0

ciα
j
i = 0, j = 1, 3, · · · , 2t− 1

ü>²�§��

(
n−1∑
i=0

ciα
j
i )

2 =
n−1∑
i=0

c2
iα

2j
i =

n−1∑
i=0

ciα
2j
i = 0

£nd´µ3�2�þ§(x+ y)2 = x2 + y2¶3F2¥§x
2 = x¤

Ïd§èi��d½Â´2t��§��§|
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n−1∑
i=0

ciα
j
i = 0, j = 1, 2, · · · , 2t

Ïd§�£ãù�è§·��òA^����Ý


H ′ =



α0 α1 · · · αn−1

(α0)2 (α1)2 · · · (αn−1)2

(α0)3 (α1)3 · · · (αn−1)3

...
...

...
...

(α0)2t (α1)2t · · · (αn−1)2t


H ′ò´��Å�t��Øè�����Ý
��=�H ′�2t½�u2t���

z�f8´�5Õá�"

?���r ≤ 2t�fªβ =
β1 β2 · · · βr

(β1)2 (β2)2 · · · (βr)
2

...
...

...

(β1)2t (β2)2t · · · (βr)
2t


ùp�β1, β2, · · · , βr´F2m��"��"e¡�ÄÙcr1|¤�Ý
β

′


β1 β2 · · · βr

(β1)2 (β2)2 · · · (βr)
2

...
...

...

(β1)r (β2)r · · · (βr)
r


·��±ä½β′´�ÛÉ�"

β1 · · · βr

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

β1 β2 · · · βr
...

...
...

(β1)r−1 (β2)r−1 · · · (βr)
r−1

∣∣∣∣∣∣∣∣∣∣∣
= β1 · · · βrΠi<j(βj − βi) 6= 0

Ïdβ′��Ø�U�5�'§ÏdTèUÅ�¤kþ≤ t��Ø�ª"
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�

ù�½n¥£ã�èòL«�BCH(n, t)"£ù�Lã´¹
�§Ï�TèÓ

��ûuF2m��"���üS(α0, α1, · · · , αn−1)¤"

£�BCH(n, t)�½Â:

C = (c0, c1, · · · , cn−1)´��èi§��=�

n−1∑
i=0

ciα
j
i = 0, j = 1, 3, · · · , 2t− 1

(��/§j = 1, 2, · · · , 2t)

ùp(α0, α1, · · · , αn−1)´?¿��%´�½üS�"w,3��ÃPÁ&�

þòdüSC¤,	��üS¿ØK�è�Å�Uå",§éuy¢5`§k

��”�Ð”�üS"ù�üSÒ´αi = αi§Ù¥α�F2m������"

duù�üS§BCH(n, t)�½ÂC�:C = (c0, c1, · · · , cn−1)´��èi§�

�=�

n−1∑
i=0

ciα
ij = 0, j = 1, 3, · · · , 2t− 1

Äuù«@£§BCH(n, t)C���Ì�è"eC´��BCH(n, t)è�è

i§C(x) = c0 + c1x+ · · ·+ cn−1x
n−1"·�ØrBCH(n, t)w¤VN(F2)þ���

f�m§w¤�F2[x]�gê≤ n− 1�õ�ª�"

dd*:§õ�ªC(x) ∈ F2[x]áuBCH(n, t)§��=�C(αj) = 0, j =

1, 3, · · · , 2t− 1Ú∂(C(x)) ≤ n− 1"

½n27.2.3. rBCH(n, t)w¤´÷vþ¡�ª�õ�ª8Ü§@o�3��

���g(x) ∈ F2[x]§¦�C(x) ∈ BCH(n, t)§��=�

(a) C(x) ≡ 0 (modg(x))

(b) ∂(C(x)) ≤ n− 1

dg(x)¡�è�)¤õ�ª"

253



27.2. BCHè CHAPTER 27. Ç²è!BCHè

y²µ�F2þ÷vC(αj) = 0, j = 1, 3, · · · , 2t− 1�õ�ª8Ü�

S = {C(x) ∈ F2[x] : C(αj) = 0, j = 1, 3, · · · , 2t− 1}

w,Skeãü�A5µ

(a)C1(x), C2(x) ∈ S¿�XC1(x)− C2(x) ∈ S
(b)f(x) ∈ F2[x]¿�XC(x)f(x) ∈ S
lS´�F2[x]þ���n�§=Sd���õ�ªg(x)��ª�¤"ù¿

�XC(αj) = 0, j = 1, 3, · · · , 2t− 1�du½n�a^�"

�

íØµBCH(n, t)��êk = n− ∂(g(x))

y²µd½n§C(x)´��èi§��=�C(x) = g(x)I(x)�∂(I(x)) ≤ n− 1−
∂(g(x)) = k− 1"u´I(x) = I0 + I1x+ · · ·+ Ik−1x

k−1"w,§éI(x)�32k�À

J§Ïdk2k�èi"

�
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1��lÙ k��Ä�5�

§28.1 Ì�+

½Â28.1.1. éu������8Ü9Gþ$�∗÷ve�^�
1¤µ45µ∀a,∈ G(a ∗ b ∈ G)

2¤(ÜÇµ∀a, b, c ∈ G((a ∗ b) ∗ c = a ∗ (b ∗ c))
3)ü �eµ∀a ∈ G(ae = ea = a)

4¤_�µ∀a ∈ G,∃b ∈ G¦�ab = ba = e§K¡b�a�_�§¿P�a−1

K¡(G, ∗)�+"XJ�÷v
5¤��Æ:∀a, b ∈ G(a ∗ b = b ∗ a)

K¡+(G, ∗)���+§��C��+""

~28.1.2. 1.G = {0,±1,±2,±3, · · · }§K(G,+)´\{��+"

2. p��ê§Z = {0, 1, 2, · · · , p−1}§½Âa⊕b = (a+b) mod p§K(Z,⊕)´

¹p������+¶½Âa�b = a ·b mod p§K(Z,�)�´p������+"3

�ö´+�y²¥§'��:3u§a�pp�§K�3�êcÚd,¦�ac+pd = 1§

lac = 1 mod p"Ïdak_�§(Z,⊕,�)�k��"�pØ´�ê�§(Z,⊕,�)

Ø´�"

½Â28.1.3. 1. (G, ·)�¦{+§∀a ∈ G§¦am = e¤á���g,êm¡

�a��§XJØ�3ù��ê§K¡a���Ã¡"

2.XJG�¦{+§�G = {e, a, a2, · · · , an−1}§KG�n�Ì�+§=d��

������g¤�¤�+¡�Ì�+§�T��a¡�Ì�+�)¤�½��

�"¦{ð��e§·��~~S./P�1.

~28.1.4. α0 = 1, α1 = e
2πi
3 , α2 = e

4πi
3 , α3 = e2πi = 1, α4 = e2πi+ 2πi

3 =

α1, · · · ,Ò´��Ì����¦+"+���Ò3�§{1, α, α2}

½Â28.1.5. XJ��α)¤Ì�+§Òrαn = 1�����ên¡�)¤�

��"

k�Ì�+A:µ
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28.2. õ�ª9õ�ª� CHAPTER 28. k��Ä�5�

1) 1, α, α2, · · · , αn−1ù
��pØ�Ó"ÄK§��αj = αk�0 ≤ k < j < n§

Kkαj−k = 1§K0 < j − k < n§�b�n´αn = 1�����êngñ"

2) �α�n���§Kdα����g)¤���Ñ3

G(α) = {1, α, α2, · · · , αn−1}�8Ü¥"�m = qn + r, 0 ≤ r < n§u´αm =

αqn · αr = (αn)q · αr = αr§¤±α����gÑ3+¥"

3)�´Ì�+7½´��+§���Ø�½¤á"αm1 · αm2 = αm1+m2 =

αm2+m1 = αm2 · αm1"Ã���+ÒØ´Ì�+"

Ì�+��kXe�5�"

·K28.1.6. XJG�¦{+§α ∈ G´n���§Kαm = 1��=�n|m"

y²µXJαm = 1,m = qn+ r, 0 ≤ r < n§K1 = αm = αqn+r = (αn)q · αr = αr§

=αr = 1"�r = 0§ln|m"��½," �

·K28.1.7. XJG�¦{+§α, β ∈ G, α ∈ G´n���§β ∈ G´m��
�§αβ = βα§���ú�ê(n,m) = 1, Kα · β¦È���mn"

y²µ1)(α·β)mn = αmnβmn = 1,�α·β¦È���k§Kk|mn",��¡§(αβ)k =

1§�αk = β−k, αmk = β−mk = (βm)−k = 1§ln|mk§�(m,n) = 1§Ïdn|k"
aq��m|k"��k = mn"

�

·K28.1.8. XJG�¦{+§α ∈ G´n���§Kαk��� n
(k,n)
"

y²µ1)(αk)
n

(k,n) = (αn)
k

(k,n) = 1§2)�αk���m§��m| n
(k,n)
"Ï(αk)m = 1§

�n|km"Ïdkm ´n, k�ú�ê"�km = [n, k]t"�kn = [k, n](k, n)§�km =
kn

(k,n)
t§=m = n

(k,n)
t§Ïd n

(k,n)
|m"dm|n/(k, n)! n

(k,n)
|m§�m = n/(k, n)"

�

§28.2 õ�ª9õ�ª�

½Â28.2.1. �R���8Ü§k\{Ú¦{$�§÷v

1¤(R,+)´\{C��+

2¤(ÜÆµ∀a, b, c ∈ R, (a · b) · c = a · (b · c)
3)©�Æµ∀a, b, c ∈ R, a · (b+ c) = a · b+ a · c
(b+ c) · a = b · a+ c · a
K¡R��§P�(R,+, ·)"XJé¦{÷v��Ç§K¡�����"
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~28.2.2. 1.(Z,+, ·), (Q,+, ·), (R,+, ·))Ñ´���"
2.�Z = {0, 1, 2, · · · , n− 1}§n ∈ Z+§∀a, b ∈ Z½Â
a⊕ b = a+ b mod n, a� b = a · b mod n§K(Z,⊕,�)�k����"

½Â28.2.3. �(R,+, ·)����§R∗�R¥¤k�"���8Ü§XJR∗3

¦{$�e�¤��+§K¡(R,+, ·)��"Ù¥0§1©OL«\{+�"�Ú¦

{+¥ü �"��/§�P�(F,+, ·)"XJF1 ´F �f�§K¡F�F1�*

�"

XJ�¥����ê��ê§K¡�k��§k���¡�³Ûu�"X

Jp��ê§K8ÜF = {0, 1, 2, · · · , p − 1}3�pe'u\{!¦{�¤p�k�

+§P�GF (p)"XJq = pm§p��ê§K�±lk��*¿�Ù*�GF (pM)"

��Bå�§·�o´¦õ�ª�pg��Xê�u1§¿¡�Ä�õ�ª"

3Ï~�\{Ú¦{$�e§õ�ª8ÜØU�¤�§Ï�éu¦{$�õ�ª

Ã_�"�´XJ-p(x)��Fþ�Ø��õ�ª§Kæ^�p(x)�\{Ú¦{§

õ�ª�p(x)��{a�8Ü��¤�"

�õ�ªØ±,�õ�ª¤�ûÚ{ª´���"�^�y{y²"

f(x) = q(x)p(x) + r(x),

f(x) = q1(x)p(x) + r1(x)

K

[q(x)− q1(x)]p(x) = r1 − r(x)

Ïd

∂(q(x)− q1(x)) + ∂p(x) = ∂(r1(x)− r(x))

�

∂p(x) > ∂(r1(x)− r(x))

gñ"

3�p(x)�$�¥Ì�'%�´{ªr(x)§§�L«�
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r(x) = [f(x)]p(x)

8�§±FqL«õ�ª�Xê�¶±Fq[x]L«Xê3Fqþ�õ�ª8Ü§§

Ø�½´�¶±Fq[x]p(x)L«Xê3Fqþ�!õ�ª�p(x)��{a�8Ü§§´

�"XJp(x)�gê�n§K�kqn��{a§¤±·�¡dõ�ª��GF (qn)"

~X§

F2[x]x3+x+1 = {0, 1, x, x2, x+ 1, x2 + 1, x2 + x, x2 + x+ 1}

x�_��x2 + 1§=[x(x2 + 1)]p(x) = (x3 + x)x3+x+1 = −1 ≡ 1

·�¡GF (q)�Ä�"GF (qn)�GF (q)�ng*�

~28.2.4. ®�f(x) = x2 + x+ 1§±d�EGF (23)§Ù$�XeL"5¿Ù

¥x, x+ 1þ´���§Ù{��Ø´"

⊕ 0 1 x x+ 1 ⊗ 0 1 x x+1

0 0 1 x x+1 0 0 0 0 0

1 1 0 x+1 x 1 0 1 x x+1

x x x+1 0 1 x 0 x x+1 1

x+1 x+1 x 1 0 x+1 0 x+1 1 x

§28.3 k���(�

½Â28.3.1. ÷vpe = 0����ê¡���A�§Ù¥e�¦{ð��"X

JØØp�Û�ðkpe 6= 0§K¡��A��∞£�k<½Â�0¤"

éuÙ¦���"��α§Ï�kpα = pα · e = pe · α§�p�´¦pα = 0¤

á�����ê§XJkmα = 0¤á§Ù¿�^�´p|m"¿©5´w,�"�
X©Û7�5§�m = qp+ r§K0 = mα = pqα+ rα = αq · pe+α · re = α · re,Ù
¥α´?¿�"��, r < p. Ø�r = 0,ÄKþªØU¤á§�p|m"

XJ��A��p§éÙ�"��α ðk

α, 2α, · · · , (p− 1)α, pα = 0

ù
���8ÜK�¤GF (q)¥�Ì�\+§�k�p−1�"��§��0�

�§����A�`²
\{�Ì�A5§ØJwÑÃ���A��∞.
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~28.3.2. 3GF (2)¥§e = 1§ke+ e = 2e = 0§A��2.

��GF (q)§§k0,1§9Ù§q − 2 ��"��§ùq ���´üüpÉ

�"�òq���Ú�?Ò�{a1, a2, · · · , aq}§du3\{$�eªgµ4�§�
�ai + aj = ak§Ù¥i, j, k = 1, 2, · · · , q "�,	k���GF (q′)���8Ü

�{b1, b2, · · · , bq}§dugµ4·��±N����ü�gS¦bi+ bj = bk"-σ :

σ(ai) = bi§Kai + aj → bi + bj"�\{+´Ó��"

í�0��§ò\{U�¦{§Ó��±y²¦{+´Ó��"

½n28.3.3. ���ê���k��7½Ó�"

Ún28.3.4. �(G, ·)�k���+§n´G¥¤k�������§KG¥?

¿������êÑ´n�Ïê"

y²µ�a, b ∈ G§a��ê�n§b��ê�m§Km|n"ÄK§b�m 6 |n§K
�3�êp§¦�§3m¥Ñy��g�u3n¥Ñy��g§=n = pe1n1,m =

pe2m1, (p, n1) = (p,m1) = 1§�e2 > e1§a
pe1!bm1��ê©O�

n

(pe1 , n)
=

n

pe1
= n1

m

(m1,m)
=

m

m1

= pe2

qÏ�(n1, p
e2) = 1§¤±bm1ap

e1��ê�

pe2n1 > pe1n1 = n

ù�n���5gñ" �

~28.3.5. �F�k��§F ∗ = F/{0}§KF�¦{+(F ∗, ·)´Ì�+"

y²µ�n�F ∗¥������ê§dþ¡Ún§F ∗¥����êþ�n�Ïê§

éu?¿a ∈ F ∗§an = 1"�a ∈ F ∗§�a��ê�n§-

G = {1, a1, a2, · · · , an−1}

�|F | = q§K|F ∗| = q − 1§ÏG ⊆ F ∗§�q − 1 ≤ n"
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,��¡§f(x) = xn − 1�Fþ�ngõ�ª§§3Fþ�õkn�pØ�

Ó��§F ∗¥���þ�f(x)��§0 ∈ FØ´f(x)��§ù`²f(x)3Fþ

kq− 1�ØÓ��§lq− 1 ≤ n"Ïdn = q− 1, F ∗ = G = 〈a〉§=a´F ∗�)
¤�"

�

´�

íØ28.3.6. �k��Fkq���§é?Û��α ∈ G§XJα��ê�t§

Kt|(q − 1)"

½n28.3.7. �F��§KÙA���ê"�z���A�½��ê½�∞"

y²µXJF´Ã��§K��A��∞"XJ´k��§�A��p§Kp 6= 07

��ê"ÄK§p �½�±©)��ê�È"Ø��p = m · n§Ù¥m,n, p�
Ñ��ê"��pe = me · ne = 0,meÚneÑ´�¥��"��"þªü>Ó¦

±(me)−1�(me)−1 ·me · ne = (me)−1 · 0 = 0§=ne = 0"�n < p§��b�A

�p�kgñ"Ïdp7��ê"

�

½n28.3.8. 3p�A���¥§é?Û��α§β ðk(α + β)p = αp + βp

y²µ(α + β)p = αp + C1
pα

p−1 · β + · · ·+ Ci
pα

p−iβ̇i + · · ·+ βp

ª¥

Ci
p =

p(p− 1) · · · (p− i+ 1)

i!
=

p!

(p− i)!i!

0 < i < p"Ïp�ê§�i < p§�pØU�Ø(p − i)!Úi!§Ï�Ci
p = p!

(p−i)!i!§

�p|Ci
p§�C

i
p = 0( mod p)"Ïd7½k(α + β)p = αp + βp"

�

þ¡·�Ú\��A��§duk���A��7½�ê§Ï��{z


��$�"e¡0�GF (q)¥����xq − x���m�'X"

½n28.3.9. GF (q) ¥�z���þ´xq − x��"��§xq − x��þ

´GF (q) ¥���"Ïd§XJq = pm§K

xp
m−1 − 1 = (x− α0)(x− α1) · · · (x− αpm−2)
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y²µxq − x = x · (xq−1 − 1),w,0´õ�ª����§�´GF (q)¥�\{ð

��"Ó�GF (q)¥�q− 1��"���¤Ì�¦+§ù
�"���^q− 1�

����gL«:1, α, α2, · · · , αq−2"w,(αi)q−1 = (αq−1)i = 1§�(αi)q−1 − 1 =

0, i = 0, 1, · · · , q − 2§dd��§GF (q) ¥q − 1��"��Ñ´xq−1 − 1��"

ÏdGF (q)¥�Üq���Ñ´xq − x��"�´õ�ªxq − x3�½ê�þ�õ
�kq��§Ø
GF (q)�q�����¦��±	§2�éØ�Ù§��"Ïd

eβ´xq − x��§K7kβ ∈ GF (q)" �

dd��§GF (pm)þ?¿�"��β�½´xp
m−1−1��§=βp

m−1−1 = 0§

=βp
m − β = 0§ùÒ´¤ê½n"

½Â28.3.10. 3GF (q)¥§XJ,������q−1§K¡d������§

±������Ø��õ�ª���õ�ª"

�
O������ê§kÚ\î.¼êϕ"ϕ(n)L«31, 2, · · · , n− 1, n¥

�np���ê"Xϕ(1) = 1, ϕ(2) = 1, ϕ(3) = 2, · · ·"�n��ê�§k{ü�L
«ªϕ(n) = n − 1"Xn�Üê§K�ò§©)��ê�Èn = pj11 p

j2
2 · · · pjss §Ù

¥p1, p2, · · · , ps��ê§j1, j2, · · · , js�éA�ê��§Kϕ(n) = Πn
i=1(pjii −p

ji−1
i )"

·K28.3.11. en���ê§K
∑

d|n ϕ(d) = n

y²Ñ�

~28.3.12. O�ϕ(35)

)µd·K28.3.11�ϕ(1) +ϕ(3) +ϕ(5) +ϕ(7) +ϕ(35) = 35§ϕ(1) = 1, ϕ(5) =

4, ϕ(7) = 6§�ϕ(35) = 24 �

~28.3.13. �f(x) = x4 + x + 1´GF (2)þ��õ�ª§Á^���α)

¤GF (24)��Ü��"5¿z���kn«L«�{§α��g!õ�ª!�?

�¥þ"�K¥§�´��15 �Ñ´���§�8�"
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�g õ�ª �?�¥þ ����

- 0 0000

α0 = α15 = 1 1 0001 1

α1 α 0010 15

α2 α2 0100 15

α3 α3 1000 5

α4 α + 1 0011 15

α5 α2 + α 0110 3

α6 α3 + α2 1100 5

α7 α3 + α + 1 1011 15

α8 α2 + 1 0101 15

α9 α3 + α 1010 5

α10 α2 + α + 1 0111 3

α11 α3 + α2 + α 1110 15

α12 α3 + α2 + α + 1 1111 5

α13 α3 + α2 + 1 1101 15

α14 α3 + 1 1001 15

½n28.3.14. k����7½�ÙA���"

y²µ�k�����q§A��p§Kp��ê§-F1 = GF (p)§§´����§

=ØU2©)���f�"q-F = GF (q)"eØ
F1���±	§FØ�¹?

ÛÙ¦��§KF = F1§=F�kp���§½n¤á"

XJFØ
F1���±	§�ke2 6∈ F1§duF´�§�é¦{Ú\{$�

Ñ´gµ�§Ïd�½k8ÜF2 = {a1 +a2e2|a1, a2 ∈ F1} ⊆ F"eØ
F2���

±	§FØ�¹?ÛÙ¦��§KF = F2§α1Úα2�kp«�U��§F�kp
2�

��§½n¤á"

XJ�ke3 6∈ F2§F3 = {a1 + a2e2 + a3e3|a1, a2, α3 ∈ F1} ⊆ F · · · · · ·
EdL§��F¥¤k��þ�¹3S��"=3F¥À½
�|��

{e1, e2, · · · , em}§¦�F¥?¿����Ñk���L�ªµα = α1 + α2e2 +

α3e3 + · · · + αmem"-Fm = {α1 + α2e2 + α3e3 + · · · + αmem|α1, α2, · · · , αm ∈
F1}, e2 6∈ F1, e3 6∈ F2, · · · , em 6∈ Fm−1§®²òF¥�Ü��þ�¹?�§KF =

Fm"Ïα1, α2, · · · , αm ∈ F1§z���þkp«�U§�q = pm"½n�y"

�
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w,§·�k

íØ28.3.15. GF (pm)�±w��GF (p)þ��5�m"

~28.3.16. GF2[x]x3+x+1 = {0, 1, x, x2, x+ 1, x2 + x+ 1, x2 + 1, x2 + x} = F,

d��A��2§F1 = {0, 1}, �e2 = x2§KF2 = {α1 +α2e2} = {0, 1, x2, x2 + 1}§
�e3 = x§KF3 = {α1 + α2e2 + α3e3} = {0, 1, x, x2, x+ 1, x2 + x+ 1, x2 + 1}"

½n28.3.17. XJk´pA��¥�?¿�ê§Ké��g,ênk

kp
n

= k

y²µÏ�k´�¥�?¿�ê§¤±Uì½n28.3.8§k

kp
n

= (k · e)pn = (e+ e+ · · ·+ e)p
n

= k · epn = k

�

½n28.3.18. xm − 1|xn − 1 ��=�m|n

y²µ�n = md+r, 0 ≤ r < m,Kxn−1 = xmd+r−1 = xr(xmd−1)+(xr−1),�â

õ�ª�{Ø{kxn− 1 = q(x)(xm− 1) + r(x).'���q(x) = xr(xmd−1)
xm−1

, r(x) =

xr − 1"

XJxm − 1|xn − 1,Kr(x) = 0, r = 0,¤±n = md"

��§XJm|n§�-n = md,duy = 1´yd − 1��§Kky − 1|yd − 1,

±y = xm�\��xm − 1|xmd − 1§=xm − 1|xn − 1.

�

½n28.3.19. GF (pr)�¹f�GF (ps)¿�^�´s|r"

y²µd½n28.3.9��§GF (pr)¥z��"�Ñ´xp
r−1−1��§GF (ps)¥z�

�"�Ñ´xp
s−1−1��.XJGF (ps) ⊂ GF (pr)§Kxp

s−1−1��Ñ´xp
r−1−1�

�"¤±ù`²xp
s−1 − 1|xpr−1 − 1"��¿�^�s|r"

�

½n28.3.20. �Fq´õ�ª�Xê�§f(x)´Fq(x)¥���mgØ��

õ�ª§K7kf(x)|xqm − x.
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28.3. k���(� CHAPTER 28. k��Ä�5�

y²µ-Fq[x]f(x) = {am−1x
m−1 + am−2x

m−2 + · · · + a1x + a0|ai ∈ Fq} "§´�
�GF (qm)�"�â½n28.3.9§GF (qm)¥�z���Ñ´xq

m − x��§ù¢S
þ´Uìmod f(x)5$��§=(xq

m − x)f(x) ≡ 0"lf(x)|xqm − x"
�

½n28.3.21. �Fq´õ�ª�Xê�§f(x)´Fq(x)¥���mgØ��

õ�ª§Kf(x)|xqm − x�¿�^�´m|n.

�Øy²µ�â½n28.3.20§f(x)|xqm − x§xq
m − x|xqn − x�duxq

m−1 −
1|xqn−1−1"q�â½n28.3.18§��xq

m−1−1|xqn−1−1�¿�^�´qm−1|qn−1§

Ù¿�^�q�m|n.�f(x)|xqm − x�¿�^�´m|n.

Ty²�¿©5´é�§7�5y²�Ø"yy²Xeµ

�f(x)|xqn − x¦�
xq

n − x = f(x)h(x)

Ï�∂f(x) = m�3GF (q)þØ��§¤±∀
−→
β ∈ GF (qm)k

−→
β qm −

−→
β = 0,mod(f(x))

qÏ�xq
n − x = f(x)h(x)§�xq

n − x ≡ 0,mod(f(x))

¤±∀
−→
β ∈ GF (qm)k

−→
β qn −

−→
β = 0,mod(f(x))

b�m 6 |n§�n = md+ r§Kk

[[[
−→
β qm ]q

m · · · ]qm ]q
r −
−→
β = 0,mod(f(x))

=
−→
β qr −

−→
β = 0,mod(f(x))

Ï�
−→
β´?��§Ø��§�qm − 1�)¤�§Kk

−→
β�qr − 1�)¤��

(Ø§gñ"

�

d½n�·��½
3xq
n − x¥ÏéØ��õ�ª���"�âù�½n

·��±��Xe(Ø"
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xq
n − x =

∏
∂f(x)|n

f(x)

~28.3.22. x23 − x = x(x+ 1)(x3 + x2 + 1)(x3 + x+ 1)

dþª§§�©)�ü��gªÚü�ngª"ü��gª�xÚx + 1§n

gª�^Á&{¦�§����

x23 − x = x(x+ 1)(x3 + x2 + 1)(x3 + x+ 1)

½n28.3.23. f(x) =
∑k

i=0 aix
i, ai ∈ GF (q),XJω´f(x)3�GF (q)þ��§

Kéu��g,ên§ωq
n
�´f(x)��"

y²µ�â½n28.3.89ω���b�§��

(
k∑
i=0

aiω
i)p

ns

=
k∑
i=0

ai
pns(ωp

ns

)i

�â½n28.3.8§b�q = ps§Kk(
∑k

i=0 aiω
i)q

n
=
∑k

i=0 ai
qn(ωq

n
)i"�â

½n28.3.17, ai
qn = ai,u´[f(ω)]q

n
=
∑k

i=0 ai(ω
qn)i = f(ωq

n
) = 0.=eω´

3GF (q)�þ��, Kωq
n
�´f(x)�"

�

½Â28.3.24. Xê3GF (q)�þ§±ω���¤kÄ�õ�ª¥§7k��

gê�$�§¡�ω���õ�ª"

��õ�ªkXe5�µ(1) m(x) 3GF (q)�þ´Ø���§ÄKÙgêÒ

Ø´�$�"

(2)XJf(x)�´GF (q)�þ�õ�ª§�f(ω) = 0,Km(x)|f(x)"ù�y²X

e: �f(x) = m(x)·q(x)+r(x), 0 ≤ ∂r(x) < ∂m(x),Kf(ω) = m(ω)q(ω)+r(ω) =

0,Ï�f(ω) = m(ω) = 0,�r(ω) = 0,�∂r(x) < ∂m(x), r(ω) = 0�½Âgñ"¤

±�kr(x) = 0âU¦þª¤á"Ïdm(x)|f(x).

(3)3GF (qm)þ§z�����Ñk�����õ�ª§ù�y²Xe"�â

½n28.3.9§GF (qm)¥z����Ñ´xq
m − x��§z����/éAuxqm −

x�����õ�ª"XJ����éAum1(x)Úm2(x) ü���õ�ª§K�

â5�(2), km1(x)|m2(x)Úm2(x)|m1(x)§�m1(x) = m2(x)"
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½n28.3.25. XJω´GF (q)*�¥�����§ω���n§ω���õ�

ªm(x)�gê�m§Kn|qm − 1§�n 6 |qk − 1§Ù¥k < m

y²µÏm(x)´Ø���§d½n28.3.20�m(x)|(xqm−1−1)·x§��ω�´xqm−1−
1��§�ωq

k−1 = 1"�ω���n§ln|qm − 1"XJb½n|qk − 1§K�

âÌ�+����5�(1)kωq
k−1 = 1§¤±m(x)��7´xq

k−1 − 1��§Ï

dm(x)|xqk−1 − 1"�â½n28.3.217km|k§�b�m > kgñ"¤±n 6 |qk − 1.

�

½n28.3.26. XJf(x) ´Fq[x]¥���mgØ��õ�ª§Xω´

f(x)3GF (qm)¥����§Kω, ωq, ωq
2
, · · · , ωqm−1

Ò´f(x)3GF (qm)�¥üü

pÉ��Ü�"

y²µ�â½n28.3.23§ω, ωq, ωq
2
, · · · , ωqm−1

Ñ´f(x)��, mgõ�ª�Ð

km��"y3y²§�´üüpÉ�"bXØ´üüpÉ�§K7kE§

�ωq
i

= ωq
j
, Ù¥0 ≤ i < j < m,Kω = ωq

m
= (ωq

j
)q
m−j

= ωq
m+i−j

§Ï

kωq
m+i−j − ω = 0"�ω´n���§�â����5�7kn|qm+i−j − 1"

-k = m+ i− j§Kk < m§Ïdd½n28.3.25§n 6 |qk − 1§gñ"

�

Kω, ωq, ωq
2
, · · · , ωqm−1

ùüüpÉ�m��¡�f(x)��Ý�X"

íØ28.3.27. �Ý�X�z������õ�ªþ�Ó"

y²µ�3�Ý�XSωq
i
���õ�ª´m1(x)§ωq

j
���õ�ª´m2(x)§ü

öÑ´mg�"-ωq
i

= ω1, ω
qj = ω2,§Kd½n28.3.26��§ωq1 = ωq

i+1
, ωq

2

1 =

ωq
i+2
, · · · , ωq

m−1

1 = ωq
i+m−1

�´m1(x)��"�â½n28.3.20�ωq
m

= ω§l

ω1, ω
q
1, · · · , ω

qm−1

1 "ù|�Ý�XC�ωq
i
, ωq

i+1
, · · · , ωqm−1

, ω, ωq, · · · , ωqi−1
.

Ónm2(x)��Ý�X�ωq
j
, ωq

j+1
, · · · , ωqm−1

, ω, ωq, · · · , ωqj−1
"dd��§

m1(x)Úm2(x)k�Ó��Ý�X"Ïdm1(x) = m2(x) = m(x)"

�

íØ28.3.28. ��õ�ª¥¤k��k�Ó��"

y²µ�ω���n§��õ�ªgê�m§�y²ωq
j
���´n§d����5

�(3)��§7Ly²(n, qi) = 1"Ï�qA�p��§�q = pi"XJ(n, qi) 6= 1§K

7½(n, qi) = pt > 1§�n = k · pt§dun|qm − 1§¤±pt|qm − 1§ù´Ø�U

�"�(n, qi) = 1§íØ¤á"
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�

½n28.3.29. 3GF (2)Xê�þ©)x63 − 1���õ�ª¦È"

)µx63−1k63��§�â½n28.3.9§§�Ñ´GF (26)¥�63��"��"ù63�

�"���8Ü´�Ì�¦+§z���þ�^)¤��g5L«§=x63− 1�

��α0, α1, · · · , α62§�x63 − 1 = (x − 1)(x − α)(x − α2) · · · (x − α62)"Uì½

n28.3.26ÚíØ28.3.28éÑ���Ý�X�¤�A���õ�ª§¿±�Ý�X

¥α��$�gL«m(x)�eI"5¿§3¦�Ý�X�Uα63 = 1$�§l

m0(x) = (x− α0) = x+ 1

m1(x) = (x− α)(x− α2)(x− α4)(x− α8)(x− α16)(x− α32)

m3(x) = (x− α3)(x− α6)(x− α12)(x− α24)(x− α48)(x− α63)

m5(x) = (x− α5)(x− α10)(x− α20)(x− α40)(x− α17)(x− α34)

m7(x) = (x− α7)(x− α14)(x− α28)(x− α56)(x− α49)(x− α35)

m9(x) = (x− α9)(x− α18)(x− α36)

m11(x) = (x− α11)(x− α22)(x− α44)(x− α25)(x− α50)(x− α37)

m13(x) = (x− α13)(x− α26)(x− α52)(x− α41)(x− α19)(x− α38)

m15(x) = (x− α15)(x− α30)(x− α60)(x− α57)(x− α51)(x− α39)

267



28.3. k���(� CHAPTER 28. k��Ä�5�

m21(x) = (x− α21)(x− α42)

m23(x) = (x− α23)(x− α46)(x− α29)(x− α58)(x− α53)(x− α43)

m27(x) = (x− α27)(x− α54)(x− α45)

m31(x) = (x− α31)(x− α62)(x− α61)(x− α59)(x− α55)(x− α47)

ù����m(x)�Xê´α�õ�ª"duα´63���§§´���§��

��½´��õ�ª��§¤±3�~¥�´6g��õ�ª��Ñ���α.

XJ�α´x6 + x + 1��§Kα6 + α + 1 = 0§duGF (26)A���2§¤

±α6 = α + 1"|^d��õ�ª9½n28.3.8§�òx�Xê=αõ�ª{z

�GF (2)¥��"�m(x)���/ª©O�

m0(x) = x+ 1

m1(x) = x6 + x+ 1

m3(x) = x6 + x4 + x2 + x+ 1

m5(x) = x6 + x5 + x2 + x+ 1

m7(x) = x6 + x3 + 1

m9(x) = x3 + x2 + 1

m11(x) = x6 + x5 + x3 + x2 + 1
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m13(x) = x6 + x4 + x3 + x+ 1

m15(x) = x6 + x5 + x4 + x2 + x+ 1

m21(x) = x2 + x+ 1

m23(x) = x6 + x5 + x4 + x+ 1

m27(x) = x3 + x+ 1

m31(x) = x6 + x5 + 1

~X§m9(x) = x3 + x2 + 1´ù�O���"

m9(x) = (x− α9)(x− α18)(x− α36)

= x3 − (α9 + α18 + α36)x2 + (α45 + α54 + α27)x− α63

u��¡�GF (26)L�¥�êâ��

α9 + α18 + α36 = (000110) + (111100) + (011010) = (100000)

α45 + α54 + α27 = (100110) + (111010) + (011100) = (000000)

¤±m9(x) = x3 + x2 + 1

|^����5�9íØ28.3.28�±òm(x)8a¤ψ(x)§¿±����ê

�ψ(x)�eI§u´��

ψ1(x) = m0(x)

ψ3(x) = m21(x)
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ψ7(x) = m9(x) ·m27(x)

ψ9(x) = m7(x)

ψ21(x) = m3(x) ·m15(x)

ψ63(x) = m1(x) ·m5(x) ·m11(x) ·m13(x) ·m23(x) ·m31(x)

u´

x63 − 1 = ψ1(x) · ψ3(x) · ψ7(x) · ψ9(x) · ψ21(x) · ψ63(x)

�

~28.3.30. �Ä3BCH(15, 3), -αL«GF (16)þ������§@o)¤

õ�ª´{α, α3, α5}���õ�ª"

α��Ý´µα, α2, α4, α8;

α3��Ý´µα3, α6, α12, α9;

α5��Ý´µα5, α10. Ïdg(x) = (x−α)(x−α2)(x−α3)(x−α4)(x−α5)(x−
α6)(x− α8)(x− α9)(x− α10)(x− α12) ldimBCH(15, 3) = 15− 10 = 5.

�
¢SO�ù�~f�g(x)§·�I��ÄGF (16)�äN�E"·�^

���α���ê5L«GF (16), α÷vα4 = α + 1. 3eL¥§��αjdα�g

ê≤ 3�õ�ª�Ñ"e¡´õ�ªα4 = α + 1)¤�GF (16).
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i αi

− 0000

0 0001

1 0010

2 0100

3 1000

4 0011

5 0110

6 1100

7 1011

8 0101

9 1010

10 0111

11 1110

12 1111

13 1101

14 1001



~X§

α11 = α4 · α4 · α3

= (α + 1)(α + 1)α3 = (α + 1)(α4 + α3)

= (α + 1)(α3 + α + 1) = · · ·

= α3 + α2 + α.

)¤õ�ªg(x)´α, α3, α5��õ�ª�¦È"α���õ�ªA�x4 + x+ 1.
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�α3���õ�ª�g3(x) = g30 + g31x+ g32x
2 + g33x

3 + g34x
4,7L÷v

g3(α3) = g30α
0 + g31α

3 + g32α
6 + g33α

9 + g34α
12 = 0.

g3(x)��ug30[0001] + g31[1000] + g32[1100] + g33[1010] + g34[1111] = [0000]"

ù�¹5���ê�4gàg�§�8Ü����²�)´

[g30, g31, g32, g33, g34] = [11111],Ïdg3(x) = x4 + x3 + x2 + x+ 1"

aq/g5(x) = x2 + x+ 1.ÏdBCH(15, 3),�)¤õ�ª�g(x) = (x2 + x+

1)(x4 + x3 + x2 + x+ 1)(x4 + x+ 1) = x10 + x8 + x5 + x4 + x2 + x+ 1

§28.4 õ�ª9õ�ª�£Ö¿¤

~28.4.1. x2− 23knê�þØ��§�3¢ê�þ�©)�x+
√

2 Úx−
√

2"

~28.4.2. 3GF (2)þ§x7 − 1 = (x− 1)(x3 + x2 + 1)(x3 + x+ 1)"-p(x) =

x3 + x+ 1, x3 + x+ 1|x7 − 1.KGF2[x]p(x)Ò´GF (23)§�k8���§=

GF2[x]p(x) = {0, 1, x, x2, x+ 1, x2 + 1, x2 + x, x2 + x+ 1}

x�_��x2 + 1§=[x · (x2 + 1)]p(x) = (x3 + x)p(x) = −1 ≡ 1.

·�¡GF (q)�Ä�§GF (qn)�GF (q)�ng*�

¦k�����õ�ª§BCHè§ÑI�^�k�����§du

αj = a0α
0 + a1α

1 + a2α
2 + · · ·+ am−1α

m−1(modp(α))

¤±�ª�>Úm>ü«/ªÑ�±����§¦^ö��â�¹�BÀ

J§7�����p=�"ª¥p(α)£½p(x)¤́ GF (2m)¥�mg��õ�ª"e

¡±/ª

i (a0 a1 a2 · · · am−1 )

�ÑGF (2m)���"

e¡´õ�ªα4 = α + 1)¤�GF (16).
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i αi

− 0000

0 1000

1 0100

2 0010

3 0001

4 1100

5 0110

6 0011

7 1101

8 1010

9 0101

10 1110

11 0111

12 1111

13 1011

14 1001



e¡´õ�ªα5 = α2 + 1)¤�GF (32).
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i αi i αi

0 10000 15 11111

1 01000 16 11011

2 00100 17 11001

3 00010 18 11000

4 00001 19 01100

5 10100 20 00110

6 01010 21 00011

7 00101 22 10101

8 10110 23 11110

9 01011 24 01111

10 10001 25 10011

11 11100 26 11101

12 01110 27 11010

13 00111 28 01101

14 10111 29 10010

− 00000 30 01001



e¡´õ�ªp(x) = 1 + x+ x6½α6 = α + 1)¤�GF (26).
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− 000000 31 101001

0 100000 32 100100

1 010000 33 010010

2 001000 34 001001

3 000100 35 110100

4 000010 36 011010

5 000001 37 001101

6 110000 38 110110

7 011000 39 011011

8 001100 40 111101

9 000110 41 101110

10 000011 42 010111

11 110001 43 111011

12 101000 44 101101

13 010100 45 100110

14 001010 46 010011

15 000101 47 111001

16 110010 48 101100

17 011001 49 010110

18 111100 50 001011

19 011110 51 110101

20 001111 52 101010

21 110111 53 010101

22 101011 54 111010

23 100101 55 11110

24 100010 56 011101

25 010001 57 111110

26 111000 58 011111

27 011100 59 111111

28 001110 60 100111

29 000111 61 100011

30 110011 62 100001
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128ÙSK

1.�N�ê�8ÜéÊÏ~{´Ø´��+§��oº

2.�N�K�ê�8Ü3\{½¦{$�e´Ä�¤��+§��oº

3.y²3¢ê�þ��k_�n× nÝ
éuÝ
¦{�¤��+"
4.e��êmØ´�ê§y²8Ü{1, 2, · · · ,m− 2,m− 1}3�m�$�eØ

�¤��+"

5.�â��õ�ªp(x) = x3 + x2 + 1§�¤GF (23)���L§z��"��

©O±�����g!õ�ª�p(x)��{aÚ¥þL«§¦Ñ�����9�

��"

6.¦ÑGF (2)þ�Ü5g*����õ�ª9��õ�ª"

7.�α ∈ GF (25)´�����§-β = α3§eè�)¤õ�ª±β, β2,

β3, β4��§¦ÑTè�)¤õ�ª"

8.eF´��kq����k��§y²z�¼êf : F → F�L«�gê�

��q − 1�õ�ª"

9.3~K¥·�3F16����α÷vα
4 = α = 1��¹eO�

BCH(15, 3)�)¤õ�ª"XJ��±���÷vα4 = α3 + 1§)¤õ�ª´�

oº
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þf&E�Æ´���3¯�Çå���+�#Æ�"§´þfåÆ!þf

1Æ!O�Å�Æ!&EØ±9Ï&Eâ�ó§Æ��p(Ü���Æ�"þf

&E�Æ3JpO�Å&E�?n�Ý!O�&E��;Nþ!(�&E��ä

G�S�!¢yØ�»È!Ø��f���Ï&��¡Ñ�±â»yk�²;&

EÏ&XÚ�4�§¿ò�&E�Æ�Ï&Eâ�5��5��â»§�O�

Å�Æ�Eâ��±YuÐm8
Ï#��m"þf&E�Æ�ïÄÒ´±þ

fÔn��&E1N�&EnØÚEâ�ïÄ"�Ù���e{ü0�§±¦Ö

öéþf&E�Æk��ÐÚ�
)"

§29.1 þf

þf�@Ñy31þfnØ¥§́ �*XÚ¥Uþ���åÆü "�*

.¥¤k��*âf(X1f!>f!�f�)Ú¡�þf"ÊK�31900c3k

'çNË�¯KïÄ¥JÑ/Ô�Ë�(½áÂ)�Uþ�U´,���Uþü 

��ê�ê0�b`§¡�þfb`§=éu�½ªÇν�>^Ë�§ÔN�U±

��ü áÂ½u�§(dd���*.Ô��Uþ´ØëY�)"áÂ½u�

>^Ë��U±/þf0�ª?1§z�/þf0�Uþ�

ε = hν

ª¥h���Ê·~þ"ù3²;åÆ¥´Ã{n)�"

�*.¥þfäkNõA5§ù
A58¥Ly3þf�G�á5þ§X

þf��U\5!þf��Å�!þfG��Ø���!þf�/Åâ��50

±9þf�N�ÿþò��þfG�/Å�¥ 0�y�"ù
ÛÉ�y�5g

u�*.¥�*�Nm��pZ�§=¤¢�þf�ZA5"

§29.2 þf'A

þf&E��;ü�¡�þf'A"��þf'A�G�§·�r§n)�

����Eê�m��þ§§kü�4zG�´|0〉Ú|1〉"��þf'AU
?
3QØ´|0〉 qØ´|1〉 �G�þ§´?uG�|0〉Ú|1〉����5|Ü�¤¢
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¥mG��þ§=?uG�|0〉Ú|1〉�U\�þ"

|ψ〉 = α|0〉+ β|1〉 (29.1)

ùp�αÚβ�?¿Eê"Ï�|α|2 + |β|2 = 1§·��±ò�ª(67)U¤Xe/

ªµ

|ψ〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 (29.2)

ª¥−π 6 θ 6 π§0 6 ϕ 6 2π§x = sin θ cosϕ§y = sin θ sinϕ§z = cos θ"w,θ

Úϕ3ü n�¥Nþ½Â
��:§ù�¥NÏ~¡�Ùââ¥(ã1.2)"Ùâ

â¥Jø
�~�*¢^�ü�þf'AXG��Àz�AÛL«"

x

y

z

|0〉

|1〉

φ

|ψ〉
θ

ã11.1 þf'A�Bloch¥¡L«

��þf'A�±ëY/!�Å/�3uG�|0〉Ú|1〉�?¿U\�þ§�
�§�,gÿþòz��"·�k�rG�n)�µ1L«âf§0L«Å"þ

f�o?uâfG�§�o?uÅ/G�"¯k·����Tþf?u?uG

�|0〉Ú|1〉�U\�þ§|0〉Ú|1〉 �VÇ©O�α½β"

§29.3 þf�U\�þf�Å�

�þf'A�U\G�Ã{^�þf'A�Üþ¦ÈL«�§ù«U\G�

Ò¡�þfÅ�G�"~X§y3kü�âf|¤���EÜþfXÚ§Ù¥â

f1�Ukþf�|01〉Ú|11〉§âf2 �Ukþf�|02Ú|12"@oüâf|¤�E

ÜXÚ��Uþf�kõ�«º4«µ
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|01〉|02〉, |01〉|12〉, |11〉|02〉, |11〉|12〉

@où�XÚ�?��þfXÚÑ�±L«�

a|01〉|02〉+ b|01〉|12〉+ c|11〉|02〉+ d|11〉|12〉

Ù¥a, b, c, d÷v|a|2 + |b|2 + |c|2 + |d|2 = 1

~Xk�þfU\G�

1√
2
|01〉|02〉+

1√
2
|01〉|12

§�±©l�
1√
2
|01〉(|02〉+ |12〉)

§��uâf1?uG�|01〉§âf2?uU\�|02〉+ |12〉§�Ò´3ù�þf
�þ§�±òâf1Úâf2�G�©lm5"

�´§éue��þfU\G�µ

1√
2

(|01〉|02〉+ |11〉|12〉)

ÃØæ^N���{ÑÃ{©l¤ü�þf'A"ù�U\G�Ò¡�þfÅ

�G�"

~��Í¶�þfÅ��´âf1Úâf2�¤��|��8�zÄ�–��

Ä£BellÄ¤§́ äk��VÇ�Å��"ù|��Ä£�o�¤~P�
|Ψ+〉12 = 1√

2
(|01〉|12〉+ |11〉|02〉)

|Ψ−〉12 = 1√
2
(|01〉|12〉 − |11〉|02〉)

|Φ+〉12 = 1√
2
(|01〉|02〉+ |11〉|12〉)

|Φ−〉12 = 1√
2
(|01〉|02〉 − |11〉|12〉)

(29.3)

§q¡�EPRé

þfÅ�G�´þf&EØ¥Ak�Vg§¦+?3Å��ü�½õ�

þfXÚ�mØ�3¢SÔ�þ�éX§�ØÓ�þf %¬Ï�Å�*dK
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�"�´du/Å�0� �5§¦���þf�G�òÓ��u)Å��,�

�þf�G��'§q�3§��p�m�'é5';�(Ü�ü��f�r"

þfÅ�7,Nyâf��m�'é§�þfÅ��°�§�Ò´þfÅ�

���A:–'é�¥"

~X§üXÚ���Å��

1√
2

(|01〉|02〉+ |11〉|12〉)

eéù��¥�âf1 ?1ÿþ§kµXJâf1�¥�|01〉§Ò7kâf2�¥

�|02〉¶XJâf1�¥�|11〉§Ò7kâf2�¥�|12〉"
Ïd§Å���'é�¥äk]�5!�½�59��m5"

§29.4 þfÛ/D�

âfÛ/D�´$^þfÅ�A5§ò���þf&EDx����Ù�3

Å�5U�1þfþ§�k��Tþf&E�Ôn1NEÊ33�?Ø7�D

x"þfÛ/D�´òþfA5��Ï&�&�¦^§5Dxþf&E"

uxö`

1þf1
��þf�

Bell Ä
ÝKÿþ

�Éö¯

N�C� 1þf2
²;&�

ÿþ(J

Å��
âféâf2 âf3

þfÛ/D���nXeµ1. �uxö`�òþf�1�&Eux��Éö

¯§�ØDx1âf1��"

2.`¯���éþf�Å��âfé§âf2Úâf3"̀ Pkâf2§̄ Pk

âf3.

3.`ò��âf��1âf1�âf2?1bellÄ��Ä:¥�ÝKÿþ"ù


ÿþko«�VÇ(J§�zg�U��Ù¥,��(J"ù�§du�¥§

âf2��¥§Úuâf3��¥"
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4.`ÏLDÚÏ&�ªòÿþ(Jw�¯"¯3¼G`ÿþ(J�§éâ

f3?1�Aö�§Ò�±¦âf3C¤�âf1¤D�������Ó�þf�"

5¿µâf�1 ®²u)�¥Cz§®Ø´?u�5���þf�§ùþf�

®²D�âf�3þ
"

þfÛ/D�´�{ü�þfÏ&Eâ§e¡·��ÑäN�ö��{Úí

�L§"

�uxö`k1âf§§¤?G�´���£`Ú¯Ñ´Ø���"¤��

|Ψ+〉x = α|01〉+ β|11

q�`¯�mPkâf2Úâf3§ÙÅ���

|Φ+〉23 =
1√
2

(|02〉|03〉+ |12〉|13〉)

3�âfEÜXÚ�G�Ò´


|Ψ〉123 = |Ψ〉x

⊗
|Φ+〉23

= (α|01〉+ β|11〉)
⊗

1√
2
(|02〉|03〉) + |12〉|13〉)

= α√
2
(|01〉|02〉|03〉+ |01〉|12〉|13〉) + β√

2
(|11〉|02〉|03〉+ |11〉|12〉|13〉)

(29.4)

q`éâf1Úâf2?1bellÿþ§=òâf1Úâf2©)¤o�bellÄ�

¥��� {
|Ψ±〉12 = 1√

2
(|01〉|12〉 ± |11〉|02〉)

|Φ±〉12 = 1√
2
(|01〉|02〉 ± |11〉|12〉)

(29.5)

2òªf29.4Ðm�n�


|Ψ〉123 = 1

2
[α(|Φ+〉12 + |Φ−〉12)|03〉+ α(|Ψ+〉12 + |Ψ−〉12)|13〉

+β(|Ψ+〉12 − |Ψ−〉12)|03〉+ β(|Φ+〉12 − |Φ−〉12)|13〉]
= 1

2
[|Φ+〉12(α|03〉+ β|13〉) + |Φ−〉12(α|03〉 − β|13〉)

+|Ψ+〉12(α|13〉+ β|03〉) + |Ψ−〉12(α|13〉 − β|03〉)]

(29.6)

5¿�eâf1Úâf2ÿþ�`ÿ�þão�bellÄ�¥���§Ó�Ù�

¥�¤ÿþ(JéA�Ä�þ§d�¯¤3âf3�G��u)'é�¥§Ùþ
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29.5. þfÏ& CHAPTER 29. þf&E�Æ{0

f��Uìªf29.6�¥�éA�G�"̀ �¤ÿþ�òÿþ(J^²;Ï&�

ªw�¯"

�¹1µXJ¯��`ÿ�(J�Φ+〉12§d�dªf29.6��§âf3�¥�

G�α|03〉+ β|13〉§ùTÐ´âf1�G�§&EDÑ¤õ"

�¹2µXJ¯��`ÿ�(J�Φ−〉12§âf3�¥�G�α|03〉 − β|13〉§�
e¡�C�=�¼�âf1�&E"

σ(α|03〉 − β|13〉) =

(
1 0

0 −1

)(
α

−β

)
= α|03〉+ β|13〉

�¹3µXJ¯��`ÿ�(J�Ψ−〉12§âf3�¥�G�α|13〉 − β|03〉§a
qC�=�¼�âf1�&E"

σ(α|13〉+ β|03〉) =

(
0 1

1 0

)(
α

β

)
= α|03〉+ β|13〉

�¹4µXJ`ÿ�(J�Ψ−〉12§âf3�¥G�α|13〉 − β|03〉§aqC��
�¼�âf1�&E"

σ(α|13〉 − β|03〉) =

(
0 −i
i 0

)(
−β
α

)
= −i(α|03〉+ β|13〉)

A:`²µ1)`�ÿþ´�Å�"2¤âf1�G�&E´?Û<£�)`¤w

Ø��"3¤ù�L§Ø�E�§Ï�`?1
BellÄÿþ§âf1�G�®�»

�§ÎÜþfåÆ�Ø���5"4¤E,I�²;&EÏ��DÑ§ÏdØ¬±

�1�D4&E"

§29.5 þfÏ&

þfÏ&�¢y²{
û�ò�L§§��þV90c�Ð§�)�S

AÆ¬3S�8 �Æ[JÑ
|^²;�þf(Ü��{5¢yþf]�D

xµò�ÔN�&E©¤²;&EÚþf&EüÜ©§²;&E´uxöé�Ô

N?1,«ÿþ(×£)J��ÔN��Ü©&E§þf&E´uxö3×£¥

3e�ÿþ�&E¶²;&EÚþf&E©O²²;Ï�ÚþfÏ�Dx§�É

ö¼�ùü«&E�§Ò�±��Ñ�ÔNþf���{E�¬"T�Y¥�'
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CHAPTER 29. þf&E�Æ{0 29.6. ¾· ì�ù�

��/�´þf&EÜ©�Dx§uxö$�éùÜ©þf&E�Ã¤�§Ïd

þf&EÜ©�Dx§́ �Éö|^�éÅ�1f�§ÏLòÙ¥���1f�

���ÔN�þf�þ5J��ÔN�&E§¿�duxöDx��Âö§l

�y&E���5"

|^�éÅ��1f¢y]�DÑ�ÔnÄ:3uþfåÆ��½�5"þ

fåÆ��½�5´���üþfXÚ�G��¤Å��§KØ+�5ùü�þ

fXÚm�ål�©�õ�§�§��m�UØ2kåÆþ��p�^§���

E�±3Å��§§��m�r�þf'é5ÒØ¬UC"

§29.6 ¾· ì�ù�

-þf'A|a〉�þf'A|b〉©O�µ

|a〉 =

[
a1

a2

]
, |b〉 =

[
b1

b2

]

��g±VÇpÚ1− pÕáu)§��cÑÑ�L�Ã'�þf&E¡���
þfÃPÁ&E"

þf&Eρ

|a〉 :ÑyVÇp

|b〉 :ÑyVÇ1− p

ã11.2 þf&E

e¡`²þf&E��Ý�f"

·�òþf'A|a〉�þf'A|b〉�g±VÇpÚ1 − pu)�þf&E^

�¡��Ý�f�2× 2Ý
L«

ρ = p|a〉〈a|+ (1− p)|b〉〈b|

XJ|a〉 =

[
a1

a2

]
§K〈a| = [a∗1 a∗2]
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~K6.1 þf&ES�ü�qubit

|a〉 =

[
1

0

]
, |b〉 =


1√
2

1√
2


��g±VÇpÚ1− pÑÑ§d��þf&ES��Ý�f�

ρ = p

[
1

0

]
[1 0] + (1− p)


1√
2

1√
2


[

1√
2

1√
2

]

=


1 + p

2

1− p
2

1− p
2

1− p
2



±þ�Ä
ÑÑ2«qubit���þf&E§^Ó���{·�U
�Ä

ÑÑr«aqubit�r�þf&E"���¹e§3r�þf&E�|Ü§·�

rqubit�Ä¤r��Eê¥þ§Ó��Ý�f�r × rÝ
"
b�éAur�þf&E��Ý�f�ρ§ρ��k(��)��λ1, λ2,

· · · , λr(Ù¥E��k�UE�gêOê)§K¾·ì�ù��½Â�

H(ρ) = −
r∑
i=1

λi log λi (29.7)

~K6.2 Á¦ü�qubit

|a〉 =

[
1

0

]
, |b〉 =


1√
2

1√
2
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�VÇu)�þf&ES�¾·ì�ù�"ù�&E��Ý�fρ�

ρ =
1

2

[
1

0

]
[1 0] +

1

2


1√
2

1√
2


[

1√
2

1√
2

]

=


3

4

1

4

1

4

1

4


¦)ρ��k�"

·�l

det


3

4
− λ 1

4

1

4

1

4
− λ

 = 0

��1��g�§ª

λ2 − λ+
1

8
= 0

)�§��ρ�ü��k�

λ1 =
2−
√

2

4
, λ2 =

2 +
√

2

4

Ïd¾·ì�ù��

H(ρ) = −2−
√

2

4
log

(
2−
√

2

4

)
− 2 +

√
2

4
log

(
2 +
√

2

4

)
≈ 0.6009
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