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1 T : ±c�ü L«�FÏ. T ∈ [−1/2, 1/2 ],�g��T = 0;
2 t : ±U�ü L«���. t ∈ [−1/2, 1/2 ],��Ì� t = 0;
3 t0: T FFá���;
4 a: ��U9YìS�¤3/��Ý;
5 τ: ����9Yì��U��d1U=��9U�=�Ç;
6 c: �»��,½�£8��Ý�ýé�,=c = 23o26′;
7 α: 9Yì���U�²¡�Y²¡�Y�;
8 α′: 9Yì���U�²¡�/¥»�¡�Y�(α′ + a = π

2 + α);
9 β: T F��1�/¶�4���Y�,§´'uT �¼ê;

10 b: ��1�»�¡�Y�, b = π
2 − β,¿5½����,H��K;

11 γ: T F t ���1���U��Y�,§´'uT Ú t �¼ê;
12 HT : T F��ì�9Yì�Ü���U��U¤�)�9U,§´
'uT �¼ê.
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�.�ïá9¦)

·���,�â/¥�7��ú=,Ó����g=. ±÷�V�/%`
À�5w,��zU3R�u/¶��þ±E©/!�$ÄX.�1
�/¶�4�Y� β��T Cz,é t �K����±�Ñ.e¡·
�±/¥�ëì,��7/¥=Ä.
éu�½�,�UT ,·�Äk¦Fá�m t0.
(1)kkkbbb���999YYYììì������111���ÂÂÂ���YYY²²²������,===α = 0,¦¦¦ t0

� γ = 0�,��1�9Yì��1�Â��
Y��",d��´FÑ½Fá��,� |t | = |t0|.
dé¡5,·��I�Ä��xU��¹=�,
w, t ∈ [0, t0].
Xã�ã¤«,·�ò/¥À���:.
OA ���U9YìS�¤3/¡�YR�,
OB ���1�,²¡A ′OB ′ �»�¡.
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� |OA ′| = |OB ′| = 1,dþãk

|OA | = sec a, |OB | = sec b , |A ′B ′| = 2 sin πt , |BC | = |A ′B ′| = 2 sin πt ,

|AA ′| = tan a, |BB ′| = | tan b |, |A ′C | = |B ′B |.

db�

|AC | =


∣∣∣|AA ′| − |BB ′|

∣∣∣, b > 0(��)∣∣∣|AA ′|+ |BB ′|
∣∣∣, b < 0(H�)

=


∣∣∣|AA ′| − |BB ′|

∣∣∣, b > 0∣∣∣|AA ′|+ |BB ′|
∣∣∣, b < 0

= | tan a − tan b |,

¤±
|AB |2 = |BC |2 + |AC |2 = 4 sin2 πt + (tan a − tan b)2.
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γ

6 AOB

A B

O

db� γ
´T F t ���1���1�Â��Y�,
∠AOB ´YR����1��Y�,
Ïd γ + ∠AOB = π/2,(ë�mã). u´

sin γ = sin
(
π/2 − ∠AOB

)
= cos ∠AOB

=
|OA |2 + |OB |2 − |AB |2

2|OA ||OB |
.

q|OA |2 + |OB |2 − |AB |2

= sec2 a+sec2 b−4 sin2 πt−(tan a−tan b)2

= 2(cos 2πt + tan a tan b),

u´k

sin γ = cos a cos b cos 2πt + sin a sin b .
(5.1)

� t = t0
�,�´Fá�©,d� γ = 0,d(5.1)�

cos 2πt0 = − tan a tan b ⇒ t0 =
1
2
−

arccos(tan a tan b)
2π

. (5.2)
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�α , 0�,Xã¤
«,·���ò(5.1)ª¥�a
^ β′ = π/2 − α′ O�,�Ò
´òOA ��9Yì��1
�É��R�(ë�ã),Kk

sin γ = cos β′ cos b cos 2πt+sin β′ sin b = sinα′ cos b cos 2πt+cosα′ sin b .
(5.3)
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(2)eee¡¡¡···���¦¦¦T FFF������ììì���999YYYììì������111���ÂÂÂ������UUU¤¤¤���)))���999UUU
oooÚÚÚHT

du9õÇ
dHT

dt
= τ sin γ,�

HT = τ

∫ t0

−t0
sin γdt = 2τ

∫ t0

0

(
sinα′ cos b cos 2πt + cosα′ sin b

)
dt

=
τ

π

(
sinα′ cos b sin 2πt0 + 2πt0 cosα′ sin b

)
(α′ =

π

2
+ α − a)

=
τ

π

(
sin 2πt0 cos b cos(a − α) + 2πt0 sin b sin(a − α)

)
.

-

 A = sin 2πt0 cos b ,

B = 2πt0 sin b ,
K

HT =
τ

π

(
A cos(a − α) + B sin(a − α)

)
=

τ

π

√
A2 + B2

(
A

√
A2 + B2

cos(a − α) +
B

√
A2 + B2

sin(a − α)
)
,
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· cos θ =
A

√
A2 + B2

, sin θ =
B

√
A2 + B2

,K tan θ =
B
A

,u´�

HT =
τ

π

√
A2 + B2 cos

(
θ − (a − α)

)
=
τ

π

√
A2 + B2 cos(θ − a + α).

´�,� θ − a + α = 0�,=�

αopt = a − θ = a − arctan
2πt0 tan b
sin 2πt0

(5.4)

�, HT �����,Ù����Hmax =
τ

π

√
A2 + B2.
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��,·�?Ø��1�»�¡�Y�b ��½�,�UT �'X.
E±/¥�ëì,K���c¥7/¥=Ä,=Ä�/¥ú=���Ó.
e¡·�ïá��n��IX,b�/%���I�:,��3 xOy ²
¡7/¥��±$Ä,¿±g���/¥����ë��� x ¶���
�,Xmeã¤«.

-g���T = 0,d�
�� u�£8
�þ. ã¥ xOy ²¡���
¡,J�¤�¤�²¡�»�
¡,§� xOy ²¡���=
��»�� c,�þ ~S L«�
�/¶H4���,Ùü �
þ� ~S = (− sin c, 0, cos c)T ,
T F��
�/¥ë����ü �þ
� ~s0 = (cos 2πT , sin 2πT , 0)T . 5¿� β´T F��1�/¶�4��
�Y�, b ´T F��1�»�¡�Y�,� ∠( ~s0, ~N) = β = π

2 − b.
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  ~s0 · ~N = | ~s0||~N| cos ∠( ~s0, ~N) = cos( π2 − b) = sin b ,

~s0 · ~N = ~s0
T ~N = − ~s0

T ~S = sin c cos 2πT .

u´T F��1�»�¡����

sin b = sin c cos 2πT , ⇒ b = arcsin(sin c cos 2πT). (5.5)

ù�,d 

b = arcsin(sin c cos 2πT),

2πt0 = π − arccos(tan a tan b),

θ = arctan
2πt0 tan b
sin 2πt0

,

α = a − θ,

(5.6)

(Ù¥ c = 23◦27′ (�»��), a ���U9YìS�¤3/��Ý(~X
H®��Ý�32◦03′),âd·��±O�ÑT F��U9Yì��1
�Â���Z��α.
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±H®�~,òT = 0, T = 1/4, T = 1/2±9T = −1/4©O�\(5.6),
=�¦Ñg�!¢©!Á�ÚS©���`�Ý,²O�©O�:

g�(T = 0) : α = −7◦40′; (Ñ�����)

¢©(T = 1/4) : α = 32◦03′;

Á�(T = 1/2) : α = 62◦19′;

S©(T = −1/4) : α = 32◦03′.
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d'Xª(5.6),·��±O�Ñ�½/«�c¥�x¼�mCz�,
~XH®(��32◦03′ )Ú·I�Ý�p?ç9ô'à(��53◦33′ )�
x¼�m�ã:
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·��±òT ∈ [0, 1/2]ù�«mn�©(X�n = 182),dþãú
ª(5.6),^MATLAB^�?§,�±��T ��`�Ý'X,Xeã¤«.

�¯mkong@nju.edu.cn ��U9Yì	���1áÂ�����Z��O�



Ó�/,·�òT ∈ [0, 1/2] n�©(X�n = 182),dþãúª(5.6),
^MATLAB^�?§,�±��T ���9U�'X,Xeã¤«.
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þãw«,Á�¤�É��9U�'S©(½¢©)�,ÄÙ�Ï´Ï��
,S©Fì�m'Á��,�´,3xU�Ó�m:,Á��3ý�Ü©
�mS,39YìáÂ�±�`�Ý���,��1�áÂ���Ý%
'S©�,¤±�)�9U��,Xeã¤«:

ã¥,7Ú�´S©(½¢©)�U¥��Ý�u�Cz�,ùÚ´Á�
�U¥��Ý�u�Cz�.
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�ZSC�Ý�O�

du���é/¥�$Ääké¡5,Ïd·��IO�lg��Á�
ù�c�o9þ=�.
db��c�2nU.q·�¤O����´lg��Á�ù�c�o
9þ,¤±·��Ä(lg��Á�).-T = k

n , k = 1, 2, · · · , n,Kk

sin b = sin c cos
πk
n
.

1�Ú,3b½zU9Yì��1�Â��Y²¡�Y���`�Ý^
�e,¦�c¼��o9U:∑

T∈[0,1/2]
HT =

2τ
π

n∑
k=1

√
A2

k + B2
k cos(θk − a + αk )

=
2τ
π

n∑
k=1

√
A2

k + B2
k (5¿� θk − a + αk = 0)

Ù¥bk = arcsin(sin c cos( πk
n )), Ak =

√
1 − sec2 a sin2 bk ,

Bk =
(
π − arccos(tan a tan bk )

)
sin bk , k = 1, 2, · · · , n.

^MATLAB^�?§,��Ho = 190.8571 ×
2τ
π

.
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1�Ú,b�9Yì��1�Â��Y²¡�Y�α�½^�e¦�c
¼��o9U:

Hα
o =

∑
T∈[0,1/2]

Hα
T = 2

n∑
k=1

H(k) =
2τ
π

n∑
k=1

√
A2

k + B2
k cos(θk − a + αk ),

Ù¥, Ak , Bk Óþ, θk = arctan
Bk

Ak
, k = 1, 2, · · · , n.

1nÚ,¦SC��Z�Ý:
w,,·�¤�¦��`SC�Ý÷v

αopt = min(Ho − Hα
o).
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¦^MATLAB^�?§,�±��Hα
o
��,�eã¤«(ùp�~

ê
2τ
π

= 1).

ØJ)��n = 182�, α = 28◦52′,�n = 183�, α = 28◦52′. 3¢S
ö�¥, α��°(�1◦,2�Òvk¢S¿Â
,¤±�αopt = 28◦ �
�`).
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�`�Ý(úª(5.4))í��{�

e¡,·�0�l,��Ý5í��`�Ý(=úª(5.4))��{. ·�±
Xe�ªïáëìX.±/¥¥%��:O , Z ¶�g=¶,/¥�»
�1,�4�I� (0, 0, 1)T ,��»��b (O ���ë��/L�:?
��Ý§����§H��K§�=��1��»�²¡Y�),Xe
ã¤«.
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3þã¥·�3H®�Y²¡�²1u»����î�¡,ù�Ò�±
��Xeã¤«����.
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·�3ùpb½��1ØÄ,/¥3^=.
��1����ü �þ�~s = −(cos b , 0, sin b)T ,ù´ØC�þ. þ
ã¥��»� sin

(
π
2 − a

)
= cos a,��n�/�p� sin a tan b,

q sin
(
2πt0 − π

2

)
=

sin a tan b
cos a

= tan a tan b,¤±

cos 2πt0 = − tan a tan b . (7.1)
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Xþã¤«,�Ì�,H®�9Yì��1�Â�²¡�{�þ
�~n0 = (cos β′, 0, sin β′)T , β′ = π

2 − α
′, α+ π

2 = a + α′,� β′ = a − α,
Ïdk

~n0 = (cos(a − α), 0, sin(a − α))T .
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-3 × 3�^=Ý
M =


cos 2πt − sin 2πt 0

sin 2πt cos 2πt 0

0 0 1

,ù´��IO��Ý

,�þ (x, y, z)T 7Z ¶^=2πt lÝ�C� (x′, y′ z′),
K(x′ y′, z′)T = M(x, y z)T . ~n0 ^=2πt lÝ�(=/¥g=2πt lÝ
�)�

~n = M~n0 =


cos 2πt − sin 2πt 0

sin 2πt cos 2πt 0

0 0 1




cos(a − α)

0

sin(a − α)

 =


cos(a − α) cos 2πt

cos(a − α) sin 2πt

sin(a − α)

 ,
ùp�~nL«�U¥,��9Yì��1�Â��{��.
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��Ë�Xê(=��13−~n (5¿−~n´ü �þ)��þ�ÝK),ë
�eã

ρ = −~n · ~s = −~nT~s

= ( cos(a − α) cos 2πt , cos(a − α) sin 2πt , sin(a − α))


cos b

0

sin b


= cos b cos(a − α) cos 2πt + sin(a − α) sin b ,

~s

~n

−~n

~s 9Yì��U�
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Ïd�UáÂUþ�

HT =τ

∫ t0

−t0
ρdt =2τ

∫ t0

0
ρdt =

τ

π

(
cos(a−α) cos b sin 2πt0+2πt0 sin(a−α) sin b

)
,

e¡¦¼êHT 4�.

dHT

dα
=
τ

π

[
sin(a − α) cos b sin 2πt0 − 2πt0 cos(a − α) sin b

]
,

-
dHT

dα
= 0,�

sin(a − α) cos b sin 2πt0 = 2πt0 cos(a − α) sin b ,

⇒ tan(a − α) =
2πt0 tan b
sin 2πt0

,
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�k

α = a − arctan
2πt0 tan b
sin 2πt0

. (7.2)

Ïd,�9Yì��1�Â����α÷v (7.2)ª�,¤�Â�Uþ�
�.

�¯,��U9Yì��1�Â���Z��O�,ó§êÆÆ�, Vol.
28 Supp.2 (2011) 93-101
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