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Abstract. It was shown recently that the Douglas–Rachford alternating direction method of
multipliers can be combined with the logarithmic-quadratic proximal regularization for solving a
class of variational inequalities with separable structures. This paper further shows a worst-case
O(1/t) convergence rate for this algorithm where a general Glowinski relaxation factor is used.
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1. Introduction. The Douglas–Rachford alternating direction method of mul-
tipliers (ADM for short) was proposed originally in [19] (see also [16]), and it has been
well studied in the literature. We refer to [6, 13, 15, 17, 18] for some early articles on
partial differential equations; to [9, 14, 21, 27, 33] for some studies on convex program-
ming and variational inequalities; and to [4, 5, 10, 11, 22, 29, 28, 30, 31, 32, 34, 35, 38]
and the references therein for some recent novel applications in various areas such as
image processing, statistical learning, and semidefinite programming.

In this paper, we concentrate our discussion of ADM on a class of variational
inequalities with block-separable structure: Find u∗ ∈ Ω such that

(1.1) (u− u∗)TU(u∗) ≥ 0 ∀u ∈ Ω,

with

(1.2) u =

(
x
y

)
U(u) =

(
f(x)
g(y)

)
,

and

(1.3) Ω =
{
(x, y) | Ax+By = b, x ∈ Rn

+, y ∈ Rm
+

}
,

where A ∈ Rl×n and B ∈ Rl×m are given matrices; b ∈ Rl is a given vector; and
f : Rn

+ → Rn and g : Rm
+ → Rm are continuous and monotone operators. The

variational inequality (1.1)–(1.3) subsumes a class of convex programming problems
with block-separable structures and thus finds a broad spectrum of applications. We
denote by VI(Ω, U) the variational inequality (1.1)–(1.3). In addition, we denote by
Ω∗ the solution set of VI(Ω, U) and assume it to be nonempty.
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1432 MIN TAO AND XIAOMING YUAN

For solving VI(Ω, U), ADM generates the new iterate wk+1 := (xk+1, yk+1, λk+1) ∈
Rn

+ ×Rm
+ ×Rl via solving the subproblems

(1.4) 0 ≤ xk+1⊥{f(xk+1)−AT [λk −H(Axk+1 +Byk − b)]
} ≥ 0,

(1.5) 0 ≤ yk+1⊥{g(yk+1)−BT [λk −H(Axk+1 +Byk+1 − b)]
} ≥ 0,

(1.6) λk+1 = λk − γH(Axk+1 +Byk+1 − b),

where λk ∈ Rl is the Lagrange multiplier, H ∈ Rl×l is a matrix of penalty parameters,

and γ ∈ (0, 1+
√
5

2 ) is the Glowinski relaxation factor proposed in [17]. We refer to
[8, 15] for the relationship between ADM and the Douglas–Rachford splitting method
[7]. In the literature, H is often chosen as β · I (where I is the identity matrix in Rl×l

and β > 0 is a scalar) and γ = 1. With these choices, the convergence of ADM can be
easily established. However, here we consider a more general case where H is a generic
symmetric positive definite matrix. This general discussion is particularly inspired
by the fact that preconditioning techniques become allowable for solving the ADM
subproblems with a generic H , which are useful for many applications such as image
processing problems. In addition, because of the effectiveness verified numerically in
the literature (e.g., [17, 18]), we consider a general Glowinski relaxation factor γ in
the step (1.6), instead of simply taking γ = 1. With this Glowinski relaxation factor,
the resulting convergence analysis becomes more demanding technically.

According to (1.4)–(1.6), ADM makes it possible to exploit the properties of
f(x) and g(y) individually, and the decomposed ADM subproblems are often simple
enough to have closed-form solutions or can be easily solved up to high precision
for many concrete applications of VI(Ω, U). This feature contributes much to the
recent burst of ADM’s applications in various fields. However, for a general case
where the subproblems (1.4) and (1.5) do not have closed-form solutions or it is not
easy to solve them up to high precision, inner iterative procedures are required to
find approximate solutions of these subproblems, and the efficiency of ADM relies
critically on how efficiently these subproblems can be solved. In [21], it was suggested
to regularize the subproblems (1.4) and (1.5) with quadratic proximal terms, yielding
the following scheme of ADM with quadratic proximal regularization:

(1.7) 0 ≤ xk+1⊥{f(xk+1)−AT [λk −H(Axk+1 +Byk − b)] +R(xk+1 − xk)
} ≥ 0,

(1.8)
0 ≤ yk+1⊥{g(yk+1)−BT [λk −H(Axk+1 +Byk+1 − b)] + S(yk+1 − yk)

} ≥ 0,

(1.9) λk+1 = λk −H(Axk+1 +Byk+1 − b),

where R ∈ Rn×n and S ∈ Rm×m are symmetric positive definite matrices and are
called proximal matrices, and R(xk+1 − xk) and S(yk+1 − yk) are quadratic proximal
regularization terms. At each iteration, ADM with quadratic proximal regulariza-
tion requires solving two strongly monotone complementarity problems. The general
scheme (1.7)–(1.9) turns out to be very useful when some customized choices of the
proximal matrices R and S are chosen for particular applications. For example, if the
proximal matrices are chosen as R = rI −ATHA and S = sI −BTHB, where r and
s are positive scalars and I is the identity matrix with appropriate dimensionality,
the splitting Bregman iteration [20] and the split inexact Uzawa method in [39, 40],
which have proved to be very efficient for image processing problems, are recovered.
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Inspired by some nice properties of the logarithmic-quadratic proximal (LQP)
method proposed in [1, 3] (see also [25, 26, 37] for some algorithmic developments), it
was recommended in [36] to regularize the ADM subproblems (1.4) and (1.5) with the
LQP regularization. With the LQP regularization, the subproblems (1.4) and (1.5)
reduce to two systems of equations which are in general easier than the complemen-
tarity problems (1.4)–(1.5) and (1.7)–(1.8). More specifically, the ADM with LQP
regularization in [36] has the following iterative scheme:

(1.10)
f(xk+1)−AT [λk−H(Axk+1+Byk−b)]+R[(xk+1−xk)+μ(xk−X2

k(x
k+1)−1)] = 0,

(1.11)
g(yk+1)−BT [λk−H(Axk+1+Byk+1−b)]+S[(yk+1−yk)+μ(yk−Y 2

k (y
k+1)−1)] = 0,

(1.12) λk+1 = λk − γH(Axk+1 +Byk+1 − b),

where μ ∈ (0, 1) is a given constant (usually μ ∈ (0, 0.2) is preferable, as demonstrated
numerically in [25, 26, 37]), Xk = diag(xk

1 , x
k
2 , . . . , x

k
n), (x

k+1)−1 ∈ Rn is a vector
whose jth element is 1/xk+1

j , Yk = diag(yk1 , y
k
2 , . . . , y

k
n), (y

k+1)−1 ∈ Rn is a vector

whose jth element is 1/yk+1
j , and R and S are defined as in (1.7)–(1.8). The scheme

(1.10)–(1.12) is thus a blend of ADM and LQP. Note that γ in (1.12) was taken as 1 in

[36], but here we consider the case where the Glowinski relaxation factor γ ∈ (0, 1+
√
5

2 )
is adopted.

This paper is a further study on the convergence rate of ADM with LQP regu-
larization. We show that after t iterations of the scheme (1.10)–(1.12), it is possible
to find an approximate solution of VI(Ω, U) with an accuracy of O(1/t). Hence, a
worst-case O(1/t) convergence rate of the scheme (1.10)–(1.12) is derived. We thus
show that the blend of ADM and LQP enjoys the same convergence rate as ADM
with quadratic proximal regularization which was established in [23] (and in [24] for
some projection methods). We also refer the reader to [2, 24] for some convergence
rate results of projection methods with LQP regularization.

The rest of this paper is organized as follows. In section 2, we provide some
preliminaries for later analysis. Then, in section 3 we derive a worst-case O(1/t)
convergence rate for the scheme (1.10)–(1.12). We treat the special case where γ = 1
in section 4. Finally, some conclusions are made in section 5.

2. Preliminaries. In this section we summarize some existing results and show
some trivial results which are useful for later analysis.

2.1. A variational reformulation. First, we note that VI(Ω, U) can be rewrit-
ten in the following compact form:

(2.1) (x− x∗)T f(x∗) + (y − y∗)T g(y∗) + (w − w∗)TF (w∗) ≥ 0 ∀w ∈ W ,

where

(2.2) w =

⎛
⎝ x

y
λ

⎞
⎠ , F (w) =

⎛
⎝ −ATλ

−BTλ
Ax+By − b

⎞
⎠ , and W := Rn

+ ×Rm
+ ×Rl.

We denote by VI(W , F ) the variational inequality (2.1)–(2.2). Note that the mapping
F (w) is monotone since it is affine with a skew-symmetric matrix. We denote by
W∗ the solution set of VI(W , F ). Then, for all (x∗, y∗) ∈ Ω∗, there exists a vector
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1434 MIN TAO AND XIAOMING YUAN

λ∗ ∈ Rl such that w∗ := (x∗, y∗, λ∗) is a solution point of VI(W , F ). Hence, W∗ is
also nonempty under the nonempty assumption on Ω∗.

Inspired by Theorem 2.3.5 in [12], we show a characterization of W∗ which later
plays a crucial role in convergence rate analysis. Since its proof is similar to those of
Theorem 2.3.5 in [12] and Theorem 2.1 in [23], we omit it.

Theorem 2.1. The solution set of VI(W , F ) is convex and can be characterized
as

(2.3) W∗ =
⋂

w∈W

{
w̃ ∈ W : (x− x̃)T f(x) + (y − ỹ)T g(y) + (w − w̃)TF (w) ≥ 0

}
.

Theorem 2.1 thus implies that w̃ ∈ W is an approximate solution of VI(W , F )
with accuracy ε > 0 if it satisfies

(x̃− x)T f(x) + (ỹ − y)T g(y) + (w̃ − w)TF (w) ≤ ε ∀w ∈ W .

In the rest of the paper, our purpose is to show that after t iterations of the scheme
(1.10)–(1.12), we can find w̃t ∈ W such that

(2.4) sup
w∈W

{(x̃t − x)T f(x) + (ỹt − y)T g(y) + (w̃t − w)TF (w)} ≤ ε,

where ε = O(1/t). A worst-case O(1/t) convergence rate of ADM with LQP regular-
ization is thus implied by (2.4).

2.2. Some results in [36]. We summarize some results in [36], which will be
used later.

Lemma 2.2. Let p = (p1, p2, . . . , pN ) ∈ RN be a positive vector (i.e., pi > 0 for
all i’s), and let P := diag(p1, p2, . . . , pN ) ∈ RN×N . Let q(. . .) be a monotone mapping
defined in RN

+ . For a given positive vector ak in RN , let Ak := diag(ak1 , a
k
2 , . . . , a

k
N).

Let μ ∈ (0, 1). Then the equation

(2.5) q(a) + P [(a− ak) + μ(ak −A2
ka

−1)] = 0

has a unique positive solution. Moreover, let the solution of (2.5) be denoted by a.
Then, for any vector b ∈ RN

+ , we have

(2.6) (b − a)T q(a) ≥ 1+μ
2

(‖a− b‖2P − ‖ak − b‖2P
)
+ 1−μ

2 ‖ak − a‖2P .
Lemma 2.3. Let wk+1 = (xk+1, yk+1, λk+1) be generated by (1.10)–(1.12) from

given wk = (xk, yk, λk). Then, for any w = (x, y, λ) ∈ W, we have

(2.7) (x−xk+1)T fk(x
k+1) ≥ 1 + μ

2
(‖xk+1−x‖2R−‖xk−x‖2R)+

1− μ

2
‖xk−xk+1‖2R

and

(2.8) (y−yk+1)T gk(y
k+1) ≥ 1 + μ

2
(‖yk+1−y‖2S−‖yk−y‖2S)+

1− μ

2
‖yk−yk+1‖2S ,

where

(2.9) fk(x
k+1) = f(xk+1)−AT [λk −H(Axk+1 +Byk − b)]

and

(2.10) gk(y
k+1) = g(yk+1)−BT [λk −H(Axk+1 +Byk+1 − b)].
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2.3. Some useful results. Finally, we prove some simple but useful results.
The first two lemmas are elementary; we thus omit their proofs.

Lemma 2.4. Let γ ∈ (0, 1+
√
5

2 ) and T := 1
3 (γ

2 − γ + 5). Then, we have the
following:

1. 1 + γ − γ2 > 0.
2. T − γ = 1

3 (γ
2 − 4γ + 5) = 1

3 [(γ − 2)2 + 1] > 1
3 .

3. 1− (1−γ)2

T−γ > 0.

4. 2− T = 1
3 (1 + γ − γ2) > 0.

Lemma 2.5. Let G ∈ RN×N be positive semidefinite and symmetric, and let
‖x‖G :=

√
xTGx. Then it holds that

(2.11)

(a− b)TG(c− d) =
1

2

(‖a− d‖2G −‖a− c‖2G
)
+

1

2

(‖c− b‖2G−‖d− b‖2G
)∀a, b, c, d ∈ RN .

Lemma 2.6. Let μ ∈ (0, 0.2). Then there exist scalars η ∈ (0, 1−μ
2 ) and ρ > μ

such that

(2.12) (1 + η)a2 − μb2 − (1 + μ)ab ≥ ρ(a2 − b2) ∀a, b ∈ R.

Proof. The conclusion is obvious if b = 0. Thus, we now assume that b 
= 0. By
dividing b2 in both sides of (2.12), it is easy to see that (2.12) is equivalent to

(1 + η − ρ)t2 − (1 + μ)t+ (ρ− μ) ≥ 0 ∀t ∈ R.

For any η ∈ (0, 1−μ
2 ) we have 1 + η > μ. Thus, for any ρ ∈ (μ, 1 + η), we have

1 + η − ρ > 0. To prove the existence of ρ and η such that the above inequality is
satisfied, we introduce the quadratic function

h1(t) := (1 + η − ρ)t2 − (1 + μ)t+ (ρ− μ)

and show that h1(t) ≥ 0 for any t. Equivalently, we need only prove that the minimal
value of h1(t) is nonnegative.

Obviously, h1(t) attains the minimal value

h1(tmin) := ρ− μ− (1 + μ)2

4(1 + η − ρ)

at the point tmin := 1+μ
2(1+η−ρ) . When μ ∈ (0, 0.2), we have 2μ < 1−μ

2 , and we can

choose 2μ < η < 1−μ
2 . Recall we require that ρ ∈ (μ, 1 + η). Thus, we can represent

ρ by ρ = μ + δ with δ > 0 and seek an appropriate δ to ensure the nonnegativeness
of h1(t). Obviously, h1(tmin) ≥ 0 whenever the positive scalar δ can ensure that

4δ2 − 4(1 + η − μ)δ + (1 + μ)2 ≤ 0.

Defining

h2(δ) := 4δ2 − 4(1 + η − μ)δ + (1 + μ)2,

h2(δ) attains its minimal value

(2.13) h2(δmin) := (1 + μ)2 − (1 + η − μ)2 < 0

at the point δmin := 1+η−μ
2 > 0, where the inequality (2.13) follows from the fact that

η > 2μ, i.e., 1 + η − μ > 1 + μ. Notice that h2(0) = (1 + μ)2 > 0. Thus, there exists
a positive scalar δ in (0, 1+η−μ

2 ) such that h2(δ) < 0. In other words, there exists
ρ > μ such that the minimal value of h1(t) is nonnegative. The assertion (2.12) is
proved.
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1436 MIN TAO AND XIAOMING YUAN

3. Convergence rate of ADM with LQP. Now we start to derive a worst-case
O(1/t) convergence rate for the scheme (1.10)–(1.12) where the Glowinski relaxation

factor γ ∈ (0, 1+
√
5

2 ) is adopted.

3.1. More notation. To analyze the convergence rate of ADM with LQP, it is
better to introduce some more notation in order to present the proof more succinctly.
First, we define some matrices. Let

(3.1) P =

(
R 0
0 S

)
, Q =

(
BTHB 0
−B H−1

)
,

(3.2) Mγ =

(
Im 0

−γHB γIl

)
, and Dγ =

(
BTHB 0

0 1
γH

−1

)
,

where Im and Il are the identity matrices in Rm and Rl, respectively. By elementary
manipulation, we have the relationship

(3.3) Q = DγMγ .

Then, as in [23], with the sequence {wk} generated by the scheme (1.10)–(1.12),
our analysis needs a new sequence defined by

(3.4) w̃k =

⎛
⎝x̃k

ỹk

λ̃k

⎞
⎠ =

⎛
⎝ xk+1

yk+1

λk −H(Axk+1 +Byk − b)

⎞
⎠ ,

and we call {w̃k} the accompanying sequence of {wk}. In fact, our convergence rate
results (see Theorem 3.4 and 4.2) are carried out for the sequence {w̃k}. Obviously,
when γ = 1, w̃k defined in (3.4) differs from wk+1 generated by (1.10)–(1.12) only
in the update of the Lagrange multiplier. More precisely, we have ‖w̃k − wk+1‖ =
‖HB(yk+1 − yk)‖. Thus, based on the fact that limk→∞ ‖yk − yk+1‖ = 0 (see (4.1)
in [36]) and the convergence of {wk} proved in [36], we can immediately derive the
convergence of the sequence {w̃k}.

We also need the notation uk = (xk, yk), vk = (yk, λk), ṽk = (ỹk, λ̃k), V = Y×�m,
and V∗ := {v∗ = (y∗, λ∗) |w∗ = (x∗, y∗, λ∗) ∈ W∗}. Based on (3.1) and (3.4), we
easily have a relationship

(3.5) vk+1 = vk −Mγ(v
k − ṽk),

which will be used often later.

3.2. Some lemmas. We reiterate that the convergence rate will be established
for the sequence {w̃k}. Therefore, because of Theorem 2.1, it is important to estimate
a unified lower bound of the term (x− x̃k)T f(x̃k)+ (y− ỹk)T g(ỹk)+ (w− w̃k)TF (w̃k)
for all w ∈ W . On the other hand, note that the convergence rate to be established is
in an ergodic sense (as in [23]). Thus, it is convenient to represent this unified lower
bound in the form of some quadratic functions, without any crossed term involving
both the current iterate wk+1 and the previous iterate wk (see (3.9)). Certainly, the
accompanying sequence {w̃k} should not appear in this lower bound when we estimate
the convergence rate for ADM with LQP. In short, the roadmap for deriving a worst-
case O(1/t) convergence rate for ADM with LQP can be summarized as follows:
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ON CONVERGENCE RATE OF ADM WITH LQP 1437

(1) Estimate a unified lower bound of the term (x− x̃k)T f(x̃k)+(y− ỹk)T g(ỹk)+
(w − w̃k)TF (w̃k) for all w ∈ W . This is completed by Lemma 3.1.

(2) Refine the lower bound found in (1) by removing its crossed terms and w̃k-
related terms. A unified lower bound in the form of only quadratic terms is
thus found. This is completed by Lemma 3.3.

(3) Derive a worst-caseO(1/t) convergence rate in an ergodic sense for ADM with
LQP based on the characterization stated in Theorem 2.1. This is completed
by Theorem 3.4.

In this subsection we complete the first two tasks, and in the next subsection the third
task is completed.

Lemma 3.1. Let the sequence {wk} be generated by the scheme (1.10)–(1.12), let
the accompanying sequence {w̃k} be defined by (3.4), and let the matrices P , Dγ be
given in (3.1)–(3.2). Then we have

(x− x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ 1 + μ

2

(‖u− uk+1‖2P − ‖u− uk‖2P
)
+

1− μ

2
‖uk − uk+1‖2P

+
1

2

(
‖v − vk+1‖2Dγ

− ‖v − vk‖2Dγ

)
+

1

2
‖B(yk − ỹk)‖2H + (Byk −Byk+1)TH(Axk+1 +Byk+1 − b)

+
1

2
(2− γ)‖Axk+1 +Byk+1 − b‖2H ∀w ∈ W .(3.6)

Proof. See Appendix A.
In (3.6), a unified lower bound of the term (x − x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) +

(w − w̃k)TF (w̃k) for all w ∈ W is founded. When we analyze the convergence rate
of w̃k in an ergodic sense, the first several quadratic terms in the right-hand side of
(3.6) can be easily handled. Meanwhile, we should further relax the w̃k-related term
‖B(yk− ỹk)‖2H and the crossed term (Byk −Byk+1)TH(Axk+1+Byk+1− b) in terms
of some quadratic terms. Below, we show that the summation of the last three terms
of the right-hand side of (3.6) (denoted by Δk

γ), i.e.,

Δk
γ :=

1

2
‖B(yk − ỹk)‖2H + (Byk −Byk+1)TH(Axk+1 +Byk+1 − b)

+
1

2
(2 − γ)‖Axk+1 +Byk+1 − b‖2H ,(3.7)

can be further bounded by some quadratic terms in the absence of ỹk and crossed
terms. The relationship (3.5) is crucial for this possibility.

Lemma 3.2. Let {wk} be generated by the scheme (1.10)–(1.12), and let Δk
γ be

defined in (3.7). Then, when μ ∈ (0, 0.2), there exist η ∈ (0, 1−μ
2 ) and ρ > μ such

that

Δk
γ ≥ ρ{‖yk − yk+1‖2S − ‖yk−1 − yk‖2S} − η‖yk − yk+1‖2S

+
(T − γ)

2

[‖Axk+1 +Byk+1 − b‖2H − ‖Axk +Byk − b‖2H
]

(3.8)

+
1

2

[(
1− (1− γ)2

T − γ

)
‖B(yk − yk+1)‖2H + (2 − T )‖Axk+1 + Byk+1 − b‖2H

]
,

where T = 1
3 (γ

2 − γ + 5).
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Proof. See Appendix B.

Now, with Lemmas 3.1 and 3.2, we can refine the lower bound founded in (3.6)
in terms of only quadratic terms without the appearance of ỹk. This nice form of the
lower bound provides the possibility of analyzing the convergence rate for ADM with
LQP in an ergodic sense.

Lemma 3.3. Let {wk} be generated by the scheme (1.10)–(1.12), and let T =
1
3 (γ

2 − γ + 5). Then, when μ ∈ (0, 0.2), there exist η ∈ (0, 1−μ
2 ) and ρ > μ such that

(x− x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ ρ(‖yk − yk+1‖2S − ‖yk−1 − yk‖2S) +
1 + μ

2

(‖uk+1 − u‖2P − ‖uk − u‖2P
)

+
1

2

[
‖v − vk+1‖Dγ − ‖v − vk‖Dγ

]
+

1

2
(T − γ)

(‖Axk+1 +Byk+1 − b‖2H − ‖Axk +Byk − b‖2H
) ∀w ∈ W ,(3.9)

Proof. Substituting (3.8) into (3.6) and rearranging the resulting terms, we have
that

(x − x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ ρ(‖yk − yk+1‖2S − ‖yk−1 − yk‖2S) +
1 + μ

2

(‖uk+1 − u‖2P − ‖uk − u‖2P
)

+
1

2

[
‖v − vk+1‖Dγ − ‖v − vk‖Dγ

]
+

1

2
(T − γ)

(‖Axk+1 +Byk+1 − b‖2H − ‖Axk +Byk − b‖2H
)

+
1− μ

2
‖xk − xk+1‖2R +

(1− μ

2
− η
)
‖yk − yk+1‖2S

+
1

2

[(
1− (1− γ)2

T − γ

)
‖B(yk − yk+1)‖2H + (2− T )‖Axk+1 +Byk+1 − b‖2H

]
(3.10)

holds for any w ∈ W . Recalling Lemma 2.4 and the fact η ∈ (0, 1−μ
2 ), the numbers

(1−μ
2 − η) and (1− (1−γ)2

T−γ ) are both positive. Thus, we have that

0 ≤ 1− μ

2
‖xk − xk+1‖2R +

(1− μ

2
− η
)
‖yk − yk+1‖2S

+
1

2

[(
1− (1− γ)2

T − γ

)
‖B(yk − yk+1)‖2H + (2 − T )‖Axk+1 +Byk+1 − b‖2H

]
(3.11)

holds for any w ∈ W . Then, substituting (3.11) into (3.10), the assertion (3.9) is
proved.

Note that the unified lower bound found in (3.9) are fully representable by
quadratic terms in a recursive fashion. Thus, by an ergodic operation it is possi-
ble to find a unified bound for

sup
w∈W

{(x̃t − x)T f(x) + (ỹt − y)T g(y) + (w̃t − w)TF (w)},

from which a worst-case convergence rate of ADM with LQP can be derived.
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3.3. Convergence rate. With the results proved in section 3.2, we are able
to derive a worst-case O(1/t) convergence rate in an ergodic sense for the scheme
(1.10)–(1.11).

Theorem 3.4. Assume that the two functions f(x) and g(y) in the variational
inequality (1.1)–(1.2) are continuous and monotone. Let {wk} be the sequence gener-
ated by the scheme (1.10)–(1.12), and let the accompanying sequence {w̃k} be defined
in (3.4), the matrices P , Q and Dγ be given in (3.1)–(3.2), and T = 1

3 (γ
2 − 4γ + 5).

For any integer number t > 0, let w̃t be defined by

(3.12) w̃t =
1

t

t∑
k=1

w̃k.

Then, when μ ∈ (0, 0.2), there exists ρ > μ such that w̃t ∈ Ω and

(x̃t − x)T f(x) + (ỹt − y)T g(y) + (w̃t − w)TF (w)

≤ 1

2t

{
(T − γ)‖Ax1 +By1 − b‖2H + 2ρ‖y0 − y1‖2S

+ (1 + μ)‖u− u0‖2P + ‖v − v1‖Dγ

} ∀w ∈ W .(3.13)

Proof. First, using the fact (3.9) and the monotonicity of f and g, we get

(x− x̃k)T f(x) + (y − ỹk)T g(y) + (w − w̃k)TF (w)

≥ 1

2
(T − γ)

(‖Axk+1 +Byk+1 − b‖2H − ‖Axk +Byk − b‖2H
)

+ ρ(‖yk − yk+1‖2S − ‖yk−1 − yk‖2S) +
1 + μ

2

(‖uk+1 − u‖2P − ‖uk − u‖2P
)

+
1

2

(
‖v − vk+1‖Dγ − ‖v − vk‖Dγ

)
∀w ∈ W .(3.14)

Summing the inequality (3.14) over k = 1, . . . , t, we obtain(
tx−

t∑
k=1

x̃k

)T

f(x) +

(
ty −

t∑
k=1

ỹk

)T

g(y) +

(
tw −

t∑
k=1

w̃k

)T

F (w)

≥ −1

2

(
(T − γ)‖Ax1 +By1 − b‖2H + 2ρ‖y0 − y1‖2S

+ (1 + μ)‖u1 − u‖2P + ‖v − v1‖2Dγ

)
∀w ∈ W ,(3.15)

which implies the assertion (3.13) immediately. The proof is complete.
For any given compact set W0 ⊂ W , let

dγ := sup
w∈W0

{(T−γ)‖Ax1+By1−b‖2H+2ρ‖y0−y1‖2S+(1+μ)‖u−u0‖2P +‖v−v1‖Dγ}.

Then, after t iterations of the scheme (1.10)–(1.12), the point w̃t defined in (3.12)
satisfies

sup
w∈W0

{(x̃t − x)T f(x) + (ỹt − y)T g(y) + (w̃t − w)TF (w)} ≤ dγ
2t

,

which means w̃t is an approximate solution of VI(W , F ) with accuracy O(1/t). That
is, a worst-case O(1/t) convergence rate for (1.10)–(1.12) is established in an ergodic
sense.
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4. The special case where γ = 1. In section 3, we establish a worst-case

O(1/t) convergence rate for the general case of ADM with LQP where γ ∈ (0, 1+
√
5

2 ).
The restriction μ ∈ (0, 0.2) is required in order to ensure the derived O(1/t) conver-
gence rate. In this section, we show that for the special case of ADM with LQP where
γ = 1 (which is commonly used in the literature), the restriction of μ can be relaxed
to μ ∈ (0, 1) and the establishment of a worst-case O(1/t) convergence rate is much
easier for this special case.

We first show a unified bound of the term (x− x̃k)T f(x̃k)+(y− ỹk)T g(ỹk)+(w−
w̃k)TF (w̃k) for all w ∈ W . Because of the simplicity of γ = 1, this lower bound can
be found easily.

Lemma 4.1. Let the sequence {wk} be generated by the scheme (1.10)–(1.12),
where γ = 1 and μ ∈ (0, 1), let the accompanying sequence {w̃k} be defined by (3.4),
and let the matrices P , Q and D1 be given in (3.1)–(3.2). Then, we have

(x− x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ 1 + μ

2

(‖u− uk+1‖2P − ‖u− uk‖2P
)

+
1

2

(‖v − vk+1‖2D1
− ‖v − vk‖2D1

) ∀w ∈ W .(4.1)

Proof. Similarly to the proof of Lemma 3.1, we can derive

(x− x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ 1 + μ

2
(‖uk+1 − u‖2P − ‖uk − u‖2P ) +

1− μ

2
‖uk − uk+1‖2P

+
1

2
(‖v − vk+1‖2D1

− ‖v − vk‖2D1
)

+
1

2
(‖vk − ṽk‖2D1

− ‖vk+1 − ṽk‖2D1
) ∀w ∈ W .(4.2)

Since γ = 1, we have λk − λ̃k = H(Axk+1 + Byk − b) (see (3.4)). Setting γ = 1 in
(A.7) (see Appendix A), we have

‖vk − ṽk‖2D1
− ‖vk+1 − ṽk‖2D1

= ‖B(yk − ỹk)‖2H + 2(Byk −Byk+1)TH(Axk+1 +Byk+1 − b)

+ ‖Axk+1 +Byk+1 − b‖2H
= ‖λk − λ̃k‖2H−1

≥ 0.(4.3)

Substituting (4.3) into (4.2) and ignoring the positive term 1−μ
2 ‖uk−uk+1‖2P (because

μ ∈ (0, 1)), the assertion (4.1) is obtained.
Based on the fact (4.1), a worst-case O(1/t) convergence rate can be established

for ADM with LQP, where γ = 1 and μ ∈ (0, 1).
Theorem 4.2. Assume that the two functions f(x) and g(y) in the variational

inequality (1.1)–(1.2) are continuous and monotone. Let {wk} be the sequence gener-
ated by the scheme (1.10)–(1.12), where γ = 1 and μ ∈ (0, 1), let the accompanying
sequence {w̃k} be defined in (3.4), and let the matrices P and D1 be given in (3.1)–
(3.2), respectively. For any integer number t > 0, let w̃t be defined by

(4.4) w̃t =
1

t+ 1

t∑
k=0

w̃k.
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Then, w̃t ∈ W and

(x̃t − x)T f(x) + (ỹt − y)T g(y) + (w̃t − w)TF (w)

≤ 1

2(t+ 1)
(‖v − v0‖2D1

+ (1 + μ)‖u− u0‖2P ) ∀w ∈ W .(4.5)

Proof. First, because of (3.4) and wk ∈ W , it holds that w̃k ∈ W for all k ≥ 0.
Thus, together with the convexity of Rn

+ and Rm
+ , (4.4) implies that w̃t ∈ W .

Second, inequality (4.1) implies that

(x− x̃k)T f(x) + (y − ỹk)T g(y) + (w − w̃k)TF (w) +
1

2
‖v − vk‖2D1

+
1 + μ

2
‖u− uk‖2P

≥ 1

2
‖v − vk+1‖2D +

1+ μ

2
‖u− uk+1‖2P ∀w ∈ W .(4.6)

Summing inequality (4.6) over k = 0, 1, . . . , t, for any w ∈ W it holds that

(
(t+ 1)x−

t∑
k=0

x̃k
)T

f(x) +
(
(t+ 1)y −

t∑
k=0

ỹk
)T

g(y) +
(
(t+ 1)w −

t∑
k=0

w̃k
)T

F (w)

≥ −
(
1

2
‖v − v0‖2D +

1 + μ

2
‖u− u0‖2P

)
.

Use the notation of w̃t in (4.4), this can be written as

(x̃t − x)T f(x) + (ỹt − y)T g(y) + (w̃t − w)TF (w)

≤ 1

2(t+ 1)

(‖v − v0‖2D + (1 + μ)‖u− u0‖2P
) ∀w ∈ W .

Thus, the assertion (4.5) is proved, and the proof is complete.

5. Conclusions. This paper derives a worst-case O(1/t) convergence rate in
an ergodic sense for the blend of Douglas–Rachford alternating direction method
of multipliers (ADM) and the logarithmic-quadratic proximal (LQP) regularization
where the Glowinski relaxation factor is adopted, in the context of a class of variational
inequalities. This is a theoretical support to the combination of ADM and LQP,
and it is interesting to apply the analytic framework in this paper to analyze the
convergence rate for some other methods with interior-point-oriented regularization.
Interesting research in the future also will include deriving the O(1/t) convergence
rate in nonergodic senses for ADM with LQP.

Appendix A. Proof of Lemma 3.1.
Proof. Applying Lemma 2.3 and the notation in (3.4), inequalities (2.7) and (2.8)

can be respectively written as

(x − xk+1)T f(xk+1) + (x − x̃k)T {−AT λ̃k}
≥ 1 + μ

2
(‖xk+1 − x‖2R − ‖xk − x‖2R) +

1− μ

2
‖xk − xk+1‖2R ∀x ∈ Rn

+(A.1)

and

(y − yk+1)T g(yk+1) + (y − ỹk)T {−BT λ̃k +BTHB(ỹk − yk)}
≥ 1 + μ

2
(‖yk+1 − y‖2S − ‖yk − y‖2S) +

1− μ

2
‖yk − yk+1‖2S ∀y ∈ Rm

+ .(A.2)
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In addition, it follows from (3.4) that

(A.3) (Ax̃k +Bỹk − b)−B(ỹk − yk) +H−1(λ̃k − λk) = 0.

Combining (A.1), (A.2), and (A.3), and by simple manipulation, we get

(x− x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ 1 + μ

2
(‖uk+1 − u‖2P − ‖uk − u‖2P ) +

1− μ

2
‖uk − uk+1‖2P

+ (v − ṽk)TQ(vk − ṽk) ∀w ∈ W .(A.4)

On the other hand, recall Q = DγMγ (see (3.3)) and Mγ(v
k − ṽk) = vk − vk+1 (see

(3.5)). By using Lemma 2.5, we get

(v − ṽk)TDγ(v
k − vk+1) =

1

2

(‖v − vk+1‖2Dγ
− ‖v − vk‖2Dγ

)
+
1

2
(‖vk − ṽk‖2Dγ

− ‖vk+1 − ṽk‖2Dγ
) ∀v ∈ V .(A.5)

Then we obtain

(x− x̃k)T f(x̃k) + (y − ỹk)T g(ỹk) + (w − w̃k)TF (w̃k)

≥ 1 + μ

2

(‖u− uk+1‖2P − ‖u− uk‖2P
)
+

1− μ

2
‖uk − uk+1‖2P

+
1

2

(
‖v − vk+1‖2Dγ

− ‖v − vk‖2Dγ

)
+
1

2

(
‖ṽk − vk‖2Dγ

− ‖ṽk − vk+1‖2Dγ

)
, w ∈ W .(A.6)

On the other hand, by using (3.5) and the definitions of Dγ and Mγ in (3.2), we
have

‖ṽk − vk‖2Dγ
− ‖ṽk − vk+1‖2Dγ

= ‖vk − ṽk‖2Dγ
− ‖(vk − ṽk)−Mγ(v

k − ṽk)‖2Dγ

= 2(vk − ṽk)TDγMγ(v
k − ṽk)− ‖Mγ(v

k − ṽk)‖2Dγ

= 2

(
yk − ỹk

λk − λ̃k

)T (
BTHB 0
−B H−1

)(
yk − ỹk

λk − λ̃k

)

−
∥∥∥∥
(

H1/2B 0

−√
γH1/2B

√
γH−1/2

)(
yk − ỹk

λk − λ̃k

)∥∥∥∥
2

= ‖B(yk − ỹk)‖2H + 2(λk − λ̃k)TH−1{(λk − λ̃k)−HB(yk − ỹk)}
− γ‖(λk − λ̃k)−HB(yk − ỹk)‖2H−1 .(A.7)

In the right-hand-side of (A.7), by substituting ỹk = yk+1, λk − λ̃k = H(Axk+1 +
Byk − b), and

(λk − λ̃k)−HB(yk − ỹk) = H(Axk+1 +Byk+1 − b),
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we obtain

‖vk − ṽk‖2Dγ
− ‖vk+1 − ṽk‖2Dγ

= ‖B(yk − yk+1)‖2H + 2(Axk+1 +Byk − b)TH(Axk+1 +Byk+1 − b)

− γ‖Axk+1 +Byk+1 − b‖2H
= ‖B(yk − yk+1)‖2H + 2(Byk −Byk+1)TH(Axk+1 +Byk+1 − b)

+ (2− γ)‖Axk+1 +Byk+1 − b‖2H .

Thus, we have

‖vk − ṽk‖2Dγ
− ‖vk+1 − ṽk‖2Dγ

= ‖B(yk − yk+1)‖2H + 2(Byk −Byk+1)TH(Axk+1 +Byk+1 − b)

+ (2− γ)‖Axk+1 +Byk+1 − b‖2H .(A.8)

Substituting (A.8) into (A.6), the assertion (3.6) is proved.

Appendix B. Proof of Lemma 3.2.
Proof. Let {yk} and {uk} be generated by the scheme (1.10)–(1.12). First, it

follows from Lemma 2.6 that when μ ∈ (0, 0.2), there exist η ∈ (0, 1−μ
2 ) and ρ > μ

such that

‖yk − yk+1‖2S − μ‖yk−1 − yk‖2S − (1 + μ)(yk − yk+1)TS(yk−1 − yk)

≥ ρ‖yk − yk+1‖2S − ρ‖yk−1 − yk‖2S − η‖yk − yk+1‖2S.(B.1)

Second, applying Lemma 2.2 to (1.11) (namely, setting P = S, ak = yk, a = yk+1,
q(·) = gk(·), and b = yk in (2.6)) and using

gk(y
k+1)

(2.10)
= g(yk+1)−BT [λk −H(Axk+1 +Byk+1 − b)],

we obtain

(B.2) (yk − yk+1)T
{
g(yk+1)−BT

[
λk −H(Axk+1 +Byk+1 − b)

]} ≥ ‖yk − yk+1‖2S.
Similarly, applying Lemma 2.2 to (1.11) at the (k−1)th iteration (namely, by setting
P = S, ak = yk−1, a = yk, q(·) = gk−1(·), and b = yk+1 in (2.6)) with

gk−1(y
k)

(2.10)
= g(yk)−BT [λk−1 −H(Axk +Byk − b)],

we have

(yk+1 − yk)T
{
g(yk)−BT

[
λk−1 −H(Axk +Byk − b)

]}
≥ 1+μ

2

(‖yk − yk+1‖2S − ‖yk−1 − yk+1‖2S
)
+ 1−μ

2 ‖yk−1 − yk‖2S .(B.3)

Adding (B.2) and (B.3), and using the monotonicity of the operator g, we get

(yk − yk+1)T
{
BT
[
(λk−1 − λk)−H(Axk +Byk − b)

+H(Axk+1 +Byk+1 − b)
]}

≥ 3+μ
2 ‖yk − yk+1‖2S − 1+μ

2 ‖yk−1 − yk+1‖2S + 1−μ
2 ‖yk−1 − yk‖2S .(B.4)
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Recall λk−1 − λk = γH(Axk +Byk − b) (see (3.4)). We thus obtain the assertion

B(yk − yk+1)TH(Axk+1 +Byk+1 − b)

≥ (1 − γ)(Axk +Byk − b)THB(yk − yk+1) + ‖yk − yk+1‖2S
− μ‖yk−1 − yk‖2S − (1 + μ)(yk − yk+1)TS(yk−1 − yk).(B.5)

Then, by combining (B.1) and (B.5), we get

(Axk+1 +Byk+1 − b)THB(yk − yk+1)

≥ (1 − γ)(Axk +Byk − b)THB(yk − yk+1) + ‖yk − yk+1‖2S
− μ‖yk−1 − yk‖2S − (1 + μ)(yk − yk+1)TS(yk−1 − yk)

≥ (1 − γ)(Axk +Byk − b)THB(yk − yk+1) + ρ‖yk
− yk+1‖2S − ρ‖yk−1 − yk‖2S − η‖yk − yk+1‖2S .(B.6)

Thus, we have the conclusion

Δk
γ ≥ 1

2

[‖B(yk − yk+1)‖2H + 2(1− γ)(Axk +Byk − b)THB(yk − yk+1)
]

+
1

2
(2− γ)‖Axk+1 +Byk+1 − b‖2H + ρ{‖yk − yk+1‖2S − ‖yk−1 − yk‖2S}

− η‖yk − yk+1‖2S.(B.7)

On the other hand, recall the assertions in Lemma 2.4. In view of the Cauchy–
Schwarz inequality, we instantly have

2(1− γ)(Axk +Byk − b)TH(Byk −Byk+1)

≥ −(T − γ)‖Axk +Byk − b‖2H − (1− γ)2

T − γ
‖B(yk − yk+1)‖2H .(B.8)

Combining (B.8) with the first term in the left-hand-side of (B.6) and by simple
manipulation, we obtain

‖B(yk − yk+1)‖2H + 2(1− γ)(Axk +Byk − b)THB(yk − yk+1)

+ (2− γ)‖Axk+1 +Byk+1 − b‖2H
≥
(
1− (1 − γ)2

T − γ

)
‖B(yk − yk+1)‖2H + (2− T )‖Axk+1 +Byk+1 − b‖2H

+ (T − γ)
(‖Axk+1 +Byk+1 − b‖2H − ‖Axk +Byk − b‖2H

)
.(B.9)

Substituting (B.9) into (B.7), the assertion (3.8) is derived. The proof is
complete.

Appendix C. Global convergence of ADM with LQP with a Glowinski
relaxation factor.

Since the convergence of ADM with LQP regularization is established in [36] only
for the case where γ = 1 and its extension to the case with a general Glowinski

relaxation factor γ ∈ (0, 1+
√
5

2 ) is not trivial, we provide here the complete proof for
the global convergence of (1.10)–(1.12). A key tool for the proof is inequality (3.9) in
Lemma 3.3. We start the analysis with a theorem.
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Theorem C.1. Let {wk} be generated by the scheme (1.10)–(1.12), let the matrix
Dγ be defined in (3.2), and let T = 1

3 (γ
2 − γ + 5). Then, when the positive scalar

μ ∈ (0, 0.2), there exist scalars η ∈ (0, 1−μ
2 ) and ρ > μ such that

‖wk+1 − w∗‖2Gγ
+ 2ρ‖yk − yk+1‖2S

≤ ‖wk − w∗‖2Gγ
+ 2ρ‖yk−1 − yk‖2S −

(
1− (1 − γ)2

T − γ

)
‖B(yk − yk+1)‖2H

− (2− T )‖Axk+1 +Byk+1 − b‖2H − (1− μ)‖xk − xk+1‖2R
− (1− μ− 2η)‖yk − yk+1‖2S ∀w∗ ∈ W∗,(C.1)

where
(C.2)

Gγ =

⎛
⎝ (1 + μ)R

(1 + μ)S +BTHB
(γH)−1

⎞
⎠+ (T − γ)

⎛
⎝ AT

BT

0

⎞
⎠H(A,B, 0).

Proof. Setting x = x∗, y = y∗, and w = w∗ in (3.10), we get

(x∗ − x̃k)T f(x̃k) + (y∗ − ỹk)T g(ỹk) + (w∗ − w̃k)TF (w̃k)

≥ 1

2
(T − γ)

(‖Axk+1 +Byk+1 − b‖2H − ‖Axk +Byk − b‖2H
)

+ ρ(‖yk − yk+1‖2S − ‖yk−1 − yk‖2S) +
1 + μ

2

(‖uk+1 − u∗‖2P − ‖uk − u∗‖2P
)

+
1− μ

2
‖xk − xk+1‖2R +

(1− μ

2
− η
)
‖yk − yk+1‖2S

+
1

2

[
‖v∗ − vk+1‖Dγ − ‖v∗ − vk‖Dγ

]
+

1

2

[(
1− (1− γ)2

T − γ

)
‖B(yk − yk+1)‖2H + (2− T )‖Axk+1 +Byk+1 − b‖2H

]
.

On the other hand, it follows from (2.1) that

(x∗ − x̃k)T f(x̃k) + (y∗ − ỹk)T g(ỹk) + (w∗ − w̃k)TF (w̃k) ≤ 0.

Therefore, the above two inequalities imply the following assertion:

‖vk+1 − v∗‖2Dγ
+ (1 + μ)‖uk+1 − u∗‖2P

+ (T − γ)‖Axk+1 +Byk+1 − b‖2H + 2ρ‖yk − yk+1‖2S
≤ ‖vk − v∗‖2Dγ

+ (1 + μ)‖uk − u∗‖2P + (T − γ)‖Axk +Byk − b‖2H
+ 2ρ‖yk−1 − yk‖2S −

(
1− (1− γ)2

T − γ

)
‖B(yk − yk+1)‖2H

− (2− T )‖Axk+1 +Byk+1 − b‖2H
− (1− μ)‖xk − xk+1‖2R − (1− μ− 2η)‖yk − yk+1‖2S ∀w∗ ∈ W∗.(C.3)

Taking into account the definition of Gγ in (C.2), the assertion (C.3) can rewritten
as the compact form (C.1). The proof is complete.

Remark C.1. Note that the assertions in Lemma 2.4 ensure the positive defi-
niteness of Gγ (thus, the notation ‖ · ‖Gγ makes sense) and the positiveness of the
coefficients in the right-hand side of (C.1).
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Now we are ready to show the global convergence of the scheme (1.10)–(1.12).
The global convergence of the accompanying sequence {w̃k} is also derived.

Theorem C.2. Assume that the two functions f(x) and g(y) in the variational
inequality (1.1)–(1.2) are continuous and monotone. The sequence {wk} generated by
the scheme (1.10)–(1.12) converges globally to a solution point of VI(W , F ).

Proof. Given (C.1) and 1− μ− 2η > 0, R  0, S  0, H  0, we have

(C.4) lim
k→∞

‖xk − xk+1‖ = 0, lim
k→∞

‖yk − yk+1‖ = 0

and

(C.5) lim
k→∞

‖B(yk − yk+1)‖ = 0, lim
k→∞

‖Axk+1 +Byk+1 − b‖ = 0.

Note that

(C.6) ‖ 1
γ
H−1(λk − λk+1)‖ = ‖Axk+1 +Byk+1 − b‖ → 0, k → ∞.

It thus follows from (3.4) that limk→∞ ‖wk − wk+1‖ = 0.
Since

fk(x
k+1) = f(xk+1)−ATλk+1 + 1−γ

γ AT (λk − λk+1) +ATHB(yk − yk+1)

and

gk(y
k+1) = g(yk+1)−BTλk+1 + 1−γ

γ BT (λk − λk+1),

it follows from (2.7)–(2.8) and (C.4)–(C.6) that

(C.7)

⎧⎨
⎩

lim
k→∞

inf(x− xk+1)T
[
f(xk+1)−ATλk+1

] ≥ 0 ∀x ∈ Rn
+ ,

lim
k→∞

inf(y − yk+1)T
[
g(yk+1)−BTλk+1

] ≥ 0 ∀y ∈ Rm
+ .

On the other hand, (C.1) shows that the sequence {wk} is bounded. Thus, there
exists at least one cluster point. Let w∞ be a cluster point of {wk}, and let {wkj} be
the subsequence converging to w∞. It follows from (C.6) and (C.7) that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

lim
j→∞

inf(x− xkj )T
[
f(xkj )−ATλkj

] ≥ 0 ∀x ∈ Rn
+ ,

lim
j→∞

inf(y − ykj )T
[
g(ykj )−BTλkj

] ≥ 0 ∀y ∈ Rm
+ ,

lim
j→∞

(Axkj +Bykj − b) = 0,

and consequently⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(x− x∞)T

[
f(x∞)−ATλ∞] ≥ 0 ∀x ∈ Rn

+ ,

(y − y∞)T
[
g(y∞)−BTλ∞] ≥ 0 ∀y ∈ Rm

+ ,

Ax∞ +By∞ − b = 0.

That is, w∞ is a solution point of VI(W , F ).
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Note that inequality (C.1) is true for an arbitrary solution point of VI(W , F ).
Hence, there exists ρ > μ such that

(C.8) ‖wk+1 − w∞‖2Gγ
+ 2ρ‖yk − yk+1‖2S ≤ ‖wk − w∞‖2Gγ

+ 2ρ‖yk−1 − yk‖2S .

Since wkj → w∞ and ‖ykj−1 − ykj‖ → 0 (j → ∞), for any given ε > 0, there exists
an l > 0 such that

(C.9) ‖wkl − w∞‖2Gγ
+ 2ρ‖ykl−1 − ykl‖2S ≤ ε.

Therefore, for any k ≥ kl, it follows from (C.8) and (C.9) that

‖wk − w∞‖2Gγ
≤ ‖wk − w∞‖2Gγ

+ 2ρ0‖yk−1 − yk‖2S
≤ ‖wkl − w∞‖2Gγ

+ 2ρ0‖ykl−1 − ykl‖2S
≤ ε.

This implies that with an arbitrary initial iterate, the sequence {wk} converges to
w∞, which is a solution of VI(W , F ).

With the proved convergence of {wk}, the global convergence of the accompanying
sequence {w̃k} is trivial based on the fact (3.5). The proof is complete.
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