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Abstract We discuss unique solvability of the equality-constraint quadratic program-
ming problem, establish a class of preconditioned alternating variable minimization
with multiplier (PAVMM) methods for iteratively computing its solution, and demon-
strate asymptotic convergence property of these PAVMM methods. We also discuss
an algebraic derivation of the PAVMM method by making use of matrix splitting,
which reveals that the PAVMM method is actually a modified block Gauss—Seidel
iteration method for solving the augmented Lagrangian linear system resulting from
the weighted Lagrangian function with respect to the equality-constraint quadratic
programming problem.

Keywords Equality-constraint quadratic programming problem - Solvability -
Iteration method - Preconditioning - Asymptotic convergence

Communicated by Lothar Reichel.

The work of these authors is supported by The National Basic Research Program (No. 2011CB309703),
The National Natural Science Foundation (Nos. 11301280, 91118001), The National Natural Science
Foundation for Creative Research Groups (No. 11321061) and The Fundamental Research Funds for the
Central Universities (No. 020314330019), People’s Republic of China.

B Zhong-Zhi Bai
bzz@Ilsec.cc.ac.cn

Min Tao

taom@nju.edu.cn

State Key Laboratory of Scientific/Engineering Computing, Institute of Computational
Mathematics and Scientific/Engineering Computing, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, P.O. Box 2719, Beijing 100190, People’s Republic of
China

Department of Mathematics, Nanjing University, Nanjing 210008, People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10543-015-0563-z&domain=pdf

400 Z.-Z. Bai, M. Tao

Mathematics Subject Classification 65F08 - 65F10 - 65K05 - 90C20 - 90C25 - CR:
G1.3

1 Introduction

Let R be the domain of all real numbers, R” be the n-dimensional real linear space
equipped with the Euclidean inner product, say (-, -), and R™*" be the m-by-n real
matrix space. Denote by (-)7 and || - || the transpose and the Euclidean norm of either a
vector or a matrix of suitable dimension, respectively. We consider numerical solutions
of equality-constraint quadratic programming problems of the form
Hmm ¢ () + ¥ (), n

st. Ax+ By =b, ’

where A € RP*" and B € RP*™ are two matrices, b € R? is a known vector, and
¢: R" - Rand ¢: R" — R are two quadratic functions defined by

|¢>(x) = %xTFx—l—fo, (12)

v(y) =1yTGy+yTg,

with F € R G € R™ being symmetric positive semidefinite matrices and
f € R", g € R™ being given vectors. We assume that some standard assumptions are
imposed on the matrices F, G and A, B as well as on the vectors f, g and b such that
the solution set of the problem (1.1)—(1.2) is nonempty. This class of constraint pro-
gramming problems occurs in many areas of computational science and engineering
applications such as economics [1], electrical circuits and networks [7,13,40], elec-
tromagnetism [9,35], finance [30,31], image reconstruction [24], image registration
[22,33] and optimal control [8]. It also captures a number of important applications
arising in various areas such as the /{-norm regularized least-squares problems, the
total variation image restoration and the standard quadratic programming problems;
see, e.g., [25,28] for more details.

In fact, the constraint quadratic programming problem (1.1) is mathematically
equivalent to the unconstraint optimization problem

max min .%,(x, v, 2), (1.3)
y

Z X,

where %, (x, y, 7) is the augmented Lagrangian function defined by

Lu(x,y,2) =¢(x)+¥(y) — (Ax + By — b, 2) + glle + By —b|%, (1.4)

with z € RP? being the Lagrange multiplier and § a penalty or a regularization parame-
ter. That is to say, a point (x,, y«) € R" x R™ is a solution of the problem (1.1)-(1.2)
if and only if there exists a z, € R?” such that the point (x,, y«, z+) € R” x R" x R?
is a solution of the problem (1.3)—(1.4).
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One of the most popular and effective iterative methods for solving the equality-
constraint quadratic programming problem (1.1) is the so-called alternating direction
method with multipliers, or in short, the ADM method. At each iteration step, it first
alternatively minimizes the augmented Lagrangian function %, (x, y, z) with respect
to the variables x, y, and then update the Lagrange multiplier z according to the steepest
ascent principle so that violation of the original constraint Ax + By = b is penalized.
More precisely, the ADM method for solving the problem (1.1) can be algorithmically
described as follows.

Method 1.1 (ADM method for the problem (1.1)) Given initial guesses y@ e R™
and @ € RP, for k = 0,1,2,... until the iteration sequences {x(k) },i’io C
R, {y(k)},‘zio C R™ and {Z(k)},fio C R? are convergent, compute x**D y&+D
and 7K+ according to the following rule:

x*HD = arg min I¢(x) — (Ax + By® — b, 70y 1 §||Ax +By® — b||2} ,
xeR”?

id

2

KD = 20 _ gax®H+D 4 gyt _py, (1.5)

y** = arg min llﬂ(y) —(Ax®*D £ By — b,z @) + S Ax* D 1+ By — bllzl ’
ye m

Intuitively, Method 1.1 is an alternating variable minimization with multiplier
(AVMM) method. The AVMM method is intended to blend the decomposability of
dual ascent with the superior convergence properties of the method of multipliers
[11]. It computes a saddle point of the augmented Lagrangian function %, (x, y, z) by
adopting the idea of block Gauss—Seidel iteration for solving block system of linear
or nonlinear equations [21,34,45], in which a single block Gauss—Seidel pass over
the variables x and y is used instead of the usual joint minimization. In [18] Gabay
illustrated this iteration scheme as an application of the Douglas-Rachford splitting
method [29] to the dual of the problem (1.1), and Eckstein and Bertsekas [15] showed
in turn that Douglas-Rachford splitting is a special case of the proximal point method.
Hence, AVMM is a special case of the proximal point method; see Eckstein and Fer-
ris [16] for more discussions explaining this approach. On the other hand, it is also
a natural generalization of the classical Uzawa method for solving the saddle-point
problems; see [1,10,14].

Many papers have analyzed the AVMM method from the perspective of maximal
monotone operators [15,36-39]. Its global convergence was proved under some mild
conditions such as the solution set of the problem (1.1) is nonempty; see [17—-19].
Also, it has been known that this method converges linearly, but an accurate estimate
about the convergence rate is still in its infancy; see, e.g., [20,25,28,29,41].

In this paper, based on a weighted inner product and the corresponding weighted
norm, by adopting matrix preconditioning strategy and utilizing parameter accelerating
technique, we establish a class of preconditioned alternating variable minimiza-
tion with multiplier (PAVMM) methods for iteratively solving the equality-constraint
quadratic programming problem (1.1)—(1.2). This method includes the AVMM or the
ADM method as a special case. By making use of blockwise matrix transformation,
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from null space relationships of the involved sub-matrices we discuss solvability of
the problem (1.1)—(1.2) and give sufficient and necessary conditions for guaranteeing
existence and uniqueness of its solution. By exploring an explicit formula about eigen-
values of the iteration matrix, we demonstrate asymptotic convergence property and
analyze asymptotic convergence rate of the PAVMM method. By making use of matrix
splitting, we also discuss an algebraic derivation of the PAVMM method, which shows
that this method is actually a modified block Gauss—Seidel iteration method for solv-
ing the augmented Lagrangian linear system resulting from the weighted Lagrangian
function with respect to the equality-constraint quadratic programming problem (1.1)—
(1.2).

2 The PAVMM methods

For a symmetric positive definite matrix H € RP*P let (-, -) g be the weighted inner
product with the weighting matrix H, or the H-inner product, in R”, and || - |4
be the corresponding weighted matrix norm, or the H-norm, in R”*?. Note that for
u,v € RP and X € RP*P, it holds that

1 1,1
(u,v)g = (Hu,v), |ullg =|H?u| and | X[z =|H>XH 2].

We say that u, v € R” are H-orthogonal, denoted by u Ly v, if (u,v)y = 0. If,
in particular, H = [ (the identity matrix), then the vectors u and v are said to be
orthogonal, which is simply represented as u L v.

For a given symmetric positive definite matrix W € RP*?, we can prove that the
constraint quadratic programming problem (1.1) is mathematically equivalent to the
unconstraint optimization problem

max min Lya(x,y,2), 2.1

4 X,

where %y, (x, v, z) is the weighted augmented Lagrangian function defined by

Fua,3,2) = ) + V() — (Ax+ By —b, )1 + L llAx 4 By~ b},
2.2)

with W € R”*P being the weighting matrix, z € R? being the Lagrange multiplier,
and S a penalty or a regularization parameter. To be more precise, a point (xy, yx) €
R” x R™ is a solution of the problem (1.1) if and only if there exists a z, € R? such
that the point (x4, y«, z5) € R" x R™ x R? is a solution of the problem (2.1)—(2.2).

Analogous to Method 1.1, we can establish the following PAVMM method for
iteratively solving the problem (1.1)—(1.2).

Method 2.1 (PAVMM method for the problem (1.1)—(1.2)) Let W € R”*P be a sym-
metric positive definite matrix, Q € R”*? be a nonsingular matrix, and « be a positive
constant. Given initial guesses y© € R™ and z(® € R, fork = 0, 1,2, ... until
the iteration sequences {x(k)},fio c R~ {y(k)},fio Cc R™ and {z(l‘)},fo=0 C RP are
convergent, compute x 1D y&+D and z*+1D according to the following rule:
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2D = arg min {¢<x> —(Ax + By® — b, 2W) 0 + §|le +By® —p|2 _, } :
xelR?

"+ = arg min {x/z(y) —(Ax*TD 4 By — b, W)y + gnAx(k*“ + By = bllj,- ] :
)'E m

D = 0 _ ol (Ax®HD 4 gyt _ gy (2.3)

Note that whena = B and W = Q = I the PAVMM method reduces to the AVMM
or the ADM method. The weighting matrix W can be used to balance the cost function
and the equality constraint such that the conditioning of the weighted augmented
Lagrangian function %y, (x, y, z) is greatly improved, and the preconditioning matrix
Q and the relaxation parameter « can be chosen such that the convergence rate of the
PAVMM method is further accelerated.

By straightforward calculations, we can rewrite the iteration scheme (2.3) into an
explicit form as follows:

¢/(x(k+1)) _ Awalz(k) 4 ﬂAwal(Ax(/H*l) 4 By(k) o b) — 0’
Y/ (y*Dy — BTw=170 4 BT W—1(Ax*+D 4 By*+D _ py — 0,
Z(k+1) — Z(k) _ OlQ_lW_l(Ax(k+1) + By(k'H) —b),

which can be equivalently reformulated as

Fx®D 4 f — ATw=120 4 pATW=1(Ax*+D 4 By® —py =0,
Gy® D 4 g — BTW=170 4 BT w1 (Ax*+D 4 By*+D) _ p) = 0,
Z(k+l) — Z(k) _ aQ*lwfl(Ax(lvFl) + By(k+l) _ b)

due to the concrete expressions
¢'(x)=Fx+f and ¥'(y)=Gy+g

of the derivatives of the quadratic functions ¢ (x) and ¥ (y). After rearrangement we
obtain the matrix—vector form of the PAVMM method as follows:

(F + BATW L A)x®+D) = ATW=1B(H — By®) + ;0] — f,
(G + BBTWIB)y*tD = BTW=1B(h — Ax*tD)y 4 ;0] — o (24)
76D = ;0 _ oW (Ax KD 4 By(k+1) —b).

The main costs of the iteration scheme (2.4) are solving two systems of linear

equations having the coefficient matrices F +B8AT W' A and G+ B8BT W~ B, which
are of the sizes n x n and m x m, respectively. When

null(F) Nnull(A) = {0} and null(G) N null(B) = {0},
with null(-) indicating the null space of the corresponding matrix, the matrices

F + BATW~'A and G + BBT W~ B are symmetric positive definite, so that the
corresponding systems of linear equations can be solved effectively either by direct
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methods such as the Cholesky factorization or by iterative methods such as the precon-
ditioned conjugate gradient method; see [21]. Of course, the weighting matrix W and
the regularization parameter 8 should be chosen such that both augmented Lagrangian
matrices F + BAT WA and G + BT W~ B are much better conditioned than the
original matrices F' and G, respectively.

3 Preliminaries

We first introduce some notations necessitating for the subsequent statements. We
use C to denote the domain of all complex numbers. For a { € C, ¢ stands for its
conjugate complex. C" represents the n-dimensional complex linear space equipped
with the Euclidean inner product, say, (-, -), and C"*" is the m-by-n complex matrix
space. For a given matrix, we use range(-) to indicate the range space spanned by all
of its columns. The symbol @ is the direct sum of subspaces in C". Denote by (-)*
and || - || the conjugate transpose and the Euclidean norm of either a vector in C" or
a matrix in C"*", respectively. For two symmetric matrices X and Y, we say X > Y
(or X > Y)if X — Y is positive definite (or semidefinite). Alternatively, X > Y (or
X > Y)is also written as ¥ < X (or Y < X). We use A(:) and p(-) to indicate
an eigenvalue and the spectral radius of a square matrix, and Amin(-) and Amax(-) the
smallest and the largest of its eigenvalues, respectively.

The following result presents necessary and sufficient conditions for the nonsin-
gularity of block two-by-two matrices of the saddle-point form; see [2,3,5] and the
references therein.

Lemma 3.1 Let H € C"*" be a Hermitian positive semidefinite matrix and E €
C™*"_ Then the saddle-point matrix

H E*
K = (E : )
is nonsingular if and only if null(H) N null(E) = {0} and E is of full row rank.

For the nonsingularity of block three-by-three matrices, we can demonstrate nec-
essary and sufficient conditions as follows.

Lemma 3.2 Let H, € C"*" and H, € C™* ™ be Hermitian positive semidefinite
matrices, and E, € CP*" and E, € CP*™, Then the block three-by-three matrix

H, 0 E}
K=| 0 H, E;
E, E, O

is nonsingular if and only if

(null(H,) @ null(Hp)) Nnull((E, Ep)) = {0} and null(E}) Nnull(Ey) = {0}.
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Proof Denote

H, 0
H=(0“ Hb) and E=(E, Ep).

Then we can rewrite the block three-by-three matrix K as the block two-by-two one

H E*
(8.
From Lemma 3.1 we know that K is nonsingular if and only if null(H) N null(E) =

{0} and E* is of full column rank. By straightforward operations we can obtain the
following statements:

(1) null(H) Nnull(E) = {0} if and only if
(null(H,) @ null(Hp)) Nnull((E, Ep)) = {0};

(i) E* is of full column rank if and only if null(£}) N null(E}) = {0}.

As
(null(H,) @ null(H,)) N null((E, Ep)) = {0}
implies
null(H,) Nnull(E,) = {0} and null(Hy) N null(Ep) = {0},

by Lemma 3.2 we can directly obtain a necessary condition for the nonsingularity of
the block three-by-three matrix K.

Lemma 3.3 Let H, € C"" and H, € C"™ ™ be Hermitian positive semidefinite
matrices, and E, € CP*" and E, € CP*™_ If

H, 0 E};
K = 0 Hp EZ
E, E, O
is nonsingular, then

null(H,) Nnull(E,) = {0} and null(Hp) N null(Ep) = {0}.

Below we demonstrate some characteristics of a saddle point of the weighted aug-
mented Lagrangian function %, (x, v, z) defined in (2.2).

Theorem 3.1 Let F € R™", G € R™*™ be symmetric positive semidefinite matrices,
and A € RP*" B € RP*™ be two matrices. Let
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406 Z.-Z. Bai, M. Tao

F+pATw=lAa  gATw—'B —ATw-!

AB = BB"W'A G+pB"W'B —BTW! (3.1)
w-lA w-!B 0
and
BATW= b — f x
bB)=| BBTWlb—g |, x=|y (3.2)
w1p Z

Then the following statements hold true:

(1) Forx, € R", y, € R" and z, € RP, (x4, y«, 24) Is a saddle point of the weighted
augmented Lagrangian function Ly, (x, v, z) defined in (2.2) if and only if X, =
I, yI', 2T e RM™MEP s a solution of the linear system A(B) x = b(f);

(ii) The matrix A(B) € ROFm+PIXHmED) js nonsingular if and only if
(a) (null(F) & null(G)) Nnull((A B)) = {0}, and
(b) null(AT) N null(BT) = {0}.

Proof We first demonstrate (i). By straightforward calculations we obtain the deriv-
atives of the weighted augmented Lagrangian function %, (x, y, z) with respect to
x, y and z as follows:

123D — (F 4 BATW ' A)x + BATW By — ATW 2+ f — BATW b,
St — gBTW—1Ax + (G + BT W 'B)y — BTW- 1z + ¢ — BT Wb,
0262 — W1 (Ax + By — b).

Note that (x4, y«, zx) is a saddle point of %, (x, y, z) if and only if

0-Lya Xy Vs, Z4) 0-Lwa (X, Yie, Zae) 0 Lya (Xss Vi Z4)
=0, =0 and ——4mM8MMXmM¥MM— =
0x dy 0z

0,

which can be rewritten in matrix—vector form into A(8) x = b(8).
To verify the validity of (ii), we denote by

I 0 —pAT
P =0 1 —BBT |,
00 I

which is a three-by-three block unit upper-triangular matrix. Then it holds that
N F 0o —ATw!
AB) =P(B)AB) = 0 G —-BTw-!'],
w'a w-'B 0
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which implies that A(8) is nonsingular if and only if K(ﬁ) is nonsingular. From
Lemma 3.2 we know that A($) is nonsingular if and only if

(null(F) @ null(G)) Nnull(W~'A W~!B)) = {0}
and
null(AT W= Nnnull(BT w1 = {0}.
The result what we were proving then follows straightforwardly from
null(W='A W~!'B)) = null((A B)),
and
null(ATW=H Nnnull(BT w1 = {0}
if and only if

null(AT) Nnull(BT) = {0}.

O
In the sequel, for notational convenience we define matrices
A=W'24, B=w'2B, 0=w/2ow!'? (3.3)
and
F=F+BATW'A, G=G+pB"W'B. (3.4)

The positive definiteness and the spectral radius of the symmetric matrix
H=AF'AT + BG'BT

are indispensable in discussion of the convergence property and the convergence rate
of the PAVMM method, which are precisely stated in the following lemma.

Lemma34 Let F € R, G € R™" and W € RP*P be symmetric positive
definite matrices, and A € RP*" and B € RP*™ be two arbitrary matrices. Define
matrices A, B and F, G as in (3.3) and (3.4), respectively. Then the following two
statements hold true:

@) OjXﬁ_I/TT < %1,05§6‘1§T < %Iand0§ﬁ< 21;

(i) H > 0if A and B further satisfy

=

null(AT) Nnull(BT) = {0}.
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Proof By denoting

we have
f=F+§ﬂ and 5=G+I/ig.
So
AMBAF'AT) = MFV2Q25F1%) <1
and

MBBG'BT) = MG VTGV < 1.
It follows that
0= ,3;\77\_1;\7 <7 and 0= ﬂﬁa_]ET <1,

or equivalently,

N 1 PO |
0<A _IZT<EI and OjBG_lBT<EI.

As a result, we straightforwardly have

O§ﬁ< 1.

= N

So the statement (i) is valid. R
In additioq,\ we can assert H > 0. Otherwise, if there exists a nonzero vectorz € R”
such that 27 HZ = 0, it must hold
TAF'AT2=0 and Z'BG'B'z=0
due to
AF'AT =0 and BG™'B” »o.
Because F > 0 and G > 0, we have
ATZ2=0 and B'z=0,
or in other words,

7 e null(AT) Nnull(B7).
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In addition, as
null(A7) = null(ATW=2) and null(BT) = null(BT w—1/2),
from
null(AT) N null(BT) = {0}

we see that 7 = 0, which is a contradiction. So H > 0 and the statement (i1) holds
true. O

In addition, the following determinant criterion for locations of the two roots of
a complex quadratic polynomial equation is fundamental for us to demonstrate the
asymptotic convergence of the PAVMM method.

Lemma 3.5 Let n and ¢ be two complex constants. Then both roots of the complex
quadratic polynomial equation

A4+ Ch+n=0
have modulus less than one if and only if
¢ = Enl+ Il < 13 (3.5)

see [6,32]. In particular, if both n and ¢ are real constants, then the condition (3.5)
reduces to

Inl <1 and 5] <1+ n;

see [6,45].

4 The asymptotic convergence

In this section, we demonstrate the asymptotic convergence and estimate the corre-
sponding asymptotic convergence rate for the PAVMM method.
To this end, we introduce block matrices

F+BATW- 1A 0 0
M(a, B) = BBTW-'A  G+pBBTW'B 0
1 —1 1
wlA w-IB 1o
and
0 —pATW—IB ATw-!
N@, ) =|0 0 BTw—1 |,
0 0 1o
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which satisfy

A(B) =M(a, p) — N(a, B),

with A(B) being defined in (3.1). And we also introduce block vectors

kD) &
X6+ = [ &40 ) ang x® = [ y®
Zk+D) 2

Then the iteration scheme (2.4) can be briefly rewritten into the standard stationary
iteration scheme

M(a, B) x*D = N(a, 8)x® +b(B), 4.1

with b(8) being defined in (3.2). Using these notations we can alternatively translate
the PAVMM method as a stationary matrix splitting iteration method for solving the
block three-by-three system of linear equations

AB)x =b(B),

which is induced by the splitting

A(B) =M(a, f) — N(a, p)

of the matrix A(8) € RO+mtp)x(tm+p) Ag a result, the PAVMM method is
convergent if and only if the spectral radius p(L(c, B)) of its iteration matrix
L(a, B) = M(«, ,3)_1N(oc, B) is less than one, i.e., p(L(a, B)) < 1, and, in the
convergence situation, its asymptotic convergence factor is given by p(L(«, B)); see
[42].

Using the matrices

I 0 —BAT 10 0
PB)=(0 1 —pBT | and P,(B)=[0 1 O |,
00 w2 00 wi2
we have
M(a, B) = P(B) M(a, B) P, (B)
F _IBAwalB —gATQWI/Z
= B 1/2
= 0 G —&BTQW/

—-1/2 —1/2 1 ys1/2 1/2
w24 w2 Iwl2owl/
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and

N(a. B) = Pi(B) N(e, B) P+ ()
0 —paTW B AT (W' -Lo)w!

=lo 0 BT (w1 -Lo)w!~
0 0 Lwlizowi/2
0 —pATB AT (1-L0)

=lo o BT(1-£0) |
0 0 1o

where the matrices X, B and @ are defined as in (3.3). Hence, it holds that

L(a, 8) = M(a, 8)"'N(a, ) = P, (8) "' M(«, B) " 'N(a, B) P, (8)
=P, (8)" ' L(a, B) P, (B),

which implies that L(«, 8) and f(oz, B) are similar matrices so that they have the same
eigenvalue set.

Based on this fact, below we describe analytic formulas for the eigenvalues of the
matrix f(a, B) when the matrices F and G are symmetric positive definite.

Theorem 4.1 Let F € R™", G € R™™ be symmetric positive definite matrices,
and A € RP*" B € RP*™ be two matrices such that

null(AT) N null(BT) = {0}.

Denote

~ o~

R=AF'A", S=BG 'B" and O0=-B5"'0U - BY),
where A\, E, @ and F , G are defined as in (3.3)—(3.4). Then the iteration sequence
{X(k) }130:0’ generated by the PAVMM iteration scheme (2.4) or (4.1), is convergent to the

exact solution of the equality-constraint quadratic programming problem (1.1)—(1.2),
provided the modulus of any eigenvalue )\ of the quadratic eigenvalue problem

[xzé 4 (a(k“+ S—BRS) — (I + 52E§)é) — BRS(al — ﬁé)] T=0 (42)

is less than 1. Moreover, the convergence factor of the PAVMM iteration method is
given by max{|A||A is an eigenvalue of the problem (4.2)}.

Proof As f(o:, B) and L(c, B) are similar matrices, we only need to analyze the
eigenvalues of the matrix L(«a, §).
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Let A be a nonzero eigenvalue of the matrix f(a, B) andu = @, v

T)T

€

Crtm+p withu € C*,v € C" and w € CP, be the corresponding eigenvector, i.e.,

L(c, 8) u = Au. Then it holds that
N(o, f)u = A M(a, f) u,

or equivalently,

After some manipulations, we can rewrite the above generalized eigenvalue problem

as
AFu+ (1= 0BAT B = A7 (1+ 9522 0) w,
AGv =BT (1+52L0) w,
)L(Xu + Ev) = %’Q\w

From the second equation of (4.3) we have
1 ~ A—1DB ~
v=-G 'BT (I + ﬂQ) w
A o

By substituting this expression into the first equation of (4.3) we obtain

u= %FAA\T (I+ WB\G]I/S\T) (I+ M/Q\) w.

o

Substitutions of (4.4) and (4.5) into the third equation of (4.3) result in
— A—1DB ~ o~ ~ ~
[AF‘ZT (1 + %BG‘BT) + BG‘BT}

.(,+M§)w:1aj§w.

o

Recalling
F=F+BATW 'A=F+BATA
and

G=G+pB"W'B=G +BB"B,

(4.3)

4.4

(4.5)

(4.6)

we know that both F and G are symmetric positive definite matrices. Also, it holds

that
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F=I?—/3;4\T;\\ and Gza—ﬂETE.
From Lemma 3.4 (i) we know that
0<pBAF'AT <1 and 0=<BBG 'BT <1,
which straightforwardly imply that
I —BAF 'AT and I-pBBG 'BT
are symmetric positive definite, or in other words, I — BRand I — BS are symmetric
positive definite. By making use of the Sherman-Morrison-Woodbury formula [21]

we obtain

F'=F '+ 8F'AT( - BAF'AT)'AF!

and

G '=G'+8G'BTU - BBG'B)"'BG.
Therefore,

AF'AT =R+ BR(I —BR)"'R=R( — BR)™! (4.7)
and

BG'BT =5+ BSU —BS)'S=Su —BS). (4.8)

By substituting (4.7) and (4.8) into (4.6), after some manipulations we have

(I—-BR)™! (§+§——(Atl)ﬁ§§) (I —BS)! (IJF—(A_O[])’6 @)w:l_kéw.

o
Further rearrangements straightforwardly lead to the equation
a[M(R + ) = (. + DBRSIUI = BS)™'w = (1 =W = B*RU — B5)™' Qw.
By noticing
0=(-p5"'0U-p5)
and letting
o=(-pS) 'w,
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after combining terms of the same kind with respect to the power exponents of A we
finally obtain

(220 4 A(@(R + S — BRS) — (I + B*RS)0) — BRS(«l — BO)]W = 0,

which is exactly the quadratic eigenvalue problem (4.2). Here we should assert that
w # 0, as, otherwise, if w = 0 then w = 0 and, from (4.4) and (4.5), we see that
v = 0 and u = 0. This contradicts with the assumption that u = @®, v, w7 isan
eigenvector. O

We remark that the derivation of the quadratic eigenvalue problem (4.2) does not
require the condition null(A”) N null(BY) = {0}. This condition is only imposed
to guarantee the unique solvability of the equality-constraint quadratic programming
problem (1.1)—(1.2).

Important and useful choices of the preconditioning matrix Q € R”*? are symmet-
ric positive definite matrix and symmetric negative definite matrix. Correspondingly,
in the light of Theorem 4.1 and Lemma 3.5 we can obtain a deepgoing convergence
result for the PAVMM iteration method as follows.

Theorem 4.2 Let F € R"™", G € R™*™ be symmetric positive definite matrices,
and A € RP*" B € RP*™ pe two matrices such that

null(AT) Nnull(BT) = {0}.

Assume that Q € RP*P is either a symmetric positive definite matrix or a symmetric
negative definite matrix. Denote

R=AF'A", S=BG 'B" and R= - BSRU —pS)~",

where A, Band F, G are defined as in (3.3)—(3.4). And for any nonzero vectorw € CP,
define

0 R+ 3
v:wa’ v WRASw (4.9)
w*w w*w
and
w*ﬁg(al —ﬂ@)w w*RSw
X- = " s X =T (4.10)
w*w w*w

where Q is defined as in (3.3). Then the iteration sequence generated by the PAVMM
iteration scheme (2.4) or (4.1) is convergent to the exact solution of the equality-
constraint quadratic programming problem (1.1)—(1.2), provided the parameters o
and B satisfy the condition

v 8(a, B) + Bx—b(a, Bl + B Ix-1> < v?, (4.11)
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where

da,B) =ax —v—BQax — x-).

Moreover, the convergence factor of the PAVMM iteration method is given by

o (o, B) = max{A (™Y, Ay (4.12)
where
L) _ | =8, B) £ VI8, I + 4Bvx-|
+ weCr\ (0} 2v '

Proof With the variable replacement
w= (I — BS)w,

after straightforward operations we can equivalently rewrite the quadratic eigenvalue
problem (4.2) as

(220 + A@(R+5) — O — BRS(al + B0)) — BRS(al — BO)Iw = 0. (4.13)

Hence, with the notations in (4.9) and (4.10) we know that A is an eigenvalue of the
quadratic eigenvalue problem (4.13) if it is a root of the quadratic polynomial equation

VA2 (ax —v — Bxr — Bx_ =0, (4.14)
where
w*RS(al + BO)w
X+ = * :
wrw
Note that

X—+ x+ =2ax.
As the matrix Q is either symmetric positive definite or symmetric negative definite,
so is Q. This shows that either v > 0 or, correspondingly, v < 0. In accordance with

Lemma 3.5, a necessary and sufficient condition for guaranteeing that both roots of
the quadratic polynomial equation (4.14) have modulus less than one is that

[v(ax — v — Bxs) + Blak —v — B x—| + B2 lx—1* < v2

After simplifying this inequality, with appropriate arrangements we then obtain the
convergence condition (4.11) imposed on the parameters « and 8.
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In addition, because the two roots of the quadratic polynomial equation (4.14) are

v—ax+ BQRax — x-) £ /v —ax+ BQRax — x_)I> +4pvx_
2v ’

Ay =

the convergence factor of the PAVMM iteration method is given by o (e, ) in
(4.12). O

Furthermore, in actual applications we can choose the preconditioning matrix Q €
RP*P depending on the weighting matrix W € RP*?. For example, for a prescribed
constant & # 0 we can take Q = @W !, It then follows that Q = 01; see (3.3).
Correspondingly, we can obtain a convergence result for the PAVMM iteration method
as follows.

Theorem 4.3 Let F € R"™", G € R™*™ be symmetric positive definite matrices,
and A € RP*" B € RP*™ pe two matrices such that

null(AT) N null(BT) = {0}.
Assume that Q = OW ™', with 6 # 0 being a prescribed constant. Denote

R=AF'AT and S = EG_lET,

where X, BandF, G are defined as in (3.3)—(3.4). And for any nonzero vector w € CP?,
define

and x = —. (4.15)
w
Then the iteration sequence generated by the PAVMM iteration scheme (2.4) or (4.1)

is convergent to the exact solution of the equality-constraint quadratic programming
problem (1.1)—(1.2), provided the parameters a and B satisfy the condition

16 8(ct, B) + Bla — BO)x 8(ax, B)| + B2 (@ — BO)?| x| < 62, (4.16)

where

S(a, ) =ax —0 — pla+ po)x.

Moreover, the convergence factor of the PAVMM iteration method is given by

o (o, B) = max{a " (M) (4.17)
where
5 (max) _ | —8(a, B) £ V[8(ct, B> + 4B — pO)I x|
£ T Gecr\0) 20 ‘
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Proof Recalling the definition of @ givenin (3.3), when Q = #W~! we have Q =0lI.
Hence, it holds that

0=U-BH""0U-BS) =061
Accordingly, in Theorem 4.1 the quadratic eigenvalue problem (4.2) becomes
0221 + A(a(R + S — BRS) — (I + B*RS)) — B(a — BO)RS]w = 0.

Hence, with the notations in (4.15) we know that A is an eigenvalue of the quadratic
eigenvalue problem (4.2) if it is a root of the quadratic polynomial equation

022 + [ax — 6 — Bla + PO XIA — Bl — BO)x = 0. (4.18)

Note that Lemma 3.4 (i) shows that 0 < »x < Z Again, in accordance with
Lemma 3.5, based on the quadratic polynomial equation (4.18) we can obtain the
convergence condition (4.16) imposed on the parameters o and B, as well as the
convergence factor o (o, ) in (4.17), for the PAVMM iteration method in an analogous
fashion to the demonstration of Theorem 4.2. O

In particular, if « = f and Q = W1, the result in Theorem 4.3 reduces to the
following one, which straightforwardly gives a convergence result for the AVMM

iteration method defined by the specific choice Q = W = 1.

Corollary 4.1 Let F € R™" G € R™ ™ be symmetric positive definite matrices,
and A € RP*", B € RP*™ pe two matrices such that

null(AT) N null(BT) = {0}.
Assume that Q = W', Denote
R=AF'AT agnd S = §6—‘§T,

where A, Band F, G are defined as in (3.3)—(3.4). And for any nonzero vector w € CP,
define

and x = —. (4.19)

*(R + S)w W*RSw
w w*w

Then the iteration sequence generated by the AVMM iteration scheme (1.5) is conver-
gent to the exact solution of the equality-constraint quadratic programming problem
(1.1)—(1.2), provided the parameter B satisfies the condition

128%x — Bx+ 1| < 1. (4.20)
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Moreover, the convergence factor of the AVMM iteration method is given by

— 2, _
o) = @e%%)\({()}{lzﬁ x — Bx+11} (4.21)

Proof Using the notation in Theorem 4.3, when Q = W~! we have & = 1. Moreover,
asa = B, from the proof of Theorem 4.3 we see that the quadratic polynomial equation
(4.18) reduces to

A2+ (Bx —2B8%x — DA =0, (4.22)

where x and x are defined as in (4.19). Again, note that Lemma 3.4 (i) shows that
0<x< 2.
The two roots of this quadratic polynomial equation are

A_=0 and Ay =28%x — Bx+ 1.

Hence, we can obtain the convergence condition (4.20) imposed on the regularization
parameter S, as well as the convergence factor o (8) in (4.21), for the AVMM iteration
method. O

In general, the matrices R , S in Theorem 4.2, and R , S in Theorem 4.3 and Corol-
lary 4.1 may be symmetric positive semidefinite. It turns out that the constant terms and
the coefficients of the first-order terms of the quadratic polynomial equations in (4.14),
(4.18) and (4.22) are possibly complex. Hence, we are not capable to derive simpler
sufficient conditions than those given in Theorems 4.2, 4.3 and Corollary 4.1 for guar-
anteeing the asymptotic convergence of the PAVMM method. However, this could
become possible if more specific restrictions are imposed on the equality-constraint
quadratic programming problem (1.1)—(1.2), as well as on the weighting matrix W
and the preconditioning matrix Q. In fact, deriving easily checkable convergence con-
ditions for the PAVMM method is a theoretically meaningful and practically useful
topic that deserves further study.

5 An algebraic derivation of PAVMM

Given a symmetric positive definite matrix W € RP*?, the equality-constraint pro-
gramming problem (1.1) is mathematically equivalent to the unconstraint optimization
problem

max min %, (x, y, z), 5.1)
Z X,y

where .2, (x, y, z) is the weighted Lagrangian function defined by
Zw(x,y,2) =)+ ¥ (y) — (Ax + By — b, 2)y-1, (5.2)
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with z € R? being the Lagrange multiplier and W € RP”*? being the weighting
matrix. This implies that a point (x., y,) € R" x R" is a solution of the problem (1.1)
if and only if there exists a 7, € R” such that the point (xy, V4, z4) € R” x R” xR? is
a solution of the problem (5.1)—(5.2). It follows that the first-order necessary condition
corresponding to (5.1)—(5.2), with the functions ¢ (x) and ¥ (y) being the quadratic
ones given in (1.2), reads as

Fx —ATwlz=—Ff,
Gy —BTW™lz=—g, (5.3)
—WlAx — W™ 'By = —w~1b.

This condition is also sufficient as the functions ¢ (x) and ¥ (y) defined in (1.2) are
convex.

After pre-multiplying —1 on both sides of the third equation, we can equivalently
write the linear system (5.3) as

Fx —ATwW-lz;=—1,
Gy —BTW™lz=—g, (5.4)
W lAx + W 1By = Wb,

or in matrix—vector form as

F 0 —ATw-! x —f
0 G —BT'w-! y]l=1| —-¢ |. (5.5)
w'A w-IB 0 z wlb

With an additional regularization parameter 8 > 0, first multiplying both sides of the
third equation in (5.4) from left by, respectively, BA” and BB and, then, adding the
resulting two equations successively to the first and the second equations in (5.4), we
can obtain the augmented Lagrangian linear system corresponding to (5.4) as follows:

(F+BATWTA)x + BATW 1By — ATW 1z = pATW— b — f,
BBTW1Ax +(G+BBTW™'B)y —BTW=lz =BTW~1b —g,
W'Ax + W-!By = w=1b.

Again, in matrix—vector form it can be written as the block three-by-three linear system

A(B)x =b(B),

where the coefficient matrix A(B), the right-hand side vector b(8) and the unknown
vector x are defined as in (3.1) and (3.2), respectively.

Now the PAVMM method (see (2.4)) for solving the equality-constraint quadratic
programming problem (1.1)—(1.2) is exactly the modified block Gauss—Seidel iteration
method used to solve the augmented Lagrangian linear system A () x = b(8) defined
in (3.1)—(3.2) corresponding to the matrix splitting

A(B) = D(a, ) — L(a, p) — U(, B),
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with
F+pBATW-1A 0 0
D(o, B) = 0 G+BB™W™'B 0
0 0 1o

being a block diagonal matrix,

0 0 0
L, 8) = | —-BBTW~'lA 0 0
-w='a  —w-'B 0

being a strictly block lower-triangular matrix, and

0 —pATW—IB ATw-!
U, )= 1[0 0 BTw—!
1
0 0 10

being a block upper-triangular matrix. Here « is a nonzero constant and Q € R”*7? is
a nonsingular matrix.

Admittedly, the Hermitian and skew-Hermitian splitting iteration method [4] should
be an effective solver for the block three-by-three linear system (5.5), which straightfor-
wardly results in another class of iteration methods for solving the equality-constraint
quadratic programming problem (1.1)—(1.2), too; see, e.g., [12,23,44] for more details.

6 Concluding remarks

The so-called alternating direction method of multipliers is a practically effective
solver for separable programming problems with proper constraints. When the cost
function is quadratic and the constraints are linear, by generalizing and modifying
this method we have constructed a class of PAVMM methods. Using matrix analysis
we have established its asymptotic convergence theorem and derived its asymptotic
convergence rate. This particularly results in rigorous convergence theory for the
alternating direction method of multipliers.

For the convex quadratic programming problems with equality constraints, the
basic principle for constructing the PAVMM iteration method is deeply revealed,
which specifically shows that the two typical approaches: augment-then-optimize and
optimize-then-augment, lead to exactly the same iteration method. As a result, the
PAVMM method can be algorithmically formulated and theoretically analyzed from
viewpoints of both numerical optimization and matrix computation.

Moreover, the algebraic methodology advocated in this paper is applicable to devel-
oping iteration methods of this kind and analyzing their convergence properties for
more general separable programming problems with more complicated constraints;
see, e.g., [26,27,43].
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