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Constrained Total Variation Deblurring Models and Fast Algorithms Based on
Alternating Direction Method of Multipliers*
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Abstract. The total variation (TV) model is attractive in that it is able to preserve sharp attributes in images.
However, the restored images from TV-based methods do not usually stay in a given dynamic range,
and hence projection is required to bring them back into the dynamic range for visual presentation
or for storage in digital media. This will affect the accuracy of the restoration as the projected image
will no longer be the minimizer of the given TV model. In this paper, we show that one can get much
more accurate solutions by imposing box constraints on the TV models and solving the resulting
constrained models. Our numerical results show that for some images where there are many pixels
with values lying on the boundary of the dynamic range, the gain can be as great as 10.28 decibel
in the peak signal-to-noise ratio. One traditional hindrance using the constrained model is that it
is difficult to solve. However, in this paper, we propose using the alternating direction method of
multipliers (ADMM) to solve the constrained models. This leads to a fast and convergent algorithm
that is applicable for both Gaussian and impulse noise. Numerical results show that our ADMM
algorithm is better than some state-of-the-art algorithms for unconstrained models in terms of both
accuracy and robustness with respect to the regularization parameter.
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1. Introduction. In this paper, we consider the problem of deblurring digital images
under Gaussian or impulse noise. Without loss of generality, we consider all images as square
images of size n-by-n. Let T € R™ be a given original image concatenated into an n?-vector,
let K € R"*"” be a blurring operator acting on the image, and let w € R™ be the Gaussian
or impulse noise added onto the image. The observed image f € R™ can be modeled by
f = KZ + w, and our objective is to recover T from f.

It is well known that recovering Z from f by directly inverting K is unstable and can
produce a very noisy result because K is highly ill-conditioned. Instead one usually solves

(11) Inmin{q)rog($) +:u(1>ﬁt(x7f)}v
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where ®..q(x) regularizes the solution by enforcing certain prior constraints, ®g¢(z, f) mea-
sures how fit x is to the observation f, and p is the regularization parameter balancing these
two terms. Traditional choices for ®..q(x) include the Tikhonov-like regularization [36], the
total variation (TV) regularization [29], and the Mumford—Shah regularization [23] and its
variants [1, 31]. In this paper, we consider the TV regularization [29, 28] as it has been
shown to preserve sharp edges both experimentally and theoretically. For ®g¢(x), we consider
|Kx — f||3 and ||[Kz — f||1, which are, respectively, suitable data-fitting terms for images
corrupted by Gaussian [38, 41, 42] and impulse noise [2, 7, 9, 40, 41]. The corresponding
problems (1.1) with TV regularization are called the TV-L2 and TV-L1 problems, respec-
tively. There are many good existing algorithms for solving these problems, for example,
[29, 28, 39, 38, 41, 42, 27, 9, 2, 7, 40] to mention just a few. In the literature, some authors
also discuss other nonquadratic fidelity terms besides the L1 fidelity term; see, e.g., [13, 32, 33].

In this paper, we consider the case where the images are digital images so that their pixel
values have to lie in a certain dynamic range [l,u]. For example, for 8-bit images, we have
[l,u] = [0,255]. Notice that for many existing algorithms such as those listed in the previous
paragraph, their restored image x will not necessarily be in [/, u]. Therefore if z is to be stored
or displayed digitally, its pixel values must first be projected onto [I, u]. There are many ways
to do this. One can just map all pixels with values that are less than [ to [ and those that
are greater than u to u. We call this truncation. Another way is to linearly stretch the pixel
values of z to [l,u] by a linear mapping, which we call stretching. The MATLAB command
imshow provides both kinds of projections, with stretching being the default method. Clearly,
after projection, the image no longer minimizes the unconstrained model. In fact, we will see
in the numerical examples in section 4 that this minimize-and-project approach usually gives
inferior solutions.

For digital image restoration, a more accurate model for x is to explicitly constrain the
solution in [l,u]; i.e., we solve the constrained model:

(1.2) Ixneig{q>rcg($) + n®si(, f)}-

Here O = {z € R" | | < 2 < u} with [,u € R’}f, and the constraints are to be interpreted
entrywise; i.e., l; < x; < wu; forany 1 <4 < n?. Constrained TV-L2 models have recently been
considered in [4], where their numerical tests indicate that one can get more than 2 decibel
(dB) improvement in the peak signal-to-noise ratio (PSNR) for some special images simply
by imposing the box constraint in the TV-L2 model. (See (4.1) for the definition of PSNR.)
Our numerical experiments in section 4 reveal that the improvement can even be as big as
10.28dB for an image with all pixel values either at [ or at u. It is therefore advantageous to
solve the constrained model (1.2) directly instead of using the minimize-and-project approach,
provided that we have an efficient solver at our disposal.

Constrained problems are usually much more difficult to solve than the unconstrained ones.
However, there are some existing methods that solve the constrained image restoration model
(1.2). For constrained L2-L2 problems, i.e., where the regularization term is the L2-norm
of some derivative of x, there are several methods that are based on Newton-like methods;
see [10, 22]. For constrained TV problems, the singularity of the TV functional prohibits
the application of Newton-like methods. Recently, Beck and Teboulle [4] proposed a fast
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gradient-based algorithm for solving constrained TV-L2 problems. As far as we know, there
are currently no solvers for constrained TV-L1 problems. In this paper, we derive a solver
for both the constrained TV-L2 and TV-L1 problems. Our solver is based on the alternating
direction method of multipliers (ADMM) which was developed in the 1970s [18, 17]. The
convergence of our algorithms is thus guaranteed by the classical theory in ADMM literature,
e.g., [21]. We compare our algorithms with the state-of-the-art solvers, such as fast TV
deblurring (FTVd) [38] and the augmented Lagrange method (ALM) [40] for the unconstrained
model (1.1), and the monotone fast iterative shrinkage/threshholding algorithm (MFISTA)
[4] for the constrained model (1.2). Numerical results show that our algorithms are faster
than MFISTA for solving the same model while yielding more accurate restored images than
those from the unconstrained model. Also, our algorithms are more robust with respect to
the changes in the regularization parameter pu.

The rest of this paper is organized as follows. In section 2, we recall briefly existing
solvers for unconstrained TV-L1 and TV-L2 problems. In section 3, we derive our ADMM-
based algorithms to solve the constrained TV-L1 and TV-L2 problems. In section 4, numerical
comparisons with existing methods are carried out to confirm the effectiveness of our approach.
Finally, some concluding remarks are made in section 5.

2. TV deblurring models and solvers. In this section, we briefly review some related
methods for solving TV deblurring problems. We start with the TV-L2 model, which is good
for deblurring images under the corruption by Gaussian noise [29, 28, 38, 41, 42, 27):

2

n
; . Pige — )2
(2.1) min Z;IIDzw\I2+2HK<E flz ¢
1=

where D;x € R? represents the first-order finite difference of x at pixel 7 in both horizontal
and vertical directions. More specifically, let x = (z1,z2,... ,a;nz)T, and let x be extended
by a periodic boundary condition. Then D;z := (DWz);, (D®x),)T € R? (i = 1,...,n?),
where

i+n — L if 1 <i< —
(2.2) (DD ), = { Tign —wi i 1<i<n(n—1),
Tmod(i;n) — Ti otherwise,

9 i — if mod(i,n) # 0,

(2.3) (D( ):E)i T { Ti_nt1 — x; otherwise.
Here, the discrete gradient operators D) and D@ are n-by-n? matrices, and the i-rows of
DW and D@ correspond to the first and second rows of D;, respectively. The quantity || D;z ||
measures the TV of x at pixel . The resulting TV is called isotropic. We emphasize that our
approach also applies to anisotropic (1-norm) TV deconvolution problems. For simplicity, we
will focus on the isotropic case in detail and mention the anisotropic case when necessary.

One fast TV deblurring algorithm for (2.1), called FTVd, was recently proposed in [38].
To make use of the structure of (2.1), the authors first formulate (2.1) as an equivalent
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constrained problem:

2

n
(2.4 min § 37 il + SIKe — FI3 91 = Diar, i =107 o
’ i=1

where 7; € R? is an auxiliary vector. The vector y is defined as

(1) D)y,
(25) Yy = < 3(2) > S R2n2 and Yi = ( EZ(2);Z > S R2, 1= 1,. .. ,7'L2

(cf. (DWgz); and (DPg); in definitions (2.2) and (2.3), respectively). Then the authors
consider the unconstrained version of (2.4), where the linear constraints are penalized by a
quadratic term in the objective function. Finally, an alternate minimization scheme with
respect to x and y, together with a continuation scheme on the penalty parameter, is im-
plemented to the unconstrained version. Since every subproblem in each iteration can be
solved by either shrinkage or fast Fourier transforms (FFTs), FTVd performs much better
than a number of existing methods such as the lagged diffusivity algorithm [37], some Fourier
and wavelet shrinkage methods [24], and the MATLAB Image Processing Toolbox functions
deconvwnr and deconvreg. Very recently, an inexact version of ALM was proposed to solve
the TV model with nonquadratic fidelity [40], which is also applicable for solving TV-L2 model
(2.1).

Another class of algorithms of particular interest is the iterative shrinkage/thresholding
(IST)-based algorithms which are proposed and analyzed in different fields [8, 14, 15, 34, 35].
The convergence rate of IST-based algorithms, however, is only O(k~!), where k is the number
of iterations. There are many efforts to improve its speed, such as the two-step IST (TwIST)
algorithm [5] and the fast IST algorithm (FISTA) [3]. In particular, FISTA is inspired by
the work of Nesterov [25], and it performs better than the IST and TwIST according to the
numerical results reported in [3]. In fact, the authors have shown in [3] that the convergence
rate of FISTA is O(k~2).

In [4], Beck and Teboulle presented a monotone version of FISTA, called MFISTA, for
solving the constrained TV-L2 problem:

n2
. ' B B 2
(26) min o 2Dl + Glice 1

As with FISTA, they solve (2.6) by solving a series of denoising problems where the problems
are now constrained onto 2. The constrained denoising problems are transformed into their
dual problems and solved by a fast projection gradient method. They showed that MFISTA
also has the convergence rate of O(k~2). Numerical tests in [4] indicate that by simply im-
posing the box constraint, the constrained model (2.6) can yield more than 2dB improvement
on PSNR for some special images.

Besides the TV-L2 model, another interesting TV deblurring problem is the TV-L1 model,
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which is good for deblurring images under the corruption of impulse noise [9, 2, 7, 40, 42]:

n2

(2.7) min { 3™ [Dyells + pll Kz — £l
i=1

The developers of FTVd have extended their method to cover this case; see [42]. In addition,
an inexact version of ALM was proposed to solve TV-L1 problem (2.7) [40]. To the best of
our knowledge, MFISTA has not been extended to (2.7). Also, so far no one has addressed
the constrained TV-L1 model,

,n2
2. i D; Kz —
(2.8) min 'Elll ixll2 + pl| Kz — fl1
1=

As we have mentioned, in this paper we apply ADMM to solve both the constrained TV-L2
model (2.6) and the constrained TV-L1 model (2.8).

3. Applying ADMM to constrained TV-Lp models. In this section, we apply the ADMM
idea to derive algorithms for solving the constrained TV-L2 model (2.6) and the constrained
TV-L1 model (2.8). Recall that the basic idea of ADMM goes back to the work of Glowinski
and Marrocco [18] and Gabay and Mercier [17], and we refer to some applications in image
processing which can be solved by ADMM, e.g., [19, 16, 30, 27, 43, 39, 44, 45, 12].

3.1. Constrained TV-L2 model. To apply the ADMM idea to (2.6), we first introduce
two auxiliary variables y and z to change (2.6) to the equivalent form

(3.1) Zggzi’gy{z loills + 20K — 713y = Dir, i =1, = }
7

The auxiliary variable y;, as defined in (2.5), is to liberate the discrete derivative operator
D;z from the nondifferentiable term || - ||2, and the variable z plays the role of z within the
box constraint so that the box constraint is now imposed on z instead of z. By grouping the
variables into two blocks z and (y, z), we see that the objective function of (3.1) is the sum
of a function of x and a function of (y, z), and thus ADMM is applicable. In the following,
we show that each subproblem of ADMM either has a closed form solution or can be solved
by a fast solver.

Let La(z,y,2; A\, &) be the augmented Lagrangian function of (3.1) which is defined as
follows:

Lalz,y, %08 =) (Hyz‘\lz — A (yi — Diz) + %Hyi - Dz‘$||§>

B2

"
LK - £ - €7 w) + 2012 -l
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where (1,82 > 0 and \ € R2"7* and ¢ e R"™ are the Lagrange multipliers. Starting at z = z*,

A=\ and ¢ = ¢, applying ADMM in [18, 17] yields the iterative scheme

yk—i-l
(32) < k+1 > < arg min ﬁA(‘Tk7y7Z;)‘k7§k)7
z z€Q,y
(3.3) 2Pl arg min £A(x,yk+1, zkH; )\k,ﬁk),
plax > < - 751(1/’““ _ D$k+1) >
3.4 . '
(3.4) < gh+l £F — By (R gh+)

The parameters (1, (2 correspond to the linear constraints y; = D;x and = = z in (3.1).
Theoretically any positive values of 51 and 2 ensure the convergence of ADMM [21], and the
specific choice of 8’s we used in the experiments will be specified later.

We now show that the minimization (3.2) with respect to y and z can be separated into
two independent subproblems. Firstly, the z-subproblem can be implemented by the simple
projection Pq onto the box:

(3.5) K+ = pg [mk - ﬁ] .
B2

The y-subproblem is equivalent to n? two-dimensional problems in the form
B

2
3.6 i - = D; 2P i =1,2,....n°%
( ) y?gé12{||yl||2+ 2 ( i L +Bl( )> 2}7 1 ) “y ,

According to [38, 41], the solution of (3.6) is given explicitly by the two-dimensional shrinkage:

Lok
B M

1 Dm+ ()\k) )
5

(3.7) yk+1—max{HD~xk+ , 1=1,2,...,n%,
: ’ EERE TG

where 0-(0/0) = 0 is assumed. The computational cost of (3.7) is therefore linear with respect
to n?.
We note that, when the 1-norm is used in the definition of TV, i.e., the TV is anisotropic,

yf“ will be given by the simpler one-dimensional shrinkage:

1
— —,0p osgn D;z* + AF ) i=1,2,...,n%
B B } g( ﬂ1( )i

where o and sgn represent, respectively, the pointwise product and the signum function, and
all operations are done componentwise.

Next the minimization (3.3) with respect to z is just a least squares problem, and the
corresponding normal equation is

T, P2 S S k> T 52<k+1_§>
BRI )= DT (41— o)+ a4 2 &)

yf“—max{‘Dm + — ()\k)

(3.8) <DTD+ 5
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where D = (gg;) € R2"*"* ig the global first-order finite difference operator with D)

and D® being matrices defined by (2.2) and (2.3). Notice that the coefficient matrix in
(3.8) is nonsingular whenever (1, f2 > 0. This is an advantage over other splitting methods
[38, 41, 42] which, in order to guarantee nonsingularity, require the intersection of the null
space of K"K and the null space of DTD to be the zero vector only. Under the periodic
boundary conditions for x, both D" D and K"K are block circulant matrices with circulant
blocks (see, e.g., [20, 11]) and thus are diagonalizable by the two-dimensional discrete Fourier
transforms (DFTs). As a result, (3.8) can be solved by one forward DFT and one inverse
DFT, each at a cost of O(n?logn). If the boundary condition is Neumann and the blur is
symmetric, then the coefficient matrix can be diagonalized by discrete cosine transform (DCT)
in the same amount of cost; see [26].

Finally, the update (3.4) for A and & can be done straightforwardly in O(n?) operations.

In conclusion, the main cost per iteration for the scheme (3.2)—(3.4) is dominated by
two FFT or DCT operations, and hence is of O(n?logn). Below we give our ADMM-based
algorithm for solving the constrained TV-L2 model (2.6).

Algorithm 1. ADMM for the constrained TV-L2 problem (2.6).
Input f, K, ;1> 0, 81,82 >0, and \°. Initialize x = f and A\ = \°, € = £°.
While “a stopping criterion is not satisfied,” Do
(1) Compute y*+1 according to (3.7).
(2) Compute z*t1 according to (3.5).
(3) Compute z**1 by solving (3.8).
(4) Update \FT1 and €541 via (3.4).
End Do

Since our method is basically an application of ADMM for the case with two blocks
of variables x and (y,z), its convergence is guaranteed by classical results in the ADMM
literature, e.g., [6, 17, 18]. We summarize the convergence of Algorithm 1 in the following
theorem.

Theorem 3.1. For (1,82 > 0 and v € (0, 1+—2\/5), the sequence {(xF,y*, 28, \* €¥)} gener-
ated by Algorithm 1 from any initial point (z°, A0, %) converges to (x*,y*, z*, \*,£*), where
(z*,y*, 2*) is a solution of (2.6).

3.2. Constrained TV-L1 model. In this section, we apply ADMM to solve the constrained
TV-L1 model (2.8). Similarly to the constrained TV-L2 case, we introduce three auxiliary
variables in (2.8) and transform it into

wEN, T, Y,z

(3.9) min {ZHyng +ullzll: yi=Dix,i=1,...,n% 2 =Kz — f, w ::E}.
i

Note that the constraint is now imposed on w instead of x. The augmented Lagrangian
function of (3.9) is

B
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el — €7~ e — )]+ 22— (e - )13

B3

(3.10) (T (w—2)+ o llw = I3,

where (51, 82,03 > 0and A € RQ"Q, e R"Z, and ¢ € R" are the Lagrange multipliers. Accord-
ing to the scheme of ADMM, for a given (z*, \*, €% ¢¥), the next iterate (xF+1, yF+1 ZE+1 \k+1
EFFL R+ is generated as follows:
1. Fix z = 2%, A= \F, ¢ = ¢¥ and ¢ = ¢¥, and minimize £ 4 in (3.10) with respect to ¥,
z, and w to obtain y*T!, 2*1 and wF*!. The minimizers are given explicitly by

1 O} Dz + (M)} /B
| Dy + (M)F/Bull2’

)
62,0

(M)F
B
i=1,2,...,n%
gk

5_> omax{‘Kx —f+ =

2

Da:+

(3.11) yF ! = max {

2

é-k
B2

(3.12) 2K+ = sgn <Ka:k - f+

Ck
(3.13) wh = Py |:JZ + :|
B3

where | - | and sgn represent the componentwise absolute value and signum function,
respectively.

2. Compute z**! by solving the normal equation

T, P27 53> _ T<k+1 ) o T<k+1_§>
(D D+51K K+51 =Dy b1 51K B2

LB Bk C_k>
(3.14) +2K f+51< =)

3. Update the multipliers via

/\k—i-l _ )\k _ ,751 (yk-i-l _ D:Ek+1),
(3.15) G = &b — A Bo[F T — (Ko t! — )],
Ck+1 — Ck _ 753(wk+1 _ ‘,Ek-i-l)'

Next we present an ADMM-based algorithm for solving the constrained TV-L1 model
(2.8).

Algorithm 2. ADMM for the constrained TV-L1 model (2.8).

Input f, K, ;1 >0, B1, P2, 03 >0, and \°. Initialize x = f and A = \°, ¢ = €0, ¢ = ¢O.
While “a stopping criterion is not satisfied,” Do

(1) Compute y*+1, 221 and w**' according to (3.11), (3.12), and (3.13).

(2) Compute x*+1 by solving (3.14).

(3) Update NF1, ¢b+1and ¢+ via (3.15).

End Do
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Again, Algorithm 2 is an application of ADMM for the case with two blocks of vari-
ables (y,z,w) and x. Thus, its convergence is guaranteed by the theory of ADMM, and we
summarize it in the following theorem.

Theorem 3.2. For (31, B2, 83 > 0 and v € (0, 1+2\/5), the sequence {(x®, y*, 28wk \F, €8, ¢F)}
generated by Algorithm 1 from any initial point (29, X2, €0, ¢0) converges to (z*, y*, z*, w*, \*, £,
C*), where (z*,y*, z*,w*) is a solution of (2.8).

4. Numerical experiments. In this section, we apply our algorithms to solve the con-
strained TV-L2 problem (2.6) and the TV-L1 problem (2.8) and compare them with some
state-of-the-art algorithms. The code of our algorithms was written in MATLAB 7.12 (R2011a),
and all the numerical experiments were conducted on a ThinkPad notebook with an Intel Core
i5-2140M CPU with 2.3 GHz and 4 GB of memory. The quality of our restoration is measured
by the peak signal-to-noise ratio (PSNR) in decibel (dB):

2

1 E() — 2(h)?
Tmax with Var(m,:?:) _ 23_1[ ( ) ( )] .

\/ Var(z, 7)
Here 7 is the true image, and T,y is the maximum possible pixel value of the image. To

make it easier to compare across different models and different methods, we used one uniform
stopping criterion for all the algorithms we tested, that is,

n2

|jk:+1 _ jkz|

(4.2) %G

<107,

where 7% is the objective function value of the respective model in the kth iteration.

The test images are 256-by-256 images as shown in Figure 1: (a) Text.png, (b) Satel-
lite.pgm, (c) Chart.tiff, (d) Church.jpg, and (e) Cameraman.tif. Their pixel values are all
scaled to the interval [0,1] first, so the box constraint in the constrained models is simply
[0,1] (i.e., [; = 0 and u; = 1 for all i’s). We note that the percentages of extreme-value pixels
(i.e., pixels with the value 0 or 1) in the five test images are 100%, 89.81%, 84.66%, 22.54%,
and 0%, respectively.

The term watershed 0 |
refers to aridge that ... i
— =
£ =1
28 3=z NE
o5 @ = =
T — Wz S
SIE G o=
g2 5= 0
- s=m =
HE == ;
(a) Text (b) Satellite (c) Chart (d) Church (e) Cameraman

Figure 1. Original images.

One may argue that, for digital images, the pixel values have to be integer too, besides
being in a suitable dynamic range. For example, for 8-bit images, the values of x should
be integers in [0, 255]. We will see in section 4.3 that, for 8-bit images, the additional
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Table 1
Numerical comparison of FTVd, ALM, and Algorithm 1 for images (a)—(e) in Figure 1.

Tested | Kernel | Value of 1 (x10%) Time (s) PSNR (dB)
image | type |FTvd ALM Algo. 1 |FTVd | ALM | Algo. 1 | FTVd | FTVd-S | FTVd-T | ALM | ALM-S | ALM-T | Algo. 1
(a) I 10 8.6 13 2.25 | 1.59| 1.28 |34.65| 18.43 | 35.39 |35.22 | 18.53 | 35.86 |42.61
II 24 21 46 2.45 | 1.50 | 15.04 | 27.49| 12.30 | 28.07 |27.67 | 12.53 | 28.19 |37.77
(b) I 11 10 20 2.17 | 1.39 | 13.85 | 32.92| 23.15 | 33.20 |33.02 | 23.26 | 33.24 | 34.60
II 13 11 22 2.17 | 1.86 | 14.16 | 29.87 | 17.34 | 30.00 [29.95 | 17.62 | 30.04 | 31.43
(c) I 71 6.8 14 2.14 | 1.22 | 14.49 | 34.94 | 20.59 | 35.27 |35.24 | 20.67 | 35.53 | 37.60
IT 10 8.9 19 1295 |1.75| 13.93 | 30.80| 18.37 | 31.00 |30.99| 17.83 | 31.14 | 33.94
(d) I 6.1 60 6.6 |1.87|1.56| 1.34 |35.20| 24.24 | 35.28 |35.27 | 23.98 | 35.34 | 35.60
II 78 7.5 8.0 | 211 |1.75| 1.53 [33.04] 26.24 | 33.11 |33.08 | 26.69 | 33.15 | 33.84
(e) I 93 93 94 |1.70|1.06| 1.59 |31.54| 26.91 | 31.55 |31.52| 26.86 | 31.53 | 31.55
II 13 13 13 1.97 |1.42] 1.48 |29.42| 24.39 | 29.43 |29.38 | 24.19 | 29.40 | 29.42

requirement that all pixels be integers in [0,255] affects the restored PSNR values only in the
second decimal place; see Tables 4 and 5. Hence in the following experiments, we will not
impose integer constraints onto the solution but just the box constraint [0, 1]. In section 4.4,
we illustrate that our method is robust against the choice of the regularization parameter .

Regarding the penalty parameters ’s in Algorithms 1 and 2, theoretically any positive
values of 1 and 2 ensure the convergence of ADMM [21], and we usually have two ways
to determine them in practice. One is to try some values and pick a value with satisfactory
performance, and then fix it throughout; the other is to apply some self-adaptive adjustment
rules in the literature with an arbitrary initial guess, and this strategy requires no tuning. Since
the latter requires expensive computation to realize the self-adaptive adjustments for imaging
applications, we used the former strategy. Our experience is that a well-tuned constant value
performs almost the same as a self-adaptive strategy.

4.1. Experiments for TV-L2. In this subsection, we focus on the TV deblurring problem
with Gaussian noise. Our purposes are (i) to show the accuracy of the constrained TV-
L2 model (2.6) over the unconstrained model, and (ii) to demonstrate the efficiency of the
proposed Algorithm 1. The efficiency of Algorithm 1 is shown mainly by comparison with
the FTVd in [38], an inexact version of ALM (see Algorithm 4.2 in [40]), and the MFISTA in
[4]. The inexact version of ALM (i.e., Algorithm 4.2 in [40]) coincides with the split Bregman
algorithm in [19]. In this way, we have also compared with the split Bregman algorithm in
[19]. Note that Algorithm 4.2 in [40] requires an inner iteration to solve the primal variables
alternatively. In [40], the authors mentioned that “the split Bregman method will waste the
accuracy of the inner iteration and does not speed up dramatically when the inner iteration
number L > 1.” Therefore, in the numerical tests of [40], the authors simply set the inner
iteration number L = 1. Thus, we also set L = 1 in our comparison. In the following, we
denote Algorithm 4.2 in [40] as ALM.

4.1.1. Comparison with FTVd and ALM. We first compare our Algorithm 1 with FTVd
and ALM (see Table 1). Recall that FTVd and ALM solve the unconstrained model (2.1),
while Algorithm 1 tackles the constrained model (2.6). As we have mentioned, one can solve
the unconstrained TV-L2 model (2.1) first and then project the restored image onto the box
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constraint by either the truncation or the stretching procedure. Therefore we report the result
of FTVd and ALM with these two minimize-and-project procedures (denoted, respectively, by
FTVd-T and FTVd-S, and ALM-T and ALM-S), in addition to the original FTVd and ALM.

The ten blurred and noisy images in our tests are degraded as follows. Since the periodic
boundary condition is used to generate the convolution operator in [38, 40], we use the same
boundary condition to blur the test images. Two types of blurring kernels are tested: type I
(fspecial (’average’,9)), and type Il (fspecial (’gaussian’,[9,9],3)). For each case,
the blurred images are further corrupted by Gaussian noise with zero mean and standard
deviation of size 1073.

We use the code provided by the authors of [38] to implement the FTVd (but with the
stopping criterion (4.2)). Thus, the values of all involved parameters of FTVd remain un-
changed. The code for ALM was coded by us. For the penalty parameter r, required in this
algorithm, we tuned and set it to 10 as it gives satisfactory speed for all 10 test cases. For
our Algorithm 1, we tuned and set 51 = 10, 82 = 20, and v = 1.618 as they give satisfactory
speed for all 10 test cases, too. All iterations start with the degraded images. Finally, as is
well known, the accuracy of the solution depends on the value of the regularization parameter
. We thus tuned it manually (up to two significant digits) and chose the one that gave the
highest PSNR value. The values of y for each algorithm are listed in Table 1. The computing
time in seconds (Time (s)) to satisfy the stopping criterion (4.2) and the PSNR values of the
restored images are also reported in Table 1. The best method for each test case is highlighted
in boldface. In Figure 2 we display the restored Satellite images from different algorithms.

Blurred & Noisy, 23.96dB FTVd-S, 17.34dB FTVd-T, 30.00dB

ALM-S, 17.62dB ALM-T, 30.04dB Algo. 1, 31.43dB

Figure 2. Top row: blurred and noisy image (left) and restored images of FTVd-S (middle), FTVd-T
(right). Bottom row: ALM-S (left), ALM-T (middle), and Algorithm 1 (right) (type 11 blur).
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Some observations can be made based on the results in Table 1 and Figure 2.

e Our constrained TV-L2 model (2.6) is particularly accurate for deblurring images with
a high percentage of extreme-value pixels; see, e.g., the test images (a), (b), and (c)
in Figure 1. In particular, for image (a) Text blurred by type II noise, the restored
PSNR by Algorithm 1 is 10.28dB higher than that by FTVd, 25.47dB higher than
that by “FTVd-S,” and 9.70dB higher than that by “FTVd-T”; it is 10.10dB higher
than that by “ALM,” 25.24dB higher than that by “ALM-S,” and 9.58dB higher than
that by “ALM-T.” For the more realistic satellite image (b), the gain is still at least
1.36dB for type I blur and 1.39dB for type II blur.

e For images whose percentages of extreme-value pixels are not high, such as the test
images (d) and (e) in Figure 1, the model (2.6) is as accurate as (2.1) with the gain
in PSNR values being small but still positive. The gain is at least 0.26dB for image
(d) and 0.02dB for image (e)—recall that image (e) has no extreme-value pixels. We
remark that in these cases, Algorithm 1 performs competitively with ALM in terms
of CPU time, and both methods are faster than FTVd.

e The truncation procedure is much more accurate than the stretching procedure, espe-
cially for images with a high percentage of extreme-value pixels. This can be explained
from the last two plots in the first row and the first two plots in the second row of
Figure 2, where we see that stretching changes the contrast of the images and hence
the value of every pixel in the images.

e If one solves the models by ALM or FTVd and then projects by truncation, one
can increase the PSNR. This means that the solutions of ALM and FTVd do not
automatically satisfy the box constraints.

4.1.2. Comparison with MFISTA. In this subsection, we compare Algorithm 1 with
MFISTA in [4] for TV-L2 deblurring problems. Recall that MFISTA also solves the con-
strained TV-L2 problem (2.6). Following [4], we use the Neumann boundary condition to
generate the blur, where the kernel size is 9-by-9. The blurred images are further corrupted
by Gaussian noise with zero mean and standard deviation of size 2-by-1072.

We use the original MFISTA code provided by the authors of [4] but with the stopping
criterion (4.2). MFISTA applies a fast projection gradient (FPG) method to solve the con-
strained model (2.6). At each FPG step, it is necessary to solve a constrained denoising
problem. The authors apply the same FPG method to solve the dual form of (2.6), and a
fixed number of 10 FPG steps is recommended in [4]. We followed their suggestion and used
10 FPG steps here. To implement Algorithm 1, we take 51 = B2 = 0.01 and v = 1.618.
As in section 4.1.1, we tune the value of p manually to two significant digits, and the best
values are listed in Table 2. In Table 2, we also report the computing time in seconds, the
restored PSNR, and the objective function value (obj-end) when the stopping criterion (4.2)
is satisfied. Table 2 shows that Algorithm 1 can restore images with the same quality as those
by MFISTA (which is not surprising as the two algorithms are solving the same constrained
TV-L2 model) but with a much faster speed. To illustrate this more clearly, in Figure 3, we
depict the objective function value and the PSNR value with respect to the computing time
for image (a). Clearly our method converges much faster than MFISTA. Similar curves and
conclusions can be drawn for the other four test images.
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Table 2
Numerical comparison of MFISTA and Algorithm 1 for model (2.6).
Tested | Value of p (x10%) Time (s) PSNR (dB) obj-end
image in (2.6) MFISTA Algo. 1 | MFISTA  Algo. 1 | MFISTA  Algo. 1
(a) 6.3 23.56 6.19 20.52 20.59 26.16 26.12
(b) 1.0 31.34 6.10 26.91 26.92 27.12 27.10
(c) 2.3 24.57 7.32 23.18 23.20 28.25 28.22
(d) 0.9 19.62 2.85 26.98 27.01 28.23 28.23
(e) 1.0 21.82 5.72 24.39 24.39 27.72 27.72
Objective function value history PSNR history
80 : : : : : e
3 ot /LT
70/
' 19
60} * 18
. 3 R
— Algo. 1 T s — Algo. 1
sof % - -MFISTA % 17 - - =MFISTA
“’ 16 K4
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.h..... 15 "0
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CPU Time (s)
Figure 3. Objective function value history (left) and PSNR history (right) with respect to the CPU time.

4 6
CPU Time (s)

4.2. Experiments for TV-L1. In this subsection, we focus on the TV deblurring problem
with impulse noise. Our purposes are (i) to show the accuracy of the constrained TV-L1
model (2.8) over the unconstrained alternative (2.7), and (ii) to demonstrate the efficiency of
Algorithm 2, mainly via a comparison with FTVd [42] and ALM [40].

Fifteen degraded test images are generated in a way similar to that in section 4.1. That is,
we first generated the blurred image with the periodic boundary condition and then corrupted
the blurred images by salt-and-pepper impulse noise with the noise level 40%, 50%, and 60%.
The blurring operator is the Gaussian blur used in [42] which has a kernel size of 7-by-7 and
standard deviation 5. Again, we use the original code of FTVd but with the stopping criterion
(4.2). To get a best performance, we set r, = 5, and r, = 20 in ALM (see [40]). In Algorithm
2, we set B = 5, By = 20, B3 = 10, v = 1.618. We tune p manually for each algorithm,
and their best values are listed in Table 3. FTVd and ALM with the truncation or stretching
projection are also compared.

Conclusions similar to those in section 4.1.1 can be made based on the results in Table 3.
For example, when compared to the unconstrained model (2.7) with or without a projection
procedure, the constrained TV-L1 model (2.8) is always more accurate, with a possible im-
provement of more than 2.06dB in PSNR (see image (a) with a 40% level of noise). Again,
this superiority is more obvious for images with higher percentages of extreme-value pixels. In
addition, Algorithm 2 outperforms FTVd in speed for all cases. Also the truncation procedure
is again more accurate than the stretching procedure.
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Table 3
Numerical comparison of FTVd, ALM, and Algorithm 2.

Image | Noise Value of Time (s) PSNR (dB)

level [ FTVd ALM Algo. 2| FTVd ALM Algo. 2 | FTVd | FTVd-S | FTVA-T | ALM | ALM-S | ALM-T | Algo. 2
(a) 40% 21 35 55 4.38 3.63 4.01 |19.53| 9.75 19.64 |21.33| 7.98 21.68 | 23.74
50% 12 25 50 5.07 2.39 4.21 |16.64| 11.81 16.65 | 18.37| 7.53 18.62 | 20.17
60% 3.7 16 28 6.69 1.73 2.42 |15.08| 14.62 15.08 |16.23 | 8.66 16.31 | 17.04
(b) 40% 25 23 24 471 2.20  2.20 |28.67| 18.52 28.71 |28.04 | 23.20 | 28.07 | 28.45
50% 25 23 24 4.68 1.33 2.01 |27.57| 20.60 27.60 | 27.46 | 24.63 | 27.48 | 27.92
60% 7.2 10 10 591 1.19 1.54 |26.75| 25.13 26.76 |26.90 | 24.94 | 26.93 | 27.06
(c) 40% 17 32 36 5.66 4.18 5.13 |23.94| 15.88 23.98 |26.46 | 13.89 | 26.66 | 27.59
50% 11 21 33 5.55 3.43 4.31 |2042| 13.74 20.46 |22.86 | 213.81 | 23.05 | 24.19
60% 6 14 21 577 2.07 3.37 |18.01| 13.86 18.03 |19.51 | 12.89 | 19.65 | 20.79
(d) 40% 17 20 17 4.63 298 3.92 |30.81| 24.31 30.84 |30.62| 23.40 | 30.68 | 31.16
50% 12 14 17 5.02 2.07 3.70 |28.55| 20.98 28.58 |28.98 | 21.75 | 29.01 | 29.44
60% 7.8 12 12 6.41 1.95 2.65 |26.16| 19.71 26.17 |26.91| 18.83 | 26.95 | 27.22
(e) 40% 11 25 25 4.38 3.03 4.12 |25.78| 25.58 25.78 |26.55 | 20.20 | 26.57 | 26.60
50% 5.9 17 20 4.60 1.98 3.14 |24.37| 22.32 24.37 | 25.43 | 22.72 | 25.44 | 25.50
60% 2.9 12 11 599 1.78 2.61 |22.97| 20.54 22.97 |24.23 | 22.10 | 24.23 | 24.23

Blurred & Noisy, 5.75dB FTVd-S, 11.81dB FTVd-T, 16.65dB
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Figure 4. Top row: blurred and noisy image (left) and restored images of FTVd-S (middle), FTVd-T
(right). Bottom row: ALM-S (left), ALM-T (middle), and Algorithm 2 (right).

Finally, in Figure 4, we display the degraded image and the restored text images for 50%
level of noise by the three methods. We can easily see visual improvement in the image by
using our method.

4.3. Integer constraints. One may remark that for digital images, the pixel values have
to be integer, too, besides being in the dynamic range [I,u]. We repeated the experiments in

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/26/13 to 180.209.12.77. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

694 RAYMOND H. CHAN, MIN TAO, AND XIAOMING YUAN

Table 4
PSNR comparison when integer constraints are added to Table 1.

Tested | Kernel FTVd-S FTVd-T ALM-S ALM-T Algo. 2
image type R / R Z R Z R / R Z
(a) I 18.43 | 18.43 | 35.39 | 35.38 | 18.53 | 18.53 | 35.86 | 35.85 | 42.61 | 42.58
I 12.30 | 12.30 | 28.07 | 28.06 | 12.53 | 12.53 | 28.19 | 28.19 | 37.77 | 37.78
(b) I 23.15 | 23.14 | 33.20 | 33.20 | 23.26 | 23.25 | 33.24 | 33.24 | 34.60 | 34.60
I 17.34 | 17.34 | 30.00 | 30.00 | 17.62 | 17.62 | 30.04 | 30.04 | 31.43 | 31.43
(c) I 20.59 | 20.59 | 35.27 | 35.26 | 20.67 | 20.68 | 35.53 | 35.52 | 37.60 | 37.59
I 18.37 | 18.37 | 31.00 | 30.99 | 17.83 | 17.83 | 31.14 | 31.14 | 33.94 | 33.94
(d) I 24.24 | 24.24 | 35.28 | 35.27 | 23.98 | 23.98 | 35.34 | 35.32 | 35.60 | 35.59
I 26.24 | 26.24 | 33.11 | 33.11 | 26.69 | 26.69 | 33.15 | 33.14 | 33.84 | 33.83
(e) I 26.91 | 26.91 | 31.55 | 31.54 | 26.86 | 26.86 | 31.53 | 31.52 | 31.55 | 31.54
I 24.39 | 24.39 | 29.43 | 29.43 | 24.19 | 24.19 | 29.40 | 29.39 | 29.42 | 29.42

Table 5
PSNR comparison when integer constraints are added to Table 3.

Tested | Noise FTVd-S FTVAd-T ALM-S ALM-T Algo. 1
image level R Z R Z R Z R Z R Z
(a) 40% 9.75 9.78 | 19.64 | 19.64 | 7.98 7.98 | 21.68 | 21.67 | 23.74 | 23.74
50% | 11.81 | 11.79 | 16.65 | 16.65 | 7.53 7.52 | 18.62 | 18.62 | 20.17 | 20.17
60% | 14.62 | 14.62 | 15.08 | 15.08 | 8.66 8.68 16.31 | 16.31 | 17.04 | 17.04
(b) 40% | 18.52 | 18.53 | 28.71 | 28.71 | 23.20 | 23.17 | 28.07 | 28.06 | 28.45 | 28.45
50% | 20.60 | 20.63 | 27.60 | 27.60 | 24.63 | 24.58 | 27.48 | 27.48 | 27.92 | 27.92
60% | 25.13 | 25.11 | 26.76 | 26.76 | 24.94 | 26.93 | 26.93 | 26.93 | 27.06 | 27.06
(c) 40% | 15.88 | 15.85 | 23.98 | 23.98 | 13.89 | 13.86 | 26.66 | 26.66 | 27.59 | 27.59
50% | 13.74 | 13.76 | 20.46 | 20.46 | 13.81 | 13.84 | 23.05 | 23.05 | 24.19 | 24.19
60% | 13.86 | 13.88 | 18.03 | 18.03 | 12.89 | 12.87 | 19.65 | 19.65 | 20.79 | 20.79
(d) 40% | 24.31 | 24.30 | 30.84 | 30.84 | 23.40 | 23.41 | 30.68 | 30.68 | 31.16 | 31.16
50% | 20.98 | 20.97 | 28.58 | 28.57 | 21.75 | 21.75 | 29.01 | 29.01 | 29.44 | 29.44
60% | 19.71 | 19.71 | 26.17 | 26.17 | 18.83 | 18.83 | 26.95 | 26.95 | 27.22 | 27.22
(e) 40% | 25.58 | 25.58 | 25.78 | 25.77 | 20.20 | 20.20 | 26.57 | 26.57 | 26.60 | 26.59
50% | 22.32 | 22.31 | 24.37 | 24.37 | 22.72 | 22.72 | 2544 | 25.44 | 25.50 | 25.50
60% | 20.54 | 20.54 | 22.97 | 22.97 | 22.10 | 22.10 | 24.23 | 24.23 | 24.23 | 24.23

Tables 1 and 3, but this time we scaled and rounded the pixel values of the restored images
to integers in [0,255]. Tables 4 and 5 give the resulting PSNR. In these tables, R means we do
not impose the integer constraints, and all restored images are in [0,1], while Z means we have
imposed the integer constraints. From the tables we see that the integer constraints affect
the PSNR values only in the second decimal place. The results justify our consideration of
imposing only the box constraint [0,1].

4.4. Robustness to p. In this subsection, we point out an important advantage of our
algorithms. So far the numerical results have been presented based on the fact that the reg-
ularization parameter y is tuned manually, with the purpose of maximizing the PSNR value
of the restored image. Here we compare the constrained and unconstrained models simulta-
neously for a wide range of possible i, as shown in Figure 5. For the sake of succinctness,
we give the comparison only for the TV-L1 problem; the results for the TV-L2 problem are
analogous. Since it has been shown that the FTVd-S and ALM-S are significantly worse than
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Figure 5. Restored PSNR with respect to p for FTVd, FTVd-T, ALM, ALM-T, and Algorithm 1. Row 1,
image (a); row 2, image (c¢); row 3, image (e). Noise level: column 1, 40%; column 2, 50%; column 3, 60%.

the FTVd-T and ALM-T, we focus only on the comparison of FTVd, FTVd-T, ALM, ALM-T,
and Algorithm 2. Recall that Algorithm 2 solves the constrained model (2.8), while FTVd
and ALM both solve the unconstrained model (2.7).

In Figure 5, we plot the restored PSNR values for FTVd, FTVd-T, ALM, ALM-T, and
Algorithm 2 against different values of p. Each column in Figure 5 corresponds to the three
cases with three different impulsive noise levels (40%, 50%, and 60%). The stopping criterion
is still (4.2). For the sake of simplicity, only images (a), (c¢), and (e) with noise levels 40%,
50%, and 60% are shown. Figure 5 further verifies that box constraints in TV deblurring
models can improve the restoration quality significantly. In fact, for all u, our Algorithm 2
always gives higher PSNR values than FTVd, FTVd-T, ALM, and ALM-T. This advantage
is more obvious for an image with many extreme-value pixels (e.g., image (a)). Moreover, the
PSNR curves of Algorithm 2 are flatter than the curves from the other four methods, showing
that our Algorithm 2 is a good method for a wider range of y. However, one may get very bad
restoration from FTVd if a larger than optimal p is chosen, as its PSNR curves dive rapidly
after they peak. Thus, the constrained TV models are more robust than their unconstrained
counterparts with respect to the changes in the regularization parameter pu.

5. Concluding remarks. In this paper, we show the necessity of considering box con-
straints in total variation (TV) models for image deblurring problems. We discuss the cases
of both Gaussian and impulse noise and propose accordingly the box-constrained TV-L2 and
TV-L1 models. We demonstrate that the constrained TV models can easily be solved by the
alternating direction method of multipliers (ADMM). Two fast ADMM-based algorithms are
thus developed for solving the constrained TV-L2 and TV-L1 models. The accuracy of our
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proposed constrained TV models (compared to unconstrained TV models) and the efficiency
of the ADMM-based algorithms (compared to some state-of-the-art methods) are verified by
numerical examples. Clearly if the true images do not have many pixels that are on the bound-
ary of the constraints (e.g., the Cameraman image has none), then one may prefer not to use
our method as it will waste time in enforcing the box constraints. However, the numerical
results show that the overhead is not big even in those cases.

REFERENCES

L. AMBROSIO AND V. TORTORELLI, Approzimation of functionals depending on jumps by elliptic func-
tionals via I'-convergence, Comm. Pure Appl. Math., 43 (1990), pp. 999-1036.

L. BAR, A. BROOK, N. SOCHEN, AND N. KIRYATI, Deblurring of color images corrupted by salt-and-pepper
noise, IEEE Trans. Image Process., 16 (2007), pp. 1101-1111.

A. BECK AND M. TEBOULLE, A fast iterative shrinkage-thresholding algorithm for linear inverse problems,
SIAM J. Imaging Sci., 2 (2009), pp. 183-202.

A. BECK AND M. TEBOULLE, Fast gradient-based algorithms for constrained total variation image de-
noising and deblurring problems, IEEE Trans. Image Process., 18 (2009), pp. 2419-2434.

J. M. Bioucas-Dias AND M. A. T. FIGUEIREDO, A new TwIST: Two-step iterative shrinkage/
thresholding algorithms for image restoration, IEEE Trans. Image Process., 16 (2007), pp. 2992-3004.

S. Boyp, N. PArikH, E. CHU, B. PELEATO, AND J. ECKSTEIN, Distributed optimization and statistical
learning via the alternating direction method of multipliers, Found. Trends Mach. Learn., 3 (2011),
pp. 1-122.

J.-F. Ca1, R. H. CHAN, AND M. NIKOLOVA, Fast two-phase image deblurring under impulse noise, J.
Math. Imaging Vision, 36 (2010), pp. 46-53.

J. F. Car, R. H. CHAN, AND Z. W. SHEN, A framelet-based image inpainting algorithm, Appl. Comput.
Harmon. Anal., 24 (2008), pp. 131-149.

R. H. CHAN, C. W. Ho, AND M. NIKOLOVA, Salt-and-pepper noise removal by median-type noise detectors
and edge-preserving regularization, IEEE Trans. Image Process., 14 (2005), pp. 1479-1485.

R. H. CHAN, B. MORINI, AND M. PORCELLI, Affine scaling methods for image deblurring problems, AIP
Conf. Proc., 1281 (2010), pp. 1043-1046.

R. H. CuAN AND M. K. Na, Conjugate gradient method for Toeplitz systems, SIAM Rev., 38 (1996),
pp. 427-482.

R. H. CHAN, J. YANG, AND X. YUAN, Alternating direction method for image inpainting in wavelet
domains, STAM J. Imaging Sci., 4 (2011), pp. 807-826.

S. DUraND, J. Fapiri, AND M. M. NIKOLOVA, Multiplicative noise cleaning via a variational method
imvolving curvelet coefficients, in Scale Space and Variational Methods in Computer Vision, Lecture
Notes in Comput. Sci. 5567, X.-C. Tai, K. Morken, M. Lysaker, and K.-A. Lie, eds., Springer, Berlin,
2009, pp. 282-294.

M. EvLAD, Why simple shrinkage is still relevant for redundant representations?, IEEE Trans. Inform.
Theory, 52 (2006), pp. 5559-5569.

M. Erap, B. MATALON, AND M. ZIBULEVSKY, Image denoising with shrinkage and redundant repre-
sentations, in Proceedings of the 2006 IEEE Computer Society Conference on Computer Vision and
Pattern Recognition, New York, 2006.

E. ESSER, Applications of Lagrangian-based Alternating Direction Methods and Connections to Split Breg-
man, UCLA CAM Report 09-31, UCLA, Los Angeles, CA, 2009.

D. GABAY AND B. MERCIER, A dual algorithm for the solution of nonlinear variational problems via
finite-element approzimations, Comput. Math. Appl., 2 (1976), pp. 17-40.

R. GLOWINSKI AND A. MARROCCO, Sur l’approximation par éléments finis d’ordre un, et la résolution
par pénalisation-dualité d’une classe de problemes de Dirichlet non linéaires, RATIRO Anal. Numér.,
9 (1975), pp. 41-76.

T. GOLDSTEIN AND S. OSHER, The split Bregman method for L1-reqularized problems, SIAM J. Imaging
Sci., 2 (2009), pp. 323-343.

R. GonNzALEZ AND R. WooDS, Digital Image Processing, Addison-Wesley, Reading, MA, 1992.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/26/13 to 180.209.12.77. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

CONSTRAINED TV MODELS AND ADMM ALGORITHMS 697

(21]
(22]
23]

(24]

(25]
(26]
27]

28]

(32]
(33]
(34]
(35]
(36]
37]
(38]
(39]
(40]
(41]
42]
(43]
(44]

(45]

B. S. HE AND H. YANG, Some convergence properties of a method of multipliers for linearly constrained
monotone variational inequalities, Oper. Res. Lett., 23 (1998), pp. 151-161.

B. MoriNi, M. PORCELLI, AND R. H. CHAN, A reduced Newton method for constrained linear least-
squares problems, J. Comput. Appl. Math., 233 (2010), pp. 2200-2212.

D. MUMFORD AND J. SHAH, Optimal approrimations by piecewise smooth functions and associated vari-
ational problems, Comm. Pure Appl. Math., 42 (1989), pp. 577-685.

R. NEeLamMAaNI, H. CHor, AND R. G. BARANIUK, Wawvelet-based deconvolution for ill-conditioned sys-
tems, in Proceedings of the 1999 IEEE International Conference on Acoustics, Speech, and Signal
Processing, Vol. 6, 1999, pp. 3241-3244.

Y. E. NESTEROV, A method for solving the convex programming problem with convergence rate O(1/k?),
Dokl. Akad. Nauk SSSR, 269 (1983), pp. 543-547 (in Russian).

M. K. NG, R. H. CHAN, AND W.-C. TANG, A fast algorithm for deblurring models with Neumann
boundary conditions, STAM J. Sci. Comput., 21 (1999), pp. 851-866.

M. K. Na, P. WEiss, AND X. YUAN, Solving constrained total-variation image restoration and recon-
struction problems via alternating direction methods, STAM J. Sci. Comput., 32 (2010), pp. 2710-2736.

L. RUDIN AND S. OSHER, Total variation based image restoration with free local constraints, in Proceedings
of the IEEE International Conference on Image Processing, Vol. 1, 1994, pp. 31-35.

L. I. RupiN, S. OSHER, AND E. FATEMI, Nonlinear total variation based noise removal algorithms, Phys.
D, 60 (1992), pp. 259-268.

S. SETZER, Split Bregman Algorithm, Douglas-Rachford splitting and frame shrinkage, in Scale Space
and Variational Methods in Computer Vision, Lecture Notes in Comput. Sci. 5567, Springer-Verlag,
Berlin, Heidelberg, 2009, pp. 464-476.

J. SHAH, A common framework for curve evolution, segmentation and anisotropic diffusion, in Proceedings
of the 1996 IEEE Computer Society Conference on Computer Vision and Pattern Recognition, 1996,
pp. 136-142.

J. SHI AND S. OSHER, A nonlinear inverse scale space method for a conver multiplicative noise model,
STAM J. Imaging Sci., 1 (2008), pp. 294-321.

Y. Sui, L.-L. WANG, AND X.-C. TA1, Geometry of total variation regularized Ly-model, J. Comput. Appl.
Math., 236 (2012), pp. 2223-2234.

J. L. STARCK, E. DONOHO, AND D. CANDES, Astronomical image representation by the curvelet trans-
form, Astron. Astrophys., 398 (2003), pp. 785-800.

J. L. STARCK, M. NGUYEN, AND F. MURTAGH, Wawvelets and curvelets for image deconvolution: A
combined approach, Signal Process., 83 (2003), pp. 2279-2283.

A. TIKHONOV AND V. ARSENIN, Solution of Ill-Posed Problems, V. H. Winston & Sons, Washington,
DC, 1977.

C. R. VOGEL AND M. E. OMAN, Iterative methods for total variation denoising, SIAM J. Sci. Comput.,
17 (1996), pp. 227-238.

Y. WanG, J. YanGg, W. YIN, AND Y. ZHANG, A new alternating minimization algorithm for total
variation image reconstruction, SIAM J. Imaging Sci., 1 (2008), pp. 248-272.

C. Wu aAND X.-C. Ta1, Augmented Lagrangian method, dual methods, and split Bregman iteration for
ROF, vectorial TV, and high order models, SIAM J. Imaging Sci., 3 (2010), pp. 300-339.

C. Wu, J. Zuanag, AND X.-C. TA1, Augmented Lagrangian method for total variation restoration with
non-quadratic fidelity, Inverse Probl. Imaging, 5 (2011), pp. 237-261.

J. YANG, W. YIN, Y. ZHANG, AND Y. WANG, A fast algorithm for edge-preserving variational multi-
channel image restoration, STAM J. Imaging Sci., 2 (2009), pp. 569-592.

J. YANG, Y. ZHANG, AND W. YIN, An efficient TVL1 algorithm for deblurring multichannel images
corrupted by impulsive noise, SIAM J. Sci. Comput., 31 (2009), pp. 2842-2865.

J. YANG, Y. ZHANG, AND W. YN, A fast alternating direction method for TVL1-L2 signal reconstruction
from partial Fourier data, IEEE J. Sel. Topics Signal Process., 4 (2010), pp. 288-297.

X. ZHANG, M. BURGER, X. BRESSON, AND S. OSHER, Bregmanized nonlocal regularization for deconvo-
lution and sparse reconstruction, STAM J. Imaging Sci., 3 (2010), pp. 253-276.

X. Q. ZHANG, M. BURGER, AND S. OSHER, A unified primal-dual algorithm framework based on Bregman
iteration, J. Sci. Comput., 46 (2010), pp. 20—46.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


