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Abstract Splitting methods have been extensively studied in the context of convex
programming and variational inequalities with separable structures. Recently, a par-
allel splitting method based on the augmented Lagrangian method (abbreviated as
PSALM) was proposed in He (Comput. Optim. Appl. 42:195-212, 2009) for solving
variational inequalities with separable structures. In this paper, we propose the inexact
version of the PSALM approach, which solves the resulting subproblems of PSALM
approximately by an inexact proximal point method. For the inexact PSALM, the
resulting proximal subproblems have closed-form solutions when the proximal pa-
rameters and inexact terms are chosen appropriately. We show the efficiency of the
inexact PSALM numerically by some preliminary numerical experiments.

Keywords Variational inequalities - Splitting method - Parallel method - Proximal
point method - Augmented Lagrangian method - Prediction-correction method

1 Introduction

Let £2 C R" be a nonempty closed convex set and F be a continuous mapping from
R" into itself. The variational inequality (VI) problem, denoted by VI(§2, F), is to
find u € £2 such that

W - Fu)>0, Vu' e, (1.1)
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where “T” denotes the standard inner product. In this paper, we consider the
VI($2, F) with the following separable structure:

_(x _ (S
u= (y)’ F(u) = <g(y)>’ (1.2)

2:={x,y)|Ax+By=b, xeX, ye)}, (1.3)

and

where X C R™ and ) C R"? are nonempty closed and convex sets; A € R™*"! and
B € R™ ™ are given matrices; f : X — R" and g:)Y — R™ are given mono-
tone mappings; b € R™ is a given vector and n| + ny = n. For wide applications of
VI($2, F) with the separable structure (1.2)—(1.3), see e.g. [2, 11, 19].

The favorable separable structure of (1.2)—(1.3) has inspired many splitting type
methods, with the main purpose of exploiting the properties of f and g individually
and separably. Such a splitting method is the alternating direction method (ADM)
which was proposed in [8] and studied intensively in the literature, see e.g. [4, 5, 7,
9-11, 13]. Recently, the so-called parallel splitting augmented Lagrangian method
(PSALM for abbreviation) was proposed in [16] for solving the VI (1.1)—(1.3). With
the given iterate wk = (xk, yk, )J‘), at each iteration PSALM requires to solve the
following sub-VlIs:

xeX, =0T f)—AT* —H@Ax+BY =1} 20, ¥ i'eX, (14a)
yey, /' =»"{g) - B} —HAX +By—b)1} >0, ¥y e, (14b)

where A is the Lagrange multiplier associated with the linear constraint in (1.3) and
H € R™*™ is a positive definite matrix which plays the role of the penalty param-
eter for the violation of the linear constraint in (1.3). After (1.4), PSALM generates
the new iterate w1 = (x¥*1, yk+1 2 k+1y via updating the Lagrange multiplier with
the output of (1.4) and then implementing an additional correction step. Therefore,
PSALM is in the nature of a prediction-correction type method. Retaining the capa-
bility of exploiting properties of f and g individually and separably, PSALM differs
significantly from other splitting methods like ADM in that the resulting subproblems
(1.4a) and (1.4b) can be computed in parallel. This parallel advantage is particularly
interesting when the dimensionality of data is tremendously large. We refer to, e.g.
[1, 17] and reference cited therein, for some recent development on parallel splitting
methods.

The convergence of PSALM was established in [16] under the assumption that the
sub-VlIs in (1.4) should be solved exactly. However, unless f and g have very partic-
ular structures, the sub-VIs in (1.4) could be too difficult to be solved exactly. Thus,
iterative subroutines are required to obtain approximate solutions of these sub-VIs.
This difficulty excludes the direct application of PSALM for some cases where the
subproblems in (1.4) have no closed-form solutions, and it urges research on inexact
versions of the PSALM approach which solve (1.4) approximately subject to certain
inexact criterion. This is the main motivation of the paper. On the other hand, recall
that the subproblems in (1.4) actually dominate the computation of PSALM at each
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iteration. Thus, we are interested in finding a way to solve (1.4) approximately and
efficiently. In particular, we apply the classical proximal point algorithm (PPA) [18,
20] to regularize the resulting sub-VIs in (1.4), and then we solve the proximally
regularized sub-VIs approximately. We will show that the regularized sub-VIs have
closed-form solutions provided that the proximal parameters and inexact criteria are
chosen appropriately. Through this strategy, the difficulty of solving (1.4) exactly can
be alleviated substantially, and the resulting inexact PSALM can be easily imple-
mentable.

We concentrate our discussion on the case where the mapping f(x) and g(y) are
“black-box” mappings in the sense that only mapping values of f and g can be evalu-
ated, while derivative information of these mappings are unavailable. A good example
to illustrate this scenario is that for some concrete applications of the VI (1.1)—(1.3)
arising in economics and transportation [19], the mappings f(x) and g(y) are in the
equilibrium nature which essentially implies that the decision-makers can only know
mapping values of f and g via experimental observations, without knowing their
mathematical expressions.

The rest of this paper is organized as follows. In Sect. 2, we review some prelimi-
naries which are useful for further analysis. In Sect. 3, we first analyze the motivation
of the inexact PSALM and elucidate the strategy of solving the resulting subprob-
lems. Then, we present the algorithm of the inexact PSALM and give some remarks.
Last, we discuss briefly the relationship between the inexact PSALM and some ex-
isting methods. In Sect. 4, we establish the convergence of the inexact PSALM. In
Sect. 5, we delineate the implementation of the inexact PSALM and report some nu-
merical results when it is applied to solve some traffic equilibrium problems. Finally,
we make some conclusions in Sect. 6.

Throughout, we make the following assumptions:

A.1 The sets X and ) are simple in the sense that it is easy to compute the pro-
jection onto them under the Euclidean norm. Such simple sets include the positive
orthant, balls or boxes.

A.2 The mappings f(x) and g(y) are Lipschitz continuous on X and ), respec-
tively; while the Lipschitz constants are not necessarily known.

A.3 The solution set of the VI (1.1)—(1.3) is nonempty.

2 Preliminaries

In this section, we summarize some basic properties and related definitions which
will be used in the following discussions.

The Euclidean norm of v € R" is defined by |v| = VvTv. For the nonempty
closed convex subset £2 C R", we denote by P (-) the projection onto §2 under the
Euclidean norm:

Po (v) = argmin{|lv — ul||u € £2}.

Then, some important inequalities regarding the projection operator are summarized
in the following lemma, whose proof can be found in [2].
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Lemma 2.1 Let 2 C R" be nonempty, closed and convex. Let Pg(-) be the projec-
tion operator onto §2 under the Euclidean norm. Then, we have

(w—PoW) (Po(v)—u)>0, VYveR", Vuef2: 2.1
[ Po(v) — Po(w)|| <llv—wl|, Yv, weR"; (2.2)
IPe) —ull* < llv—ull® = lv—Pe@|* YveR", Yuef. (2.3)

We recall the definitions of monotone and strongly monotone mappings.

Definition 2.1 A mapping F : R” — R" is said to be

(a) monotone on £2 if
@=NT(F@-F) =0, Yx,ye:
(b) strongly monotone with the modulus p > 0 on £2 if
x=N'F@) —FO)=plx—yI*, Yx.yeg.

The following lemma states an important result which characterizes a VI by a
projection equation, and its proof can be found in [2, pp. 267].

Lemma 2.2 Let 2 C R" be nonempty, closed and convex. Let Pg(-) be the projec-
tion operator onto §2 under the Euclidean norm. Then, u* is a solution of VI(§2, F)
if and only if it satisfies:

u* = Polu* — BFu*)], YpB>0. (2.4)

As shown in [16], we can reformulate the VI (1.1)—(1.3) into a compact VI. More
specifically, by attaching the Lagrange multiplier A € R™ to the linear constraints
Ax + By = b, the VI (1.1)—(1.3) amounts to finding (x, y,A) € X x Y x R™ such
that

= 0)T{fx)— ATA} >0,
O =g —BTA}=20, VE.y)eX x). 2.5)
Ax+ By —-b=0,

Equivalently, (2.5) is the following VI denoted by VI(Q, W):

W —w)Qu) >0, Yuw ew, (2.6)
where
Fx)— ATa
Wi=XxYxR" and Qw):=| g(y)—BTr |. 2.7
Ax+ By —b

Note that the mapping Q is monotone whenever f and g are monotone. In addition,
under the assumption A.3, the solution set of VI(Q, W), denoted by W*, is also
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nonempty. In fact, according to [6], W* is closed and convex since the mappings
f(x) and g(y) are monotone, and the sets X and ) are closed and convex.

Based on the fact that VI (1.1)—(1.3) is equivalent to VI(Q, W), the following
lemma is an immediate conclusion of Lemma 2.2.

Lemma 2.3 Solving the VI (1.1)—(1.3) amounts to seeking a zero point of the map-
ping
x — Px{x —[f(x) — ATA]}

Epw, oj(w) == | y— Py{y —[g(») = BTAl} | =w — Pylw — Q(w)]. (2.8)
Ax+By—-b

3 Inexact parallel splitting augmented Lagrangian methods for VI (1.1)-(1.3)

In this section, we propose the inexact PSALM for VI(1.1)—(1.3), and analyze its
relationship with some existing methods. First of all, we explain the motivation of
the inexact PSALM.

3.1 Motivation

With the aforementioned preliminaries in Sect. 2, let us revisit the resulting subprob-
lems in (1.4). Then, our idea of developing implementable inexact PSALM will be
clear. In particular, by applying Lemma 2.2, we know that the solutions of the sub-
problems (1.4a) and (1.4b) are characterized respectively by

x = Py[x — BIf(x) — AT} — H(Ax + BY* — b)11] 3.1

and
y = Py[y — Blg(y) — BT[M — H(Ax* + By — b)11], (3.2)

with any 8 > 0. The equation (3.1) (Resp. (3.2)), however, is implicit in the sense that
the variable x (Resp. y) appears on both sides of (3.1) (Resp. (3.2)). Thus, in general
x and y cannot be solved directly via (3.1) and (3.2). The easiest way to remove this
difficulty is probably to replace x (Resp. y) in the right-hand-side of (3.1) (Resp.
(3.2)) by x* (Resp. y¥), yielding the following iterative scheme:

= Pk — BLF(R) — AT — H(AxK + By —b)]]], 3.3)

and
Y =Py[yt - BLe6h) — BTDF — H(AX* + By — byl (34

Despite the obvious simplicity, this idea raises immediately the question: How can
we ensure the convergence of the sequence generated by (3.3) and (3.4) to a solution
of VI (1.1)-(1.3)?

To answer this question, we first show that the formula (3.3) (Resp. (3.4)) is es-
sentially the application of an inexact proximal point algorithm to (3.1) (Resp. (3.2))
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with appropriate choices of the proximal parameter and inexact criterion. We only
illustrate this fact for (3.3). When the PPA is applied to solve the subproblem (1.4a),
we have the following proximally regularized subproblem:
xeX, o =0"{f@)—ATD} — HAx + BY* —b)1+ Re(x — x5} > 0,
Vx'eX, 3.5
where Ry € R"'*"! is positive definite. For simplification, we may assume that Ry, =
% - I where 8 > 0 and [ is the identity matrix in R"1*"1. Then, with this choice of
R, the proximally regularized subproblem (3.5) can be rewritten into:
xeX, (' —0)T{B(f(x)— AT — H(Ax + By* = b)) + (x x5} > 0,
VxeX. (3.6)
Note that the proximally regularized subproblem (3.6) is still hard to solve, and the
practical way of implementing PPA is to consider the inexact version:
xeX, & —0"{B(fx) - AT} —H(Ax+ By =)D + (x —x) + £} =0,
VxeX, (3.7)
where 5;’: € R™ is an inexact term. We refer to, e.g. [13, 20], for the analysis and

choices on the inexact term éff. In particular, to alleviate the difficulty of solving the
subproblem (3.6), we propose to choose

=B () — f) + ATHAGRS - x).
Then, with this particular & f the subproblem (3.7) reduces to

xeX, ' —=0T{BfE" —ATRF — HAK + By — b)) + (x — x5} = 0,
vV x'eX. (3.8)

By Lemma 2.2, we can easily show that the closed-form solution of (3.8) is given by
(3.3).

Similarly, if we apply the inexact PPA to solve (1.4b) and choose the inexact term
as

£ =BG —g(y)+BTHB(G" —y)),

then we can obtain an approximate solution of (1.4b) easily via the explicit formula
(3.4).

Thus, we have illustrated that we can obtain approximate solutions of the sub-VIs
in (1.4) easily by implementing inexact proximal point algorithms with appropriate
proximal parameters and inexact criteria. In the following, we shall investigate the
conditions on E)lf and Ef in order to ensure the convergence of the inexact PSALM
when the approximate solutions (3.3) and (3.4) are adopted.
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3.2 Algorithm

Now, we present the inexact PSALM for VI (1.1)—(1.3). As we have mentioned,
like PSALM in [16], the inexact PSALM is also in the prediction-correction fash-
ion, where the prediction step generates a predictor (denoted by w* = (&K, 7, %)
with the given iterate wk = (xk , yk Ak ), and the correction step corrects the predictor
to generate the new iterate w*t! = (xk+1 yk+1 jht1y,

To simplify our following analysis, we denote

Ri+ATHA
R = rily,, Sk =skly,, and Gi= Sx+BTHB
H—l
(3.9)
where r; > 0 and s; > 0.

Algorithm Inexact parallel splitting augmented Lagrangian methods for VI (1.1)-
(1.3)
Step 0. Let Q(w) be defined in (2.7) and G be defined in (3.9). Lete > 0, v € (0, 1),
y € (0,2) and H € R™*™ be positive definite. Let wl = (xo, yO, ko) e R™M x R x
R™, ro>0,s0>0,and k =0.
Step 1. Prediction Step Produce w* = (i%, 5%, A1) via the following steps:

Step 1.1 Set

=Py |:xk (f&*) — ATF — H(AX* + By* — b)])] , (3.10)

1

'k
where r; > 0 is chosen such that

X < vrllx® — %) with £F:= F(x%) — F@EH +ATHAGK - 3%, @311

Step 1.2 Set
&= Py |:yk — i(g(yk) — BT[AF — H(AX* + By* — b)])} , (3.12)
where s; > 0 is chosen such that
IES I < vselly® = 341 with &) := g(") — g(3") + BT HB(* = 35).  (3.13)

Step 1.3 Update A* via

=2k — HAF* + BY* —b). (3.14)

Step 2. Correction Step Generate the new iterate w ™! = (x**1, yk+1 jk+1) py:
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Form I
wit! = wk — ogedy (W, wF, &%) (3.15)
where
3
di(w*, 0", 65 = Grw® — i) — £ with g6 = | £F |, (3.16)
0
or
Form II
wi = Pylwt — arda(wk, )1, (3.17)
where
ATH[A(x* — 7%) + BOK — 55
dy(wk, ) = Q(@") + | BTH[AGK =35+ BOK—751 ).  (3.18)
0

Here, the step size oy in (3.15) and (3.17) is determined by

p(wk, Wk, £%)
1 (wk, Wk, £6)|2”

(3.19)

o =yag, o =

with
ok, @k, £ = (wk — i dy(wh, bk, £ + 0F = THT AR — 5
+ B(Y* — 551. (3.20)
Remark 3.1 We first illustrate that the conditions (3.11) and (3.13) on the inexact
terms are well-defined. In fact, recall that both f(x) and g(y) are assumed to be

Lipschitz continuous (see A.2). We denote by L s and L, the Lipschitz constants of
f(x) and g(y), respectively. Obviously, when ry satisfies

L+ |ATHA|
rg > ——,

(3.21)
v
it follows that
(3.11) (32D -
IEEl <" (Ly + AT HAID | — ) "< vrellx® — &4,
which guarantees the condition (3.11). Analogously, when s; satisfies
L BTHB
g = e TIBTHBL (3.22)

%
we have that
(3.13) o (322 .
IS < (Lo + BT HBIDIY =51 < wsilly* = 311,
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which guarantees the condition (3.13). Thus, in the implementation of the proposed
algorithm, we can increase the values of r¢ and sy whenever the conditions (3.11) and
(3.13) are not satisfied. Note that the Lipschitz continuity of f(x) and g(y) ensures
that we can find qualified r; and sy in finitely many trails even though the exact values
of Ly and L, are unknown. Therefore, the sequences {ry} and {s;} are both upper
bounded. In fact, as we will illustrate in Sect. 5, we can ensure that these sequence
are also lower bounded.

Remark 3.2 Because the sequences {r} and {sx} are both lower and upper bounded,
the sequence {Gy} defined in (3.9) is also both lower and upper bounded. Thus, we
can define

irlgf{Bk| Ok is the smallest eigenvalue of the matrix G} =6 > 0. (3.23)

and

sup{¢x| ¢k is the largest eigenvalue of the matrix G} = ¢ < +o00. (3.24)
k

Remark 3.3 We note that ¥ obtained by (3.10) and ¥ obtained by (3.12) are actually
solutions of the following VlIs:

o = TR — ATIK — H(AXE + By — b)] + Re(GF — X)) > 0,

vx'eX, (3.25)
o =98N — ATF — H(AX* + BY* — D)1+ SiG* — y*)} = 0.
vy e. (3.26)
With (3.25), (3.26) and (3.14)—(3.18), we have
W' — T {do(w*, o) — dy (w*, Wk, 5} >0, vw ew. (3.27)

3.3 Relationship to some existing methods

In this subsection, we recall two relevant splitting methods which are applicable
for VI (1.1)—(1.3). Then, we delineate their difference from the proposed inexact
PSALM. In Sect. 5, we will report their numerical comparison with the proposed
inexact PSALM.

We first recall the proximal-based decomposition method (PBDM for abbrevia-
tion) proposed in [3]. When this method is applied to solve VI (1.1)—(1.3), the new

iterate (x*+1, y+1 3%+1) is generated by solving the following problems:
(" = O R — AT — H(AX + ByE — b) + 1 FH =91} > 0,
Vxled, (3.28a)
O =YD e = BT[A — H(AX" + By* —b) + 5 =91} =0,
vy e, (3.28b)

)“k-}-l :)\‘k _ H(Axk+1 + Byk+1 _ b),
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where r; > 0 and s; > 0. Essentially, PBDM also applies the PPA to solve the sub-
VIs in (1.4). In fact, in [3], the penalty matrix H = g1 with § > 0 and the proximal
parameters ry = s = 1/8. In addition, the value of § is required to satisfy

P
2max{|| A, | B|}

Obviously, PBDM is also in the parallel nature since the involved subproblems
(3.28a) and (3.28b) can be solved in parallel.

To see the difference of PBDM from the proposed inexact PSALM, we empha-
size that the proximally regularized subproblems (3.28a) and (3.28b) are still hard to
solve, and they do not have closed-form solutions. Actually, by applying Lemma 2.2
again, we know that the solutions of (3.28a) and (3.28b) are given by:

= Py[b = LG — ATDY — H(AX* + By* - b)]]] (3.29)
and
Y = Py[y* = BlgO* T — BT AN — H(Ax + BY* — b)11]. (3.30)

which are both implicit in the sense that their solutions cannot be solved directly.
For the proposed inexact PSALM, the resulting sub-VIs are much easier as they have
closed-form solutions as given by (3.10) and (3.12). Because of this advantage, we
anticipate that the proposed inexact PSALM outperforms PBDM numerically even
though it requires additional correction steps, and we will verify this anticipation by
some numerical results in Sect. 5.

Another splitting method relevant to the proposed inexact PSALM is the alter-
nating projection based prediction-correction method (APBPCM for abbreviation)
proposed in [14]. Like PSALM and the proposed inexact PSALM, APBPCM is also
in the prediction-correction fashion and it applies inexact PPA to solve the subprob-
lems. But, APBPCM solves the resulting sub-VIs in the alternating order, which is
different from the parallel type methods such as PBDM, PSALM, and the proposed
inexact PSALM. More specifically, APBPCM solves the following subproblems to
generate the predictor (¥%, 3%, 1%):

o =T (k) — AT — H(AX* 4 By* — b) + e GF — x5} > 0,

Vx' eX, (3.31a)
o =77 {e(") — BT [x — HAF* + BY* —b) + 5. GF — y)1} > 0,
A4 y’ e, (3.31b)

=2k — HAF* + BF* —b).

Then, APBPCM corrects the predictor (¥, 7%, A¥) by some correction steps to gener-
ate the new iterate (x*1, yk+1 351y Note that the subproblem (3.31b) requires the
solution ¥ of (3.31a). Thus, these two sub-VIs (3.31a) and (3.31b) must be solved
sequentially, rather than in parallel.
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4 Convergence

In this section, we establish the convergence of the proposed inexact PSALM. Recall
that the approximate solutions (3.3) and (3.4) are derived in the framework of inexact

PPA. We first prove a lemma which is very useful in the following analysis.

Lemma 4.1 Let Wk = (%%, %, XK) be generated by (3.10)~(3.14) from the given

wk = (xk, yk, Ak), and (p(wk, wk, ék) be defined in (3.20). Then, we have

2-V2
2

(p(wk,zi)k,ék)zmin{ ,1—v}8||wk—11)k||2,
where § is defined in (3.23).

Proof First, according to the definitions (see (3.9) and (3.20)), we have that
ok, @F &5 = |AGE =5 + 1BOY = F9NF + 1A% =253, + (1

+ % = 53, + (AxE — AFHT K =30

+ By = BT (0 =35 — @t —ahTEh
By using the Cauchy-Schwarz inequality, we get
y - V2 3 V2 s
(Axt = AFHT QL =30 = —=ZpAGt =TI - -1 =305,
and
y . V2 N V2 -
(By* = BFHT G =05 = === 1BGS = 5915 — 1M = g

Using (3.11), (3.13) and the Cauchy-Schwarz inequality, we have that

) (5 S)G5)

Substituting the above three inequalities into (4.2), we obtain

0
Sk

k_)zk

k_j;k

w* — i*)Tek > —y <;C) If)k

2-V2
oWk, w*) > min 2\/_,1—1) lw* —a* g,
C[2-+2 s
> mind =—==, 1= v thmin(Gi) " — 0
2-V2
> min 2*[,1—\; sllwk — ¥,

which completes the proof.

“.1)

~k 2
—X ”Rk

4.2)

4.3)

4.4)

(4.5)

(4.6)

0
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Before we prove the convergence of the proposed inexact PSALM, we first illus-
trate why we choose the step size o as (3.19). Let w* = (x*, y*, A*) € W* be an

arbitrary solution point of VI(Q, W). In order to find an appropriate step size « for

the correction step, we denote by wllﬁLl (a) and wll‘;rl (@) the correction forms I and IT

with a undetermined step size, i.e.,
wi (@) == wk — ady (wk, @, &5, (4.7)
and
wi (@) i= Pylw* — ada(w, ")), 4.8)

where o > 0 is the step size to be determined. Moreover, we measure the improve-
ment obtained by the (k + 1)-th iteration by:

O (@) := w* — w*|* — Jw (@) — w*|?, (4.9)

which is dependent on the value of the undetermined step size «. Our natural desire
is to find such an optimal value of « that maximizes the function @ (¢) at each
iteration. Unfortunately, due to the lack of w*, this goal is not practical. Therefore,
we do the next-best thing: find a lower bound of ®(«) which does not involve w*,
and then choose a value of « to maximize this lower bound. This objective is realized
in the following theorem.

Theorem 4.1 Let w*t!(w) be the correction step (4.7) or (4.8) with a undetermined
step size, and O («) be defined in (4.9). Then we have

O(a) > Y (), (4.10)
with
W () == 2ap(w*, o, &) — o?||d; (w, &5, £5) )12, (4.11)

where @(w*, Wk, %) and dy(wk, w*, £F) are defined in (3.20) and (3.16), respec-
tively.

Proof We divide the proof into two parts for (4.7) and (4.8), respectively.
(I). We first prove the assertion for the correction form (4.7). For this purpose, we
need to prove the following inequality:
w* —wHTdy (W, i*, &5 = p(w*, 0*, £Y). (4.12)
In fact, by using Lemma 2.2, we can reformulate (3.27) into:
i = Pyy[i* — [da(w, %) —dy (w*, %, €9)]]. (4.13)
Setting v = Wk — (da(wk, W*) — dy (w*, ©F, %)) and u = w* in (2.1), we get that

(w* — ") {[0" — (da(w*, D) — di (", 0¥, £)] - 0"} <0,
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that is,
w* — T (@ (wk, F) — dy (wk, *, %)) > 0.

Then, it follows that
@ — w*Tdy (wk, Wk, £5) > (@F — wH T dy(w*, @F). (4.14)

On the other hand, using the definition and monotonicity of Q(w) (see (2.7)), we
have

@ — w) T dy(wk, wh)

ATH[A(x* — 7%) + BOK — 58]
=@ —wHT L 0@ + | BTH[AGK — 75 + B(yYF — 35)]
0

ATH[A(x* — %) + BOX — 9]
> @* — w*) | BTH[AG(K — 75) + B(yk — 55)]
0

=F = IHTIAER — 75 + BGX — 79, (4.15)

where the inequality follows from the monotonicity of Q(w); and the last equality is
because Ax* + By* —b =0 and

AR+ BF* —b=H' 0k — 3Ky,
which is derived from (3.14). Note that w* € W*, we thus have that
@ —wH"@" = @ —wH" Qw") = 0.
Using the definition of (p(wk, wk, & k) (see (3.20)), we have that
@ —wH dawk, 0*) = e, o) — @" — DY d (", BY).

Then, the inequality (4.12) follows immediately from the above inequality and (4.14).
By a straightforward manipulation, we have that

def

Or(@) = [lwk —w*)* — w T (@) — w*|?
4.7) ~
= Jw* — w*|? — lw* — ady (wk, BF, £F) — w*|?

= 20wk —w")Td(w*, 0, &) — o?||d; (wF, DK, €512

2ap(wk, ¥, £F) — o |dy (w*, BF, €412

v

2w, (4.16)

which implies that the assertion (4.10) holds for the correction form (4.7).
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(IT). Now, we prove the assertion (4.10) for the second correction form (4.8). At
the first stage, it follows from (4.15) that

(wk _ w*)sz(wk, wk)
> Wk — T drwk, 0%) + OF = AT A =75 + BOK =391, 4.17)

Then, since w* € W and w1 (a) = PW[wk — ady(wk, ®%)], it follows from (2.3)
that

lw ! (@) —w*|1* < [w* —ady (w*, D) —w*||* — |w* —ady (w*, B*) —w (@)
Consequently, we get
O(e) = [wh —w* | = |w (@) — w*|?
Sk — w1+ = 0 @) — s, D)2 — k=
—ady(w*, )|
= [w* = @I + 20w (@) — w*} dy(wh, B
+ 20wk — w T dy(w*, ). (4.18)
Applying (4.17) to the last term of the right-hand-side of (4.18), we obtain
Ok(@) = [[w* — w T @)|* + 2a {w* (@) — D} dp (W, )
+ 20k = IHTAGR — 7 + BOX - 791 (4.19)
Since w**1(a) € W and (4.13), it follows from (2.1) that
0> 20 (w (@) — ") {[0* — (da(w*, ) — di (w*, ©*)] — B},
Ya > 0. (4.20)
Adding (4.19) and (4.20) together, we get
Ok(e) = [[w* — w @) + 20w (@) — BF} dy (wF, B, £5)
+2a(0F = AHTAGK — 7 + BGF - 591
By regrouping the right-hand-side of the above inequality, we obtain
Ol) = [ —w (@) — adi (kD &Y |17 — o?d (", BF, 5|7
+2a{(F = IHT A — 7 + BOF - 7]
+ h =@ dy (wk, ok, &%)
2 2aput, i, £4) — olldy (wk, i, £))2,

which indicates the validity of the assertion (4.10) for the second correction step (4.8).
The proof is completed. O
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Now, the reason for choosing the step size o as (3.19) is clear. In fact, based on
the result in Theorem 4.1, we know that

w1 (@) — w*|1? < lw* — w*||? — ¥ (a), 4.21)

which motivates us to seek such a value of o that maximizes the lower bound ¥ (o)
at each iteration. Since W («) is a quadratic function of « (see (4.11)), it reaches its
maximum at

PR A S )
KT dy (wk, Wk, g0y )12

Note that we also attach a relaxation factor y to the second-best step size (4.22)
because we only maximize the lower bound ¥ («), rather than O («).

By setting the step size in the correction step (3.15) or (3.17) as o = ya}f, we can
easily derive that

4.22)

4.11 ~ ~

W) = W (va)) "L 2yatot, ik, %) — (%) (af ldi (k. 5, £9))12)
3.19 ~
CL ) 2 — et ik, g5, (4.23)

Since ¢(wk, w*, £¥) > 0 whenever a solution is not found (see Lemma 4.1), it fol-
lows from (4.21) that the relaxation factor must satisfy y € (0, 2) for the purpose of
generating a new iterate which is closer to the solution set, i.e., Wi (ag) > 0.

Based on the above analysis, we instantly have the following corollary of Theo-
rem 4.1.

Corollary 4.1 Let the sequence {w*} be generated by the proposed inexact PSALM
and w* € W*. Then, we have

[k — w1 < wk — w* )2 — y 2 — p)afeh, oF, £5). (4.24)

The next lemma indicates that a,’j defined in (4.22) is uniformly bounded below
from a positive number for all iterations generated by the proposed PSALM.

Lemma 4.2 For the proposed inexact PSALM, there exists a constant c¢1 > 0 such
that aj > ci for any k > 0.

Proof First, it follows from (3.11) and (3.13) that

k2 k2 k2
IESI® = IES> + IEN]
(G11,3.13) 5 5 k12 2 k12
< VIR = P gyt - 5%
2 2 ~ 2
< VG Iwk — @
< Vi wk - ek, (4.25)
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where the last inequality comes from (3.24). Therefore, we derive that

Ildy (w, &5, 9 = I1Gkw* — wF) — £F)
Gkl lwk — % || + 15

IA

(4.25) -
<" (IGkl +vo) lw* — a¥|
< (A +v)¢lwt — ok, (4.26)

where the last inequality is again because of (3.24).
Thus, according to (4.1) and (4.26), we have that

22 } 8
i S R

. ok ok, gk 0
— —_— >
2 (1~|—\))2§'2 ’

O

= _ > ¢y :=min
lldy (wk, wk, £%)||2 {

which is the assertion. O

Now, based on Lemma 4.1, Corollary 4.1 and Lemma 4.2, we have the follow-
ing corollary from which we can establish the convergence of the proposed inexact
PSALM easily.

Corollary 4.2 Let {wk} be the sequence generated by the proposed inexact PSALM
and w* € W*. Then, we have

. 2 -
Jw T — w*)? < Jwk —w*)? -y 2 - )/)mm{ 11— v}561 lw* — k2.

4.27)

We need the following result to prove the convergence of the proposed inexact
PSALM.

Lemma 4.3 Let {w*} and {w*} be generated by the proposed inexact PSALM. Let
Epw, o1(w) be defined in (2.8). Then, there exists a constant c; > 0 such that

IEpw, o1 (@) < eallw* — 5%, Vk > 0. (4.28)

Proof Using Lemma 2.2, (3.16), (3.18) and (4.13), we get
Bk = Py {@f — Q@5 + (A, B,O)T HIAGX — 7 + BO* — 7))
— Gr(w* — ") + 4}

Thus, we have
IEpw, 0@ = | Pw{d* —{Q(@") + (A, B,O) H[A(x" — &%)
+ BOX = 91— Grw' — ") + &4} — P{* — 0@}
IGx(w* —i*) — £* — (A, B,O)" HIAG* — &)

IA
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+BGF =91
< IGellw* — @ | + I1(A, B,O)T H[A(xF — &%)
+ BN = 511+ 18

(4.25) . .
< ¢ +w)fw' —a) + (A, B,O)T HIAG" -5
+ B =911,
where the first inequality comes from (2.2). Hence, the assertion is proved. g

Now, we are ready to establish the convergence of the proposed inexact PSALM.

Theorem 4.2 The sequence {w*} generated by the proposed inexact PSALM con-
verges to some w™ € W*,

Proof First, it follows from Corollary 4.2 that
lw*+ — w*)|* < wk — w*)?, (4.29)

which implies that the sequence {wk} is bounded. Moreover, since v € (0, 1) and
y € (0, 2), it follows from (4.27) that

2 oo
Jil—vka}jmﬁ—ﬂﬁWsnwO—ww%

y(2—y)min{
k=0

which implies that limg_, o [wk — @wk||2 = 0. We thus conclude that the se-
quence {*} is also bounded. In addition, according to Lemma 4.3, we have that
limg— e | Epy, 0(@") ]| = 0.

Let w™ be a cluster point of {i*} and {w*i} be the subsequence converg-
ing to w*. Since Epy, Q](ﬁ)k) is a continuous function of w, it follows that
Epy, 0)(w™®) =limj_ o0 Epyy, 0)(0%) = 0. Then, from Lemma 2.3, we know that
w™® e W*, i.e., w™ is a solution of VI(W, Q).

Now, we have to show that the sequence {w*} actually converges to w™. Since
limy s o0 [|0F — w¥|| = 0 and {@W*i} — w, for any given & > 0, there exists [ > 0,
such that

€ €
|l whk — k|| < > and |[@f — w™®| < 5 (4.30)
Therefore, for any k > k;, it follows from (4.29) and (4.30) that ||w* — w™| <.
Thus, the sequence {w*} converges to w™ € W*. The proof is completed. 0

5 Numerical experiments
In this section, we apply the proposed inexact PSALM to solve some applications of

the VI (1.1)—(1.3) arising in traffic equilibrium problems, and thus show its efficiency
by preliminary numerical results. In particular, we will compare the inexact PSALM
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numerically with PBDM in [3], APBPCM in [14] and PSALM in [16]. All codes
were written by MATLAB v7.8.0 (R2009a) and all numerical experiments were done
on a T6500 laptop with CPU 2.6 GHz and 1.75 GB memory.

5.1 Implementation details

As we have mentioned, a critical technique to implement the proposed inexact
PSALM is to choose appropriate r and sy to satisfy the conditions (3.11) and (3.13).
Let

. k k_ =k
ve = &/ (rellx® = Z501),

and

vy = IESN/ (selly® = 5*11).

Then, empirically we update the values of r; and s subject to the following rules:

rp kK, if vy >,
Tk4+1 = .
Tk, otherwise,
and
s kK, if v,f > v,
Sk41 1= .
Sk otherwise,

where k > 1 is a scaling constant. Therefore, we can easily ensure that the sequences
{rr} and {sx} are lower bounded in the implementation of the proposed inexact
PSALM. On the other hand, recall that the Lipschitz continuity of f(x) and g(y)
ensures that the conditions (3.11) and (3.13) can be satisfied by increasing the values
of r; and s in finitely many times. Thus, the sequences {r¢} and {s;} are also upper
bounded.

In the following, we delineate the implementation details of the proposed inexact
PSALM with the second correction form (3.17), and we omit the delineation for the
first correction form (3.15) for the sake of succinctness.

Implementation details of the proposed inexact PSALM

Step 0. Let € >0, v e (0.5,1), y € (0,2), k > 1, rpin > 0, Spin >0 and H €
R™¥™ be positive definite. Let w® = (x0, y0, 19) € R™ x R"™2 x R™, ro > Fmins
S0 > Smin and k = 0. _

Step 1. Prediction Step Produce ¥ = (¥, 3%, A¥) via the following steps:

Step 1.1. Calculate i*:
1) Set pX:= f(x*) — AT[A* — H(Ax* 4 By — b)].
2) ¥ = Pylx* — pi/nd;
£ = f0N = fGH + ATHAG - 75
vp o= 1SN/ Gracllk = 51D
3) If vi > v, thenincrease ry by  rp:=rg* vy *k  and goto 2).
Step 1.2. Calculate 7
ko oevky _ RT3k _ k k_
1) Set Py =g(") — B'[\* — H(Ax" 4+ By" — b)].
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2) 3= Pyly* = py/sil;
& =80") — (3" + BTHB(" —5%);
vi = IESN/ Cselly® = 41D
3) If v} > v, then increase sg by sp :=s¢ 1] x«  and go to 2).
Step 1.3. Calculate A*: set pl)f := H(AZ* + B5* — b);
A=k — pi‘.
Step 2. Calculate the direction of the correction step (3.18):
Set gy := f () = ATA* + ATH[AGH — 5 + BOK = 791
gt :=g(3%) — BTA* + BTH[A(F — 75) + BOX — 391
Step 3. Calculate the step-size in the correction step: ax = yo;f,  (the formula of
ay see (3.19)).

Step 4. Correction Step Generate the new iterate w1 = (xk+1, yk+1 jk+1y py
the following step:
K = Py {xk — apqll;
Y = Py(y* —anggh:
)\k+l — )\'k _ akpl)i;
Step 5. Adjust the values of r; and s :
Fept = {max{rmi,,, rx vy ki), if vy <0.5,
’ Tk, otherwise.

max{Smin, Sk * v,f *k}, if v,f <0.5,
Sk otherwise.
k:=k+1, gotoStepl.

Sk+1 =

5.2 Numerical results for traffic equilibrium problems

In this subsection, we test some specific applications of the VI (1.1)—(1.3) arising in
traffic equilibrium problems with link capacity bounds, which have been well studied
in the literature of transportation. In particular, we test Examples 7.4 and 7.5 in [19],
and we refer to [15] for the procedure of reformulating these traffic equilibrium prob-
lems into VIs. Overall, these traffic equilibrium problems with link capacity bounds
can be characterized by VIs with linear inequality constraints:

x=xHT f(x*) >0, Vxell, (5.1
with
I={xeR"ATx <b, x>0}, (5.2)

where x € R" represents the traffic flow on paths, b is the vector indicating the ca-
pacities on links, A € R"*™ is the path-link indicating matrix, and f is the vector
indicating the traffic flows on links, see [15] for details. Obviously, by introducing
the slack variable y > 0, VI (5.1)—(5.2) is equivalent to

x—xHT f(x*) >0, Vxe, (5.3)
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with
Q={,MATx+y=b, x>0, y=>0}, (5.4)

which is a special case of VI (1.1)—(1.3) with g(y) =0, B=1, X = Ri and Y =
R For Example 7.4 in [19], n =49, m =28 and A € R**?¥; and for Example 7.5
in[19],n =55, m =37 and A € R,

In the implementation of the proposed inexact PSALM, we set v = 0.95, y = 1.85,
k=1.25rg=1,s0=1.1, H= I with 8 = 1.1 and the initial iterative is x9=1and
y0 =29 = 0. For the parameters of APBPCM, we take their values as recommended
in [14]. For the parameters of PSALM, the values are taken as the proposed inexact
PSALM. Note that both PBDM and PSALM apply the method in [12] to solve the
resulting sub-VIs iteratively. We use the following stopping criterion:

{ llex (W) [loo
el

lex @D 1yl ||e)~(wk)||oo} <e. (5.5)

In Table 1, we report the numerical performance for PBDM, APBPCM, PSALM
and the proposed inexact PSALM (denoted by “IPSALM”) for Examples 7.4 and 7.5
in [19] with different values of b (link capacity). We report the number of iterations
(No. of iterations), the number of function evaluations (No. of F evaluations), and
the CPU time in seconds (Time). Since PBDM and PSALM need to solve the result-
ing sub-VlIs iteratively at the inner loops, we report the aggregate numbers of inner
iterations in the parenthesis for these two methods.

The data in Table 1 illustrates the efficiency of the proposed inexact PSALM and
its superiority to PBDM, APBPCM and PSALM in terms of both CPU time and
number of function evaluations.

As illustrated in [15, 19], the solution of VI (5.3)—(5.4) indicates the flow on all
paths under consideration, and the Lagrange multiplier A* actually means the toll
that should be charged on links to avoid congestion. To see the traffic flows and toll
on links when the equilibrium is achieved, we report their values generated by the
proposed inexact PSALM in Tables 2 and 3, respectively, for the tested examples
with the capacity b = 40.

Note that the data in Tables 2 and 3 indicates that no toll is charged for those links
whose flows are lower than their capacities.

6 Conclusions

In this paper, we proposed the inexact parallel splitting augmented Lagrangian
method (PSALM) for variational inequalities with separable structures. The new
method improves the exact PSALM in [16] in the sense that the resulting subprob-
lems can be solved easily with closed-form solutions. We verify the efficiency of the
new method by some traffic equilibrium problems.

In [16], PSALM was extended to solve VI (1.1) with three separable blocks:

Jf )

X
u=1yl, Fuy=1g» |, (6.1)
z h(z)
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Table 2 Flow and toll for Example 7.4 in [19] with b = 40

Link Flow Charge Link Flow Charge Link Flow Charge Link Flow Charge

1 0 0 8 3290 O 15 27.06 O 22 33.95 0
2 12.94 0 9 0 0 16 527 0 23 0 0
3 40.00 252 10 0 0 17 1.83 0 24 12.94 0
4 12.94 0 11 0 0 18 3290 O 25 40.00 124.6
5 0 0 12 3395 0 19 0 0 26 32.33 0
6 40.00 1254 13 27.06 0 20 0 0 27 34.16

7 34.73 0 14 1294 0 21 0 0 28 0

Table 3 Flow and toll for Example 7.5 in [19] with b = 40

Link Flow Charge Link Flow Charge Link Flow Charge Link Flow Charge

1 40.00 4.3 11 1.85 0 21 40.00 1.1 31 11.96 0
2 38.15 0 12 1196 0 22 40.00 136.6 32 40.00 164.2
3 40.00 163.2 13 26.19 0 23 26.19 0 33 40.00 135.7
4 13.81 0 14 13.81 0 24 0 0 34 26.19 0
5 0 0 15 0 0 25 0 0 35 28.04 0
6 0 0 16 0 0 26 0 0 36 40.00 301.3
7 0 0 17 0 0 27 0 0 37 0 0
8 0 0 18 0 0 28 0 0 — - -
9 0 0 19 0 0 29 26.19 0 - - -
10 40.00 1.1 20 40.00 1.8 30 1.85 0 - - -
and
2={(x,y,20)|Ax+By+Cz=b,xeX, ye), z€ Z}, (6.2)

where X C R™", Y C R" and Z C 'R" are nonempty closed and convex sets; A €
R™*M B e R™" and C € R™*"3 are given matrices; f : X — R"l, g: ) — R™
and & : Y — R™ are given monotone and Lipschitz continuous mappings; b € R
is a given vector and n; + ny + n3 = n. Without any difficulty, the proposed inexact
PSALM can also be extended to solve VI(1.1) with the structure (6.1)—(6.2). For
example, we can prove a similar inequality as (4.1) for the case (6.1)—(6.2). Thus, it
is easy to establish the contractive property as Corollary 4.2 for the case (6.1)—(6.2).
Since the involved techniques for establishing the convergence are very similar as the
case of VI (1.1) with (1.2)—(1.3), we omit the details of this extension.
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